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Abstract

A computational tool called Wulffman has been developed to determine, quickly and easily, the shape with minimal
! .surface energy Wulff shape for solids of arbitrary crystallographic symmetry. The Wulff shape is often the equilibrium or

growth shape of the crystal and can be an important contributor in determining the physical properties of a material. Input
!quantities to the software are the point group symmetry of the shape and several crystal facet directions along with their

.energies . Wulffman generates all symmetry-equivalent planes and then computes the Wulff shape. This shape is sent to a
! .public domain 3D visualization environment GeomÕiew where it can be viewed and manipulated. The software allows

users to interactively see the effects of changes in surface energy. Users may also simulate partially-faceted shapes and
‘cleavage’ of the Wulff shape. Wulffman is public domain software available via the World-Wide Web. q 1998 Elsevier
Science B.V.

1. Introduction

The Wulff construction is a well-known method
of calculating the shape that minimizes the total
surface free energy of a fixed volume. When the

! .surface free energy density, g n , is given as a
scalar function of the interfacial orientation n, the
resulting Wulff shape that follows from the Wulff
construction is predominantly composed of those
orientations that have the lowest surface energy.

! .When g n is very anisotropic, the Wulff shape can
exhibit a faceted morphology composed only of
planes, edges and corners.

) Corresponding author. Tel.: q1-301-9756166; fax: q1-301-
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Faceted Wulff shapes provide illustrative exam-
ples of crystals and crystalline behavior. In the latter
part of the nineteenth century, the field of crystallog-
raphy was predominated by observation of the sym-

w x 2metries of faceted morphologies 1 . It is likely that
the concept of the crystalline nature of matter was
deduced from such observations; Hooke noted that
the morphologies of some crystals could be mim-

!icked by regular packings of spheres see discussion
w x.in Ref. 2 . The reason for the correspondence be-

tween morphology and crystallography is simple:
!since the Wulff shape of a material in a particular

.environment depends only on free energy density, it
! .must inherit its symmetry from g n , which in turn

2 Browsing through the articles that were published along with
w xRef. 1 indicates how much care and effort went into producing

shapes like those calculated in this paper.
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must possess the material’s point group symmetry
w x3 .
The observation of faceted equilibrium shapes is a

fascinating pedagogical exercise. Not only is the
point group symmetry of a crystal made manifest,
but this morphology is also a rare example of the
energy of a system revealed as geometry. There are
practical reasons to study Wulff shapes as well.
Many materials processes, such as cleavage, sinter-
ing and coarsening, depend on surface energy den-
sity and considerations of how these processes may
depend on interfacial orientation follow directly from
the Wulff shape. The Wulff shapes at particular
pressures and temperatures can be used to deduce the
processing history of a geologic microstructure. On
the other hand, the Wulff shape can be used in an
inverse fashion to determine the surface free energy
density. For instance, if the surface energy density of
any one orientation is known, then the Wulff shape
can be used to determine values for all other stable
orientations. Furthermore, the thermodynamic stabil-
ity of a particular planar crystalline interface is deter-
mined by whether that orientation appears on the
Wulff shape or not. Thus, a polished planar surface
will not be stable when that surface is not a part of
the Wulff shape.

! .Whether g n is measured or calculated, the Wulff
shape can be calculated using the Wulff construction
and used to compare with observation or to make
predictions about crystalline morphology. When the

! .Wulff shape is known, g n can be obtained by
! .iteration of test g n until the resulting shape matches

the observed data. This technique was used in Ref.
w x4 with an early version of the program described
below.
In addition to its utility in studying surface free

energies, the Wulff construction can also be used to
obtain the steady-state growth shape when the growth
velocity is a function only of interfacial orientation
n. To obtain the steady-state growth shape, the ve-

