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Why We Love metamaterials? 

 
• Because of their negative index of 

refraction 
• Because of  cloaking effect 
• Because of superresolution 

 
Because of correction of some basic 

physical statements !! 



This work is devoted to defining 
the relationship between energy 
E, momentum P and mass ∆M , 
transferred  from the emitter to 

the receiver by an 
electromagnetic wave in 

material, including material with 
negative index of refraction 



Two possible kind of emitted objects – 
waves and particles 



The object carries energy E. What 
is the linear momentum P he 

carries? And what mass? 

 
There are two options: 

 
1. Object-material particle (electron, bullet, stone) 

P=EVgr/c2 

2. Object - an electromagnetic wave (photon, wave 
packet)  
P=E/Vph      



If the wave moves in the direction of 
the wave vector K, and it is directed 
opposite to the Poynting vector S, in 
which direction the force is directed, 
which acts on the wave absorbing 

or reflecting obstacle? 
A more general question - what is 

the linear momentum of the field for 
a wave propagating inside the 

material? 



What is the linear momentum of 
the field inside  the material? 

There are two approaches with more than 
hundred years of history 

The linear momentum is proportional to n - 
Minkowski 

The linear momentum is inversely proportional 
to n – Abraham 

(n – is index of refraction) 



Let us calculate transferred  
mass on the base of equation 

xM=LP/Vgr 

For material particle 
P=EVgr/c2  xM=LE/c2 

M=E/c2 

For light 
P=E/Vph  xM=LE/VphVgr 

M=E/VphVgr 
 



Energy-momentum tensors 

 
 

 
 

1 ( )
4

1 ( )
8

[ ]
4

1 [ ]
4

1 ( )
8

E D H B

ED HB

cS EH

g BD
c

W ED HB

αβ α β α β

αβ

θ
π

δ
π

π

π

π

= + −

+

=

=

= +

1 (
8

1) ( )
8

[ ]
4

1 [ ]
4

1 ( )
8

E D E D

H B H B ED HB

cS EH

g EH
c

W ED HB

αβ α β β α

α β β α αβ

θ
π

δ
π

π

π

π

= + +

+ − +

=

=

= +

αβ α β α β

αβ

1θ = (E D +H B ) -
4π

1 δ (ED+HB)
8π

cS = [EH]
4π
1g = [BD]

4πc

1W = (ED + HB)
8π

 
 

αβ α β α β

β α β α αβ

1θ = (E D +H B +
4π

1E D + H B ) -δ (ED+HB)
8π

cS = [EH]
4π
1g = [EH]

4πc
1W = (ED + HB)

8π

Minkowski Abrakham

αβ
ικ

θ gc
T =

S/c W
 
 
 



This work is an extension of 
Einstein's article, published in the 
journal  
 Ann.Phys.20, 627-623, (1906) , which displays 
the familiar relation  
∆M = E/c2 for the case when 
radiation propagates from the 
transmitter to the receiver in a 
vacuum.   
 



As a first step, let us consider the 
light pressure and energy and mass transfer by radiation  

in vacuum, following Einstein’s paper 
 Ann.Phys.20, 627-623, (1906) 

Time t of propagation light from emitter to receiver  
                               t = L/c     (1) 

Momentum of light pulse = recoil momentum of emitter  
                                         p=E/c=hk                (2) 

Velocity of emitter 
                                V=p/M   (3) 

Movement of emitter 
                    ∆X=Vt=pL/Mc   (4) 

Mass ∆m, transferred from emitter to receiver, following  
center of mass conservation  law  M ∆X=∆mL 

                                                        ∆m=pL/cL=E/c2                        (5) 



Our analysis of Einstein's paper 
showed that the two factors 

“C”in the formula ∆M = E/c2 are 
not simply a constants, but have 
very definite physical meaning, 

and one factor is the phase 
velocity of light Cph, and the 
second factor is the group 

velocity of light Cgr.  
 



 
 

So, equation   
∆M =E/c2  

can be written as 
 ∆M =E/cphcgr  

 



      ∆M =E/c2             ∆M =E/cphcgr  

This result, which is of fundamental 

importance, we obtained as a 

consequence of Einstein's paper.  

→



In his paper, Einstein used the ratio 
between the linear momentum and 
energy of the electromagnetic radiation 
in the form P = E /v, which follows from 
the formulas E = hω   and P = hk, 
corresponding to the principle of wave-
particle duality. It is obvious that the 
velocity v has in this case the meaning 
of the phase velocity vph. 

ω



Let us imagine that all the space 
between the transmitter and the receiver 

is filled by transparent medium with 
phase velocity vph and group velocity vgr. 

In this case equation  
∆M =E/cphcgr 

should be replaced on  

 ∆M =E/vphvgr  



From equation  
∆M =E/vphvgr   

immediately follows, that in 
materials with negative refractive 

index mass is transferred by 
radiation not from source to 

receiver, but in opposite 
direction, from the receiver to the 

source 



In addition, in these materials, 
light pressure is replaced by light 
attraction, as the wave vector K, 

in the expression for the 
momentum P = hk, is negative in 

such materials  



What should be done to 
"save" the relationship 

∆M =E/c2 ? 

We shoud give up 
relationships 

P=E/vph, 
and change it on   

P= Evgr/c2 



The relationship  
P=E/vph=hk 

is a part of the Minkowski tensor 
and corresponds to the 

assumption that light is a wave. 
but equation   

P= Evgr/c2  
is a part of Abraham tensor and 
corresponds to the assumption 

that light is a particles. 



Thus allowing "Minkowsky-
Abraham controversy". We 

showed what the lack of 
relativistic covariance of 

Abraham tensor due simply to 
the fact that Abraham has 

changed in its tensor component 
T44, leaving all other components 
are the same as in the Minkowski 

tensor  



Conclusions 
Inside the material with negative refraction: 

• Light pressure is replaced by light 
attraction. 

• Mass is transferred from the receiver to 
the transmitter. 

• The relation M = E/c2 is a special case of 
relation M = E / VphVgr 



Thank you for your attention! 
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