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2. Quantum Theory of Elechors in  Fervodlc /latticss ‘

|
! Engineers have uswally concerned Hawselves outly i ll mg@os&,&z‘c.|
rd’esa-:;p#aq of devices. The complenitias of He miersecpic. worlol |
| haw been hidden in rmacrscopls fnmﬂm:‘ws Sfree m04’”'{7: ﬁ//“’bjf
coefficient and U febwe. |

The miniatwitation of solio/-state devices and Me advest of syoer-
| Jattices have made possible fo wnke/ fMese macrosegplc. pareme-
ters by eugineedng Oerice strvehures on a microseopic scale. Thee
nove! microstructures are jntermediate betweew : '
mieroseopre. (& 104 I
i macrseopie (2, { fym) '

o The electrical and eptieal pm/aar/"-ﬁ ol such mesoseoprc |
struetvres can not be plesorided  wi'H Macrscgpic pammc/v:sl
such as oliffusion constant or mobilify. Hence 1+ becomes

‘ necessary 4o unolerstand fle cperatou of a oente akt a ‘
Mmieroscopie Jevel, ‘

cr?ufaﬁ'»e

|

so/ie! ‘ ,

valence |
electons

SR T A |
Jorms penodic Responzible for all Tie
lattice electnieal and a,p;’-"gq/

' W/Jerﬁ‘s.s ef interest to vs.
| épm&w’ oul ever /o enhre fsgla/:r'c/)_

o To understand elechunic properbes of solidls  we need #o
olescrite lte bohavior o;ﬁ&. valence electrons /n he preséne
\ of the internal [orees due fo Me lathee as wel as extopns/
l a‘foraes olye o any applied voltage. This )s ,in \?éﬂﬁ"ﬂ/) a many -
bod Pm&/@ﬂf' juau'{y gm;?é, mos? ef Jhe ,pd’eacmeeq, ,
we'are /wvterested /. can be olasern'Bed Wu.gg a ore- ¢/ec'f74f°n
0"8.50!‘}?7‘7"0!? ¥ |
o Classically —the posibov of MHe clechou /v an elecHic I
j.'efo" s ‘Wlesen'Bed ‘%7 Newfon’s second /acs
l’
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o Quanthem - mechanically , The elyrnamies oc/ an sudiviclva/
elechon /s dlescn'bed by VMhe onc-efectron Schricinger

| atiow !
— | ik BV lN® B prusPa) 4 bR ) B L)
[ at 2/,

Y% (rt) = wavefunchon of an electron

f"f,(r, t)./a: %¥(’;‘t) %(f:t) = Pméa&‘/r{y o’E‘mf"’j R i
fméa&;‘/z‘)b of a /:af‘f':‘cf'e | -
ée;'ng located 1'n a range ,?]I,l., Frdr

i-—v Experimental observabdles are ex tracted Ofmm averapes |
| over M wavefunchon, Jlowever, one must replace clasyen/
qvam’a‘ﬁ‘es wilt, olifferental pfgraﬁ")“.s‘.‘ |
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f:—)ig’a .
E—a..f;%- :

The expecta hon, or average valve , of any observable /s 5
Fhen de{:‘f?do’ as;:

" (@>= [PEDGVES = <1Q1>  Dirac potede
4o g 7 (rrner proolyet)
The potential ene Ferm pearing ry (e SE ocan be |
> separated into ;?’3{ 7

macroscopic par‘/’ — macroscopie. electrie /}'a/a’ ana/céeya_ A

microscopic par # o Mmicroscopic electie field olue to ”;ea,.g
peciooie lattice of ions and lie
other elechons UnlF) + fluchating
f:zz‘enfv‘qf Us (¥, t) representing devia-
ons !