! . ! .locity as a function of orientation Õ n replaces g n
w xin the Wulff construction 5 . The slowest growing

interfaces are the largest on the steady-state shape
and the faster orientations grow out of existence at
the corners. Thus, the Wulff shape can be used for
studies of growth shapes as well.
Obtaining the Wulff shape from the Wulff con-

struction is a straightforward though tedious calcula-

tion. It is a process of eliminating regions of space
that lie on one side of a plane. For every orientation
n, a plane is defined that is normal to n and located

! .a distance g n from the origin; after each plane has
sliced away the half space away from the origin, the
Wulff shape remains. The Wulff shape can thus be™ ™" < ! .written as a set Ws X XPnFg n for all n on

4the unit sphere . A direct calculation based on this
construction would be a painful task by hand and
visualization of the resulting shape difficult.
In this paper, we describe a new, freely available

public domain software tool called Wulffman that
can rapidly calculate completely faceted Wulff
shapes, displaying them as three-dimensional objects
that can be swiftly rotated and translated. Wulff-
man has obvious pedagogical uses as a tool to
illustrate basic notions of point group symmetry, as
well as a tool to show how this symmetry manifests
itself in crystal shapes. Aside from these instruc-
tional uses, it can be used as an aid in the analysis of

!experimentally-observed crystal shapes to construct
.a model for the surface energy of the solid , or as a

tool for trying to understand how to manipulate
! .material properties surface energies in order to

generate a crystal shape different from that observed.
The extent of the applicability of Wulffman is not
limited to these concepts; additional uses are left to
the imagination of the user community.

2. Computational approach

! .The minimum-energy or Wulff shape is deter-
mined by the symmetry of the crystal in question and

! .by the energies of various surfaces facets . Since the
Wulff shape has at least the point group symmetry of
the underlying crystal structure, any facet of the
Wulff shape must be accompanied by all facets
equivalent under this point-group. Wulffman re-
quires the user to select the proper symmetry and to
specify a minimal set of surface energies. A set of
symmetry-equivalent facet normals is generated by
the code and then the Wulff shape for this complete
group of facets is computed using an optimized
convex hull algorithm. The resulting Wulff shape

w x !then appears in GeomÕiew 6 a public domain 3D
.visualization package for examination and manipu-
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lation. The basic ideas surrounding the implementa-
tion of point group symmetry and the convex hull
method are described in Sections 2.1 and 2.2.

2.1. Point group symmetry

The point group of an object is the set of all
!isometries rotations, mirror reflections and roto-in-

.versions that leave the object invariant. When one
considers objects that are invariant under some non-

!trivial translation i.e. the crystallographic Bravais
.lattices , there are only four non-trivial n-fold rota-

tions that are allowed: ns2, 3, 4 and 6. Combina-
tions of these four types of rotations with mirror
planes and inversions leads to the well-known 32
crystallographic point groups. All point groups can
be constructed using the generators for that group:
the entire group is created by multiplication of the
generators and all generated elements until closure is
obtained.
As described above, for a given point group GG

and facet normal n, generation of the Wulff shape
requires generation of all normals equivalent to n
under GG. This can be done by successive application

!of all elements of GG to n thus generating at most
! . ! .P GG symmetry-equivalent directions, where P GG

.is the order of GG . Alternatively, one can create new
normals as the result of the action of the generators
on n, then continue to operate the generators on
these new vectors until all possible products have
been exhausted. This is the method used by Wulff-
man. For the most general facet normal, the number
of symmetry-equivalent normals generated must
equal the order of GG. If the normal lies along a
high-symmetry direction for that group, then the
number of symmetry-equivalent vectors will be less

! . !than P GG e.g. the group of three-fold rotations
w x w xabout 111 has order three, but the 111 facet is

.only equivalent to itself under this group .

