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In this lecture 
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•  Newton’s	
  equa8ons	
  of	
  mo8on	
  can	
  only	
  be	
  solved	
  
analy8cally	
  for	
  few	
  cases	
  

•  Harmonic	
  oscillator	
  (spring	
  and	
  mass	
  system)	
  

•  Ionic	
  dynamics	
  at	
  low	
  temperatures	
  can	
  be	
  approximated	
  as	
  
a	
  set	
  of	
  uncoupled	
  harmonic	
  oscillators	
  

•  We	
  will	
  learn	
  about	
  normal	
  modes	
  and	
  vibra8onal	
  
frequencies	
  in	
  molecules	
  and	
  crystals	
  

•  This	
  will	
  allow	
  us	
  to	
  compute	
  several	
  materials	
  proper8es	
  
(e.g.	
  op8cal	
  absorp8on,	
  specific	
  heats)	
  



Born Oppenheimer Hamiltonian for small vibrations 
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Expand H around the ground state structure 
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Hamiltonian expansion in matrix form 

H =
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The Hessian matrix 

With positions: !Ri = MiRi

!Pi = !!Ri = Mi
!Ri =

Pi
Mi

H !Ri{ }, !Pi{ }( ) = 12 !P1, !P2,..., !P3N[ ]
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And momentum is: 

This system is equivalent to a set of unit mass particles: 

Ale	
  Strachan	
  -­‐	
  Atoms	
  2	
  Materials	
   5	
  

Hessian matrix 
Symmetric by construction 



Normal modes of vibrations 
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Diagonalize Hessian matrix: 

Eigenvalues: 
	
  	
  
Eigenvectors: 
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Using the eigenvectors as a basis, instead of the original variables 
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A	
  set	
  of	
  uncoupled	
  harmonic	
  oscillators!	
  



Normal modes example: water 
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Angle	
  bend	
   Symmetric	
  stretch	
   Asymmetric	
  stretch	
  

Full	
  dynamics	
  (harmonic)	
  



Atomic vibrations crystals 
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•  N	
  atoms	
  per	
  cell:	
  i=1,	
  2,	
  …	
  N	
  
•  Ncell	
  cells:	
  I=1,2,…Ncell	
  

Ri,I:	
  posi8on	
  of	
  ith	
  atom	
  in	
  Ith	
  cell	
  
RI:	
  Bravais	
  laXce	
  site	
  of	
  cell	
  I	
  

Expand	
  B-­‐O	
  Hamiltonian	
  around	
  equilibrium	
  to	
  second	
  order:	
  



Vibrations in crystals: equations of motion 
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H =
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! Same	
  eigenvalue	
  problem	
  
as	
  before	
  (Hessian	
  matrix)	
  



Vibrations crystals: dynamical matrix 
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with:	
   !Ri ,I =
!i ,I
Mi

ei!t! 2!i ,I =
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M jMi
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!

Eigenvalue	
  problem	
  involves	
  a	
  (3NxNcell)2	
  matrix	
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  II:	
  

Bravais	
  laXce	
  appears	
  the	
  same	
  
when	
  viewed	
  from	
  any	
  laXce	
  site	
  
(I	
  can	
  pick	
  I	
  to	
  be	
  the	
  origin)	
  

Dynamical	
  matrix	
  Hij(k)	
  is	
  only	
  NxN	
  but	
  needs	
  to	
  be	
  solved	
  all	
  k-­‐points	
  in	
  the	
  First	
  Brillouin	
  Zone	
  	
  	
  



Summary: small vibrations 
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•  Molecules	
  
•  Eigenvalues	
  of	
  the	
  Hessian	
  matrix:	
  vibra8onal	
  frequencies	
  
•  Eigenvectors	
  of	
  the	
  Hessian	
  matrix:	
  normal	
  modes	
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•  Crystals	
  
•  Eigenvalues	
  of	
  the	
  Dynamical	
  matrix:	
  vibra8onal	
  frequencies	
  
•  Eigenvectors	
  of	
  the	
  Dynamical	
  matrix:	
  normal	
  modes	
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