VORE)= Ve Cre)+ UlR) 4 Us(Ft)

| / l \ Seattering ,om’wﬁb/

- free elechons o Bloch waves row  defects |and

o infinite potental well + ef{echve mass gm,oun'/:‘e[s) or i ean

o ./}‘m‘?‘e pof’enﬁ‘q/ Slljp canﬂ}ﬂf' be cawseo b péoﬁaag
o Slowly -vacying potenha/ that represen? vibrotons

of the ions about
their w'/.l'éjffm
positien. |
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2.1 Block Theorem fF/o?aez‘{s Theoren ) |

The Bloch theorem /s a mathemapeal statement regari
| oling the form of [le one -electron wavefunction %‘@.

i er,!’ ec 208l e watoy,
| perfectty p ‘ 9 - ; |
Consicler [fe olifferental eﬁ-vazfz ou

i o ¥ + Fx)V¥ix)=0 where fLix+a) = ft)
| PO

|

|

wi't 3'9#9’“-" sole trow ! I
Yix)= Aglx) + B hix) |

| Since {lxva)< £) , @lcta) and b lxta) ouwe also soluheus :
to lte above &?ua.z‘fw) whicl can be expressed as: |
|

(xta)= oy glx) + o2 4(x)
! Hlx+a) = [ gx) + oz hix)

There fore :

Vixta)= A [digoe) + duhoo] + B[ ge0 #pahin)] =
=(Ad, + BEI)Jx) + CAdy + Bp2) hix) = AVx) |
= AAg(x) +2ABAG) |

| 7his leads 4o : |

(d)-2) A + Bfé’f =0 } solutions > lis afmyéou.s are
d2A + (P2 -NB =0 A and Az p |
ﬂ::c;éa’ . M= e’ e

| we nows a/e-ﬁ'ae.:
Yo (x)= € AP
Uky (x) = e.ﬂ’.&x Yix)
Then:
Ug, (k+a) = e‘;é e Yix+a) = e“‘éx-ééa’m Vix)
bt e g R ) agin)
The funchon Uk, is periodic will penod a.. Therefore:

: i
Yix)= € ’ﬂ’y&/g‘f.\—) '
|
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| The resvlt Hat all 0”!’-"-&/&-’-{7‘9"—- wavg[u#aﬁ'ovs ﬁf,ﬁmboﬁ:

' ;ao?‘ea{-»ta!s cow be weitten as:

o For 5D .sysrzcws.'

Wix) = e ¥ 4 )

p/ane/:uave cell penodie part
compcaem‘—

/s Crnown as Bloch Theoren. I

Mote: i1{ ,oen‘ao’:‘c_ égwoé;/or econdibovs are ;‘ngno:zd rna one-z/:‘m\:w—

sional orystal of N -abms , then, if le wave fonchiov /s |

to be single-valued, we must have:

l
fh £ : o {-é”d }éi'
pasvar= e’ ST Y erwa) = € ln(x)E = €| )
, ENa ‘2 - s
wd/‘s&(?.wes: g'f s @R ps e Ry, By
n o Na L

Mow, i £ ¥ s lagge Kare will be many allowed valeesof &
and :‘fmag de regmubd' as g(ormf#aq a ?wn'-doﬂr‘;heam range |
of values, |

) I
- Jf!‘ - I
’y;},xf’)—“e Z/nx(‘f)

n = band index

2.2 Kronig-Penney modle/

For lfe case e £ infinite penodse ave-imeosroval /aa;h,é'q!
/s?uane—we.& ) one can arrive at exalt solubovs fo He Schrgolinger
| tﬁfua;é:‘cm.

E(%)

o« For lame enggyies, #e albowed
bangls'are very /ags and Ke
Géor&'o’a’en bands are nerd,

o The curve E(#) 0/::75: bos @
2¢ro .sfo/ps at e ‘74 00//2’4_
Gllowed baros. |

, bt is defined as q,!c*/;mév/
momentem and s many cases tHe

£ olynamica) betbavior ¢f |Me electo

in @ crystal lathce wilk respect

4o /ifg,lyc sta/ rmomen s

ﬂ'm.;fir < ;éa# ofa. fv;.d&
ele 'l respect ®

?f)*:/ momenters . |

Si=
ey



Using olfferen? weHKods [or ep baud - .s-ﬁvcﬁfé' aa/co/aﬁev
| one can arrive lte en G%, S, HBe E(B) vs re/a/fw
0‘6:‘ ardi trary material, MOO/&/ band strychire wused re |
‘ 6/«4?/:2 analysis /s 5“""‘

YN
// /\\

,?,5 C’rysf’a/ momentum and eaé/emé'ye mass ‘

JE
o 7L the fonchon Uxix) s a constant, VPi) =e = wrm.;porw./s
a per./'e.c-f&‘j fmg. electon of rmom endond p=thR whose eau% r3