2.2. Wulff shape construction

Once the required normal directions and surface
energies have been specified, the resulting Wulff
shape can be constructed. One simple scheme is to
compute every possible corner of the shape by inter-
secting every set of three planes determined by the™ ™" < ! .4normals. Then one can check X XPnFg n for™
every such potential corner X , discarding those for
which the inequality does not hold. The remaining
corners and the faces to which they belong, form the
Wulff shape. Unfortunately, this conceptually simple
scheme is extremely slow; the time required is
! 4.O N , where N is the number of normals. Fortu-

nately, a better scheme is available. For any plane P™ ™!defined by its normal position vector P P is the
.shortest vector from the origin to the plane , there is™ ™ ™ ™! .an equivalent point d defined by dsPr PPP

known as the dual to P; likewise we can construct a
™dual plane D for any point p at p by a similar

scheme. If we compute the set of duals to the
normals in the Wulff shape, compute the convex hull
of that set and then compute the dual of that set

w xagain, then the result is the Wulff shape itself 7 . In
other words, this convex hull is dual to the Wulff
shape. Corners of the convex hull in dual space will
correspond to faces of the Wulff shape, while faces
of the convex hull will correspond to corners in the
Wulff shape. Computation of convex hulls is a well-
studied problem, and Wulffman takes advantage of

w xa package called Quickhull 8,9 to perform the
computations. While the general complexity of the
quickhull algorithm is unknown, it can be shown to

! .be O N log N for ‘typical’ cases, a tremendous
improvement over the simplistic scheme outlined
above. The existence of this fast algorithm makes
calculations feasible which approximate smoothly
varying surface free energy densities such as those
discussed below.

Fig. 1. Several windows in the Wulffman graphical user interface. Shown are the Wulffman main window, the group manager window
! . w x w x w xwith the 235 icosahedral group selected and the facet tool window. This particular shape has three types of facets, 111 , 100 and 110
with energies 1.0, 1.0 and 1.12 respectively. The GeomÕiew camera window is also shown.

w x ! . w x ! . ! . !w x. !w x. ! .Fig. 3. Wulff shape having full cubic symmetry and 111 blue and 100 red facets with a g 100 rg 111 s0.8, b
!w x. !w x. ! . !w x. !w x.g 100 rg 111 s0.866 and c g 100 rg 111 s0.9. Only in the second case do we find eight triangles and six squares together.
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3. WWWWWuuuuulllllffffffffffmmmmmaaaaannnnn: A brief description

Wulffman was written as a module for Ge-
w xomÕiew 6 , the public domain 3D visualization envi-

ronment created at the Geometry Center at the Uni-
versity of Minnesota. In order to run Wulffman,
GeomÕiew is started and then the Wulffman mod-
ule is invoked. Once active, generation of a Wulff
shape is quite simple using the intuitive graphical

! .user interface Fig. 1 . A symmetry group is selected
along with several facet directions, then once all
other parameters have been set to the user’s liking,
the convex hull routine is activated and the Wulff
shape is built and output to GeomÕiew.

3.1. Basic program features

A variety of features make Wulffman both easy
to use and powerful. Most of those features are
described here; more extensive descriptions of the

w xusage of Wulffman can be found in Ref. 10 and
online at http:// www.ctcms.nist.gov /
archives/software/wulffman.

3.1.1. Simple point group symmetry input
The 32 crystallographic point groups and the two

icosahedral groups can be selected through a simple
point-and-click interface, where the user simply se-
lects the desired crystal system and group. User-de-
fined groups can be built by specifying rotation or
roto-inversion axes, mirror planes and global inver-
sion symmetry. In most cases, user-defined groups
will be non-crystallographic in nature.

3.1.2. Dynamic Wulff shape construction
By specifying dynamic Wulff shape construction,

the user can modify the surface energy of facets and
watch the Wulff shape evolve in real-time under the
specified changes. This provides an interactive facil-
ity for understanding the relationship between the

! .Wulff shape and g n .

