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Overview: Electrostatic Intermolecular Interactions

Crucial Question: How does
the interaction energy
depend on separation?

P1_Wk1_L4



P1_Wki1_L4

3. The interaction of a point charge Q with a
thermally fluctuating permanent dipole p

Now, all © are possible

How to properly average over 6?

Use Boltzmann statistics

drre, yia

( from P1_Wk1_L3)



Quick Review: Calculating Thermodynamic Averages

Question : What is the most likely value you will measure for some
quantity "y" in a system that is in thermodynamic equilibrium with
a reservoir at temperature T?

Some physical o
quantity, y Energy, E | Multiplicity, w

Y1 E, Wi
Y2 E. W> Energy, E A
Y3 Es W3 i@ W,
o000 o000 o000 . .
YN-1 Exn WN "2 ceee V.VN'I
1 o"N

N Ena M How big is kg T?

S Y

<)/> =y = Zy,ﬁ, Some physical quantity, y
r

P = probability that quantity y . is observed
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P =probability of finding a state with energy E., degeneracy w,
E

we /T

-E.
Swe
r

whenin thermal equilibrium

E.
where e 7" /s the Boltzman factor

Most probable value of some quantity y with possible valuesy. :

& Partiti
e DY.w.e T Function
<y> =y= <ye > =T

If varibleyis continuous, replace sums by integrals.
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Working out the math (see Appendix for details)

_U(z.0)

jdgij(z e /' singde

_U(z,09)
<U (Z)> = <U (2,9)6 kBT> - 27[ T U(z0)
[dp[e  7*Tsinode

where U(z,0)= Qp COSZ(Q):UO(Z)COSQ from P1_Wk1_L3

drxe, Z
-U(z,0)
assume U(Z"%T << 1 e “eT :1—U(Z’0)+...;
B kT

B

V@)LV 1Ll op |1
3 kT 3kT Anke, ) Z2°

Interaction potential energy between a
point charge Q with a thermally
fluctuating permanent dipole p
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Summarizing the Results
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Induction: polarizing a non-polar molecule

Any molecule not having an intrinsic dipole moment can be
polarized by an external electric field.

—_—

pinduced — 0(0 E

The origin of E can non-polar Highly magnified! S chematic
be an ion, a molecule 7 :
molecule with E T “ electronic
permanent dipole, . charge cloud
etc. l' | plndUCed/
> () l I diam&2R
- N, RS Z 1
b
Vo
\

K
~

a, is called the electronic polarizability

a, = dre,a [units CZ%}; « ("electronic polariability volume ") ~ R®

* o has units of m3.
* to a good approximation, a is proportional fo molecule size:

For water, a =a ,/4ne, = 1.48x10-30 m3

— R=0.114 nm - compare o Ry, ~ 0.135 nm
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4. The interaction of a point charge Q with a
non-polar molecule

0.y,)
+ (o]
9- B (X5, Yo)
Ion .
molecule  Schematic
electronic
charge cloud
0y.)
+Q Y (Xo.Yo)
BN S Direction of induced
Ton dipole is locked by the
direction of E from ion.
pinduced — 0{0 E +..
Op . a, =4rs,a
U- 7) = induced COS@
mduced( ) 4727('6‘0 ZZ
— _Q pinduced 1
Anke, Z° :
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Working out the math
Q pinduced 1

Arxe, 17°

Uinduced (Z) ==

| Pincuced | = @ E +...; Where E is from point charge

S
Arke, 7

Qpinuce 1 anE 1

Uinduced(z):_ et 2:_ 2

Arke, 1 Arke, 2

" Qe, 1 Q1 Q" 1
Arxe, Arke, 77 7° (47xce, )2 z*

The electrostatic interaction between an ion of charge
Q and a molecule with polarizability a, varies as z**



Li ion induces dipole in ethanol molecule
from C1_Wk1_L3

. P, a /ane,
Material Chemical Formula dielectric HligelE Y
constant! moment volume
(in Debye)?3 (in 10-3° m3)
Ethanol (CH3)CHZOH 24 1.7 5.1
S —
Permanent dipole moment
+Q | ©Oy) (Xoy.) P

Li ion a,Q* 1  4ngaQ° 1
Uinduced (Z) == 2 _4:_ 2 _a4
(4zre,)” 2 (47Ke,)” 2
0= o aQ? 11

ethanol

30 3 _19 ~ )2
molecule __(5.1><10 m*)(1.6x10°C)" 1 1
47 -8.85x107 C7 . (24) (2x10°m)’
Y 1leV Nm
kBT|3OOK =4.1x10J - =T =1.17x10° .1.74x107° -6.25x10* J
1.6x107J LoV
—2 _7
—0.026eV =1.27x10%] 1601073 =-7.94x10"eV
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Compare to interaction of Li ion with "angle-averaged”,

permanent dipole interaction energy
(assume T=300K)

11 Qp ) 2 . .
(U(z)) = 3@47[ goj - (from slide 6, this lecture)

-30 2
1.6x107°C-(1.7D). 3.33x107°Cm
-3 L 1D 1
3(1.38x10%J / K )(300K) 41z -( ).8_85X10_12C%|m2 (2x10-9m)“

_49 2
:_( 1 )[906“0 Nm3j .6.25x10*m™

1.24x072°] 2.67x107°
= -5.81x0%J. 1ev_19 —-3.63x0°%V
1.6x107%°)

(U(z)) -3.63x0°eV
U

= =4.6
—7.94x10"eV

induced



Up next, what happens if
there are no ions?