P I
2/m
» We now considler the moton of an electon /v Kfe cgsﬁ/ wndler

Heinfluence of an applied electne field. The grup retoc
assoai‘ac/ w78 ﬂl- ¢?@7‘-0# qu/bﬂdllcef;‘ /s \9,;4;,7 éo. {9

’ué = -zf—-w —1 _!- _o_/é‘.
elg 5 JE
. S'/ﬂoose now that the elechon is acted upon éj an ex ternal/
ecte. va&f & whrch Jeads fo e/mw Fyelease ‘

dE = FE b - _eFolx --eE?/"ﬂdf s.ol L "’foli‘
' dé % JE |
whiel leads #o:

dh=-LEM  or ﬁ;%g.__..eﬁ:/ﬁ'

7;413 71:@.60‘3 fe.vffs us HaZ e Hwe rate o,f oéange of ,{,A
e

! momenturn; equals e -¢£. Itis Fhus the ane
Newton’s lew s ac.am that the crystal mamembm o./ .
efecfwn J'ua. Penoab¢ lattice changes under .%z ueme. £lan
applied field. #e same way oloes Hhe'frue momentuer of free Cf-/?‘!?".' /n vacuvM,
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lo ﬁz‘ffereﬂﬁhﬁ'ng Ha expressiov For V3 wr'lt respect to fime

‘9z‘yes:
| e’ﬁ"e_._.'ief{)_i_a_’ JEVdE _ 1 o fe)e |
i o&‘ﬁ&dﬁ‘ﬁdé(ﬁ)%“ﬁ;@z/?%’jm
|
i where the effechve mass is given by
ALl A W
m-l‘ ;’-9. a:éﬂ.
0%, v general | e effechve mass fensor is. ,_%’/_ 35-‘;:3%‘2_9%‘

= T/ the ene £ :‘Sa_faméa/:r'r_ d‘mcﬁ'ﬁn a! f‘ %a(_|
the effechve mass wnll ée constant,

— T, EC8) vs. & s not Paraémfr}: , Yhen [e moass wil be
a &’ancz“ou of e eneryy Chyperdolic. band model) ‘

\— T summarize, 4o a qd-‘r.sv‘ a’o,amxz‘ma'ﬁ'oa, He entre gé’gd aI(’
he /De.nbdz‘c c.r'y.s‘fa/ /oa?’ea?ﬁb/ rs Ao replace the ./nse. elechHon
mass 't an e/glecﬁ've mass, ‘

i—p The nogparaéo/z'a'fy /s o ften desen'beo! by a re/aboy o,ﬁ ,
e !

i E(r+dE) = BET

2m*
whick ngf' e g roup (n‘-&a?& gf'ifc'.s:

|
dE 4 o |
S |

Vi A 1 i
=L .+ RALE)
E (4 eedet) "
7 A

=1
= 2 rede)] ™ (1424E) -
o : / = |
o B 4 ik Ly o kAT
Vamx 12m* 1+2dE am¥* 4+32dE 1+2dE

To summarize;

f
Y o 2 bl
Vg = o' (73?5 &ér non paméo/c. (hyperbol, ) émx/si,



: L4 Reduced wone representatoy : elochons and boles

|

o

I_Tmpﬂr'fan‘f' f‘&ma{“éé‘ H

@

7he cond)fov Fhat e #o e allewed and fordiddes ensezy bontls

’y e A’mm“?_ feawe‘y mooed /s
-1 “cos(Ba) = |

whicd W37as¥s Hart O{or vakies Rl & ﬂ%— , iF feadls b e

| -+
|
|

Same cord;on, ip, lhe assignment for valees ef L s not asigee,

There fore. ,ene can franslate any of e curves by 1% and sEY

sahs e above covals Ao , By dofng /iis #‘1n¢,‘£‘orm:ﬁby we
arrivd o fe REDUcE) 20UE REPRESEVTATION of /e erneryy
verses propagatfion constant relationskip.