3.1.3. Isotropic surface smoothing
In principle, there are an infinite number of facet

directions that could be specified by the user for a
given problem. In reality, only a few energies will be
relevant and these will be controlled by the user.
With Wulffman, it is possible to approximate

! .isotropic surface energy set by the user for all other
facets. In this way, one can build partially-faceted
structures with smooth connecting regions. This also
allows for assessing whether other facet directions
might be relevant for the problem at hand.
The simplest way to add an isotropic surface

energy background would be to intersect the Wulff
!shape generated with a finite number of facet direc-

.tions specified with a sphere whose radius is deter-
mined by the value of the isotropic surface energy.
Unfortunately, this type of correction cannot be per-
formed exactly within GeomÕiew. Instead, it is nec-
essary to approximate a sphere by a polyhedron with
a large number of facets. In Wulffman, this is
accomplished by selecting the number of facets in

! . ! .the pseudo-sphere N , their energy E and theIso Iso
degree to which these facets are skewed by facets

! .already specified manually in Wulffman S . The
skew parameter S is used primarily for Wulff shapes
that are partially faceted, so that isotropic smoothing
causes most of the smoothing to be done in the
regions between user-specified facets. The facet di-
rections for the pseudo-sphere are determined by
distributing N points evenly on the surface of aIso
unit sphere. This is effectively accomplished by cre-
ating a pairwise repulsive energy between points on

! .the sphere facet directions , and then approximately
minimizing the value of this energy. A finite value of
S then causes the user-specified facets to act as
centers that repel the isotropic facets more than these
facets repel each other. Once the isotropic facet
directions have been determined, the Wulff shape
can be calculated with the convex hull method de-
scribed above. We provide computed examples in
Sections 4.3 and 4.4, below.

3.1.4. Wulff shape cross sections
It is possible to turn off the action of the symme-

try group for specific facets. In this way, one can
examine single, unique facet planes and their rela-
tionship to the Wulff shape. This would be useful,
for example, in modeling cleavage phenomena or
investigation of two-dimensional sections of Wulff
shapes.

3.1.5. Unit cell transformations
It is possible to specify facet directions in either

! .Cartesian or unit cell hkl coordinates. In the case
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! . ! . w x ! . w x ! . w x ! .Fig. 2. Examples of Wulff shapes having full cubic m3m symmetry. a Wulff shape having only 110 facets. b–d Wulff shapes having 111 blue and 110 red facets:
! . !w x. !w x. ! . !w x. !w x. ! . !w x. !w x.b g 111 sg 110 , c g 111 rg 110 s1.1 and d g 110 rg 111 s1.2.

w x ! .Fig. 4. Same as Fig. 3b. The slice across the 135 direction yellow is specified within Wulffman as ‘unique’; its other symmetry-equivalent planes are not included in the
construction.
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where cell coordinates are used, the cell constants
and angles can be modified where permitted; unit
cell distortions become simple to implement in this
way.

4. Example calculations

In this section we discuss several possible applica-
tions for Wulffman.

( )4.1. Calculating shapes from model g n

Given the symmetry group, the allowed normal
directions, and their surface energies, it is a simple
matter within Wulffman to create the resulting
Wulff shape. For example, one could choose the full

! . w xcubic m3m symmetry, enter the 111 normal with
surface energy 1.0 and generate a regular octahedron
! . w xFig. 2a . Adding a 110 face with energy 1.0 will
yield a shape composed of eight triangular faces and

! .twelve elongated hexagons Fig. 2b . Adjusting the
relative surface energies will produce shapes with

!facets having different sizes or shapes Fig. 2c and
.d .