Molecule-molecule

(or atom-atom)
dipolar interactions
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Appendix 1: Weighting the angle of the dipole

P(6) = probability that vector p lies between (H—d%) and (‘9+ d%)

T dep-(psind)-(pdé)

area of stripe g0

" surface area of sphere % A
¥ _[ dgo-j(psm@)-(pd@) Y
p=0 00
:ﬁsmede =Sm0d€=£sin¢9d¢9 ]
[sinode —cosd;
0

angle weighted value of some f (@) = <f(9) I f(@)sin6odo

dé

psin®

/_C,, oy
<C>_E.[sm9d9_ 2cose0

J.sm pdo L. (9—sm0cos¢9)|
2 2

Standard results:

<sm9

b

1(cos360 -9cos0)|

(sin*6) =

<cos >
1sin®a|

<S|necose jcos@sm 0do==
2 3 |

ijsinwde:—
2 2 12
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=C (cos@) = jcosesmede 0 \
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Icosz @sing do ——J'cosze d(cos@) = —Ixzdx =

|\>||—\




Appendix 2: Derivation of the angle-averaged
point charge-dipole interaction

You might be tempted to just perform the angle average of U(z,0)

2fd(pTU(z,H)sin@d@
V@)=-=

where U(z,0) =—=2P %) _y )t () £(0)=coso

jdq)fsinede A, 2
0 0
V4 . 1 , T
Uo(z)jcosesmede —Ecos 0 1[(_1)2_(1)1
V@))=—— = b _ = -0
[sinode ~cosdf; 2 (-1)-(Y
0

The result is zero because it calculates the angle average for a free dipole

in which all angles are equally likely. Instead, a weighted angle average
must be performed that preferentially weights those angles with lowest
energy. This requires the Boltzmann weighting factor
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U(z,0)
jdgojU(z e %" singde

_U(z,0)

(U(z)) = <U(z,9) e‘U(Ze kBT>_ .
dgoje T sinodé

)y o!—.";‘-’

v (Z)f()
U,(2)| f(0)e i sin@dé

_U (2)1(0)
e A*T sinddo

Ot (o

J'f ) sinodo
. U,(2) @O
define p=- kOT , then (U(z,0)e o' }=U,(z)°

B

jeﬂg sinddé

0

— U, (z);—ﬂln[jeﬁf(g) sin@d@j
0

T

since iln(jeﬂf(g) sian@j: L x(jf(@)eﬂf sm@d@j

0 Ieﬁf(g) singdé

0

T
i f(o :
This means you.only need jeﬂ (9) SINEA A and then take a derivative
to evaluate the integral
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if Bf(6)<<1 we can write

T T 2
[ Sinﬁdezj{1+ﬂf(6)+%f2(9)+..}sin0d9

0

3

jsmedmﬂjf(e)smedm—jf 0)sinodé +...

o

2
= —cos@\” +O+'B—Icos2 0sinfd@ +... = 2—’3—10033 0
0 2 ) 2 3

2B -]

2
:2+ﬂ

_U(z,0) 3

T > =U, (z)iln(jeﬂf((’) sin Hdej =U, (z)-iln(Z +%2

0

U(z) <U(z 0)e

where p = —LLO—(Z) and UO(Z) — Qp COS(H)

5 Anke, Z°
_ 1Y% (@), 1 Q) 1
3 kBT 3kBT (4727(50 )2 z*

17
P1_Wki1_L4



	Lecture: 1.4 Inter-Molecular Forces: Ion-Dipole Interaction
	Overview: Electrostatic Intermolecular Interactions
	The Interaction of a Point Charge Q with a Thermally Fluctuating Permanent Dipole p
	Quick Review: Calculating Thermodynamic Averages
	The Probability
	Working Out the Math
	Summarizing the Results
	Induction: polarizing a non-polar molecule
	The interaction of a point charge Q with a non-polar molecule
	Working out the math
	Li ion induces dipole in ethanol molecule
	Permanent Dipole Interaction Energy
	Up next, what happens if there are no ions?
	Appendix 1: Weighting the angle of the dipole 

	Appendix 2: Derivation of the angle-averaged 
point charge-dipole interaction 

	Slide Number 16
	Slide Number 17