E(%)

the Bragg refrechos ¢ou -

whire -
= Lee ,
%"xa’é =

rg ‘E f.s:‘n»d;‘a‘g toave /adf’e"fa) ‘

~Ufa, W |

The current a/e»sz'b Ffrom a givea band is then given by:
= = - —»
==-€V  _ average m/oa'tl‘y =1 > i
b NeV ¢ |
number of efectons __, I

er yni't volente
belonging 4 [te
banol

(a) In a completely [i/led band pr wmﬁ/e.ﬁz’y emply band |
the eurrent is ielenkically eer

() TL we have ,brrﬁc;z? /ber.-‘ob{w'c. /aa)"en bal , an e/ectron |
in anvbecupied band 'l undlecyo  Zener ose/ Hathons, |

Seattering processes preveut M Eewer oscillation betavior

Dfrwm ever oewn‘?f ju prachee. |

For a band Hat contains small number of elechons , the

Block wars{uncﬁ‘aw.r fa 75".96,
el bov af ‘pm'ﬂ-z‘: #= nr?,T;

twrrent obtained when a swall voltage s ?ofl/;'sa’ /s obiaryed

&y summivp te velociryes of ol e elechnal in M band. |

|
If Ve Band ;s pearly fulf | there will be very fec emply |
states , e current is best expressed by wuHong it v a

c;form :



e = |
. = = 0
|
T BT e € e~ SV | o LT Ve-_(RS
| V- 4 v [J d "< g = Ve e (-'V_E =
|
| sum off—rq/f : 7 \
occupied veloc iy sum over all sumn over
' stares velod' by unoeepied

[
|
states veloo Hy ‘
stotes
| ! ,Dosr'f:‘ve c.f;aga.: ) ‘
! Sinee lhe wnoccupried states wn'll a/wa\.ys be okt Ke r‘o/p of |
- He band where “/m*= .i{ dz.e; <0 (econcave) qnol since IZg|
| c&a?e. /s /mj ngsc;hﬁ-‘,;,a?- }‘{ can be considlered as a |
| posihve parkele of positve mass Fhat /s accelerated ix
the eirection of e feeld, Therefore , alwest full bond o
be reganted as involving a relahkvely emall numéer of posihve
. 0Aar3e.s whick we call heles. The ye/::a‘r’y and momenta o,-’.‘I
the %oles are Flose corresponding +o /ha unoecypied az‘mte.s!
|

ju Me bandl. |

‘.?,5. Dynamics of elechons ;ntwo and three-dimensions/
Jatticas '

| We can 38hsre/z'i‘:e. i @ ralter sﬁw;?déoforwafd'wegg e I
concepts iutrpeluced /v fhe previovs sgc/a‘oufor AD and 5D s'yls)‘fm.r:

L. _/'ymu/: _fx.;:/ocx'(_y: :
V5 = #Lz.: E  logradient opesaor ju He b-space)
|
|
|

8 Effec.fz'yg mass tensor:

Dml;-;_ { _Q{j? &= ot oE ,(;‘) + e& 5 = &,E.f:
ot = B b ) RE= T T Tk
e Ay ArT
X
Then: B A; . oA Bk , Sk 3b , BA; ok !
a2t o6 gt | b 3 88, 3t |
~(nhi)- 2 i
=3 d—’ - !é
The vector _:,/él can Mus be witten as: Tdtﬂ :@ﬁ)'\%
7 -[o fensor vector
ere jore! i
-7 3
o Vs 1 e d& - 4 7 E ) F _L)?
dy. Gr(E). G = hnoe) F LPH

where te elfechve mass fensor s : ,—n-%-,_ :{Pg (Vi f) !



T/e au.’ezae»'/s 9,[' /?Qs fensor are: ‘
2
(3 daps = 35 ;égx T /J;si“:)gp ) /3;?}“ |

6 The aons?‘am’".ege% surfaces gmﬂ e general, For Me |
| gonduction band be given &y |
ﬂ"’.‘. + _ﬁ_sg."_.h + hilet = £

2y amy ame

.§/ —_— //: a.«a’a/ '}a 7( /z(. 1
111 Eon e /05 ﬁ_"_ consran ed&?? JUI}[}?CQS /n 76)"

O!»n gone.

R P .
A ;

Gafls = s:mfz'e .S‘/bfw.Nae/ sonstant eneryy svrface .:-pm‘are-o’
ot Ve _/oonn‘ |

. Valence bands extibitd war/oed constant energy swrfaces: |
E ~ ’53—@'— [Af{ﬁz“f'%)”"? small % |
|

Mg
- heavy
E = ak® 1§96 (”o}] + light |

(6, ¥) = [b + c"(é'fﬁf('é doszdsm 43 +s/n % co.sz&] /2

% YAl /8l lel
e e ) b = — d —3 —g——
2Me

Al 7 1Al |