( )4.2. Calculating g n from data

In contrast to the preceding problem, given a
shape for which the symmetry and types of normals
are known, it may generally be an awkward task to
determine the relative surface energies. Using
Wulffman, however, it is a simple matter to enter
the symmetry and normals, and then adjust surface
energies until a shape is produced that has features
similar to those found in experimental observations.
For example, assume we again have cubic symmetry,
and are given a shape composed of eight triangles

w xand six squares. The ‘square’ facets lie in the 100

w xdirection, while the triangles lie in the 111 direc-
tion. Using Wulffman, it takes only a few clicks of

!w x. !w x.the mouse to determine that unless g 100 rg 111
is near 0.866, it is impossible to have such a shape

!made up only of squares and triangles meeting Fig.
. !w x. !w x. w x3b ; with g 100 rg 111 /0.866, either the 100

w xfacets or the 111 facets have edges in common
! .Fig. 3a and c . In Section 4.5 we produce a cata-
logue of allowed shapes as determined using
Wulffman.
With the ability to create unique crystal planes, it

is possible to ‘slice’ a Wulff shape, with each slice
exposing a two-dimensional section of the given

! .shape Fig. 4 . One might have experimental sections
of a material in a known orientation and thus knowl-
edge about two-dimensional projections of the Wulff
shape, without knowing the shape itself. By allowing
the user to mimic this kind of sectioning, Wulff-
man allows the user to see what effects changes in
surface energies might have on cross-sectional views.

4.3. Minimal requirements for Wulff shapes

An arbitrary, finite set of facet directions does not
!necessarily generate a closed Wulff shape i.e. one

.that is bounded . This is often the case with low-
symmetry point groups or those that lack an inver-

! w x .sion center see 3 for examples . When computing
crystal forms with Wulffman, however, not all
facet energies are necessarily defined. The user se-
lects a small collection of energies that are consid-
ered relevant to the problem at hand and then gener-
ates the Wulff shape based on the energies for these
facets. If the resulting Wulff shape is not bounded,
this indicates that additional facets are required for
the given symmetry.
In reality, of course, all facets possess a well-de-

fined energy, and the Wulff shape must be closed.
There are two ways to address this issue within

w x ! . ! . ! .Fig. 5. Wulff shape having 3m symmetry and facets in the 312 direction blue : a by itself, this shape is unbounded. It can be closed b
w x ! . ! . ! . !w x. ! .by adding a 001 facet, or c by adding an isotropic surface energy correction red with g Iso rg 312 s1.9. The edge lines in c

indicate that the isotropic correction is approximated by many facets.

w x ! . ! . ! . ! . !w x.Fig. 6. Wulff shape with full cubic symmetry and 111 facets blue . Isotropic corrections red are shown with a g Iso rg 111 G1.72,
! . ! . !w x. ! . ! . !w x. ! . ! . !w x.b g Iso rg 111 s1.3, c g Iso rg 111 s1.15 and d g Iso rg 111 s1. The edge lines in the red ‘isotropic’ regions indicate
that they are approximated by many facets.
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! .Wulffman: 1 manually add new facet directions
! .until the Wulff shape is closed or 2 require the

energy of all other facet directions to have a fixed
value. The latter approach amounts to adding an
isotropic surface energy correction, which can be
performed quite easily with Wulffman. As an ex-
ample, consider the Wulff shape for point group 3m,

an order 6 group in the trigonal crystal system that
lacks an inversion center. If one chooses an arbitrary

! w x.facet direction e.g. 312 the Wulff shape is an
!unbounded ditrigonal pyramid 6 facets symmetry-

w x. ! .equivalent to 312 Fig. 5a . Inspection of the Wulff
shape reveals that the unbounded direction is along

w xthe negative z-axis, hence adding a 001 facet trun-

w x ! . w x ! . w x ! .Fig. 7. ‘Phase diagram’ of Wulff shapes having full cubic symmetry and facet planes in the 100 red , 110 blue and 111 brown
w xdirections. Surface energies are scaled by the 100 energy. The nine regions with qualitatively different shapes are shown.
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cates the pyramid and gives the Wulff shape shown
in Fig. 5b. Alternatively, an isotropic surface energy

! . !w x.correction with g Iso rg 312 s 1.9 yields a
!ditrigonal pyramid with a spherical cap shown in

.Fig. 5c .

4.4. Partially-faceted shapes

In some circumstances, a user may wish to model
a partially-faceted Wulff shape explicitly, for exam-
ple, to look at the transition between an isotropic

! .Wulff shape sphere and one that has some facets.
This is accomplished using the isotropic background
correction described in the previous example. As a
simple example, consider a crystal with full cubic

! . w xsymmetry m3m with 111 facets. The Wulff shape
in this circumstance is an octahedron. If there is an
isotropic surface energy background, then there are

! . ! .four possible types of Wulff shapes Fig. 6 : a an
! . !w x. ! .octahedron when g Iso rg 111 G1.72, b a

truncated octahedron with spherical caps when 1.72
! . !w x. ! .)g Iso rg 111 )1.22, c a truncated sphere

! . !w x.with eight facets when 1.22)g Iso rg 111 )1
! . ! . !w x.and d a sphere when g Iso rg 111 F1. Analy-

ses such as this can be useful in determining the
bounds on surface energies required to give com-
pletely-, partially- or unfaceted Wulff shapes.

4.5. Phase diagram of cubic Wulff shapes

In this section we show how Wulffman can be
used to construct a ‘phase diagram’ of all types of

! .shapes for full cubic m3m symmetry using only
w x w x w x100 , 110 and 111 facets. We choose to normal-

!w x.ize the surface energies by setting g 100 s1. By
adjusting the surface energies of the other two nor-
mal directions, we can readily produce all nine possi-
ble shapes summarized in Fig. 7. Using Wulffman,
this project took under an hour to find the domains

!of existence producing the figure was more diffi-
.cult ; using any other method would have been far

more difficult. It would be easy, for example, to
think about the problem and determine limiting poly-

!hedra for single facet types cube, dodecahedron,
.octahedron . However, enumerating mixed polyhedra

and their domains of existence would be a non-trivial
task without Wulffman.

4.6. Quantification

The output of Wulffman is a convex polyhedron
that can be viewed and manipulated in GeomÕiew.
Occasionally, more quantitative information is
needed about the Wulff shape; another module to
GeomÕiew, Measure, was written for this purpose.
With Measure, it is possible to determine facet
areas, normal directions, edge lengths and vertex
coordinates. With this information, a more quantita-
tive analysis of the Wulff shape for a given surface
energy profile is possible.

5. Summary

A software tool has been developed to allow the
rapid construction of minimum surface energy con-

! .vex polyhedra Wulff shapes that possess an arbi-
trary point group symmetry. The software creates a
framework where it is possible to quickly observe
the effects of surface energy anisotropy on equilib-
rium shape, both quantitatively and qualitatively.
Under the proper circumstances, the Wulff shape
corresponds with the asymptotic crystal growth
shape, which can have a strong impact on the physi-
cal properties of some materials. The importance of
crystal shapes, coupled with the ease-of-use of the
software, make Wulffman a useful tool for grasp-
ing the correlation between symmetry and crystal
shape, as well as for engineering and for understand-
ing the physics of shape evolution in materials.
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Appendix A. Obtaining the software

!A Web site http://www.ctcms.nist.gov
. !/ archives / software / wulffman also

w x.available as Ref. 10 has been set up that not only
provides a thorough description of Wulffman, but
also contains a software archive and complete docu-
mentation. Information about Measure can be found
here as well. Detailed instructions about obtaining
and installing the software can be found in the
archive section of the Wulffman Web site.

Appendix B. System requirements

Wulffman is a module for GeomÕiew and so
GeomÕiew must be installed on the user’s site. In
addition, Wulffman depends on some libraries
w xXforms and convex hull routines, all of which are
available as freeware on the net. At this point in
time, Wulffman can only be used on platforms that

!use X as their windowing system i.e. UNIX sys-
.tems and for which Xforms binaries are available.

The source distribution and binary files for Wulff-
man are less than 1 MB in size, and memory re-
quirements are minimal.
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