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A. Field associated with a line current source, and it’s connection to Evanescent 

waves: 

In previous examples we studied the field associated with a flat interface in which the 

evanescent waves can be excited by a plane wave illuminating from the dense medium. But 

how is it related to imaging? How is the analysis from beams connected to imaging an 

object of arbitrary shapes? 

 

Figure 1: Measurement of 2D H Field at arbitrary plan y>0, excited by a line current source 

J= ̂           placed at the origin. 

 

In this analysis, we take the example of a line of current sources ( ⃗  ⃗     ̂           in 2 

dimension) and study the field excited by the line source in vacuum.   

Let’s begin by the Maxwell equations of k- domain and in vacuum: 
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In order to find E(k,) as a function of source J(k,)=  ̂  , we can apply  ⃗⃗   on (A1): 
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Therefore, when we assemble the terms of E(k,) together,  
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The right hand is a source term, while the left hand side is still complex as we have a term 

of  ⃗⃗   ⃗⃗ projected to k direction.  

Using equation (A3) we see that  ⃗⃗( ⃗⃗   ⃗⃗)     ⃗⃗ (
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charge associated with the current source. Now we apply conservation of charges 

(   ⃗  
  

  
  )in k- domain:  

 ⃗⃗   ⃗     

            ⃗⃗       ⃗   
 

   
 ⃗⃗   ⃗⃗   ⃗              (A6) 

Or  ⃗⃗  
    

           
  ̿   

 

      
 ⃗⃗  ⃗⃗     ⃗                 (A7) 

Likewise, if you started by  ⃗⃗   (A2), you will find H(k,) from J 
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In Cartisian coordinates, we arrive at: 
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Until now, we allowed the wavevectors k=(kx, ky) to take arbitrary values and independent 

of each other. But how does that translate into propagating and evanescent waves? Now 



let’s select one direction, say y direction, and perform inverse Fourier transform of H field 

on this direction: 
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Now we need to evaluate the integral that contains a fast oscillating field             in the 

nominator, and a function in the denominator, (  
    

        ) which contains 2 

roots:  
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  can be a complex number. 

Take Eq(13) as an example, we now can split the integral into two parts: 
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For each of the term to be integrated we can now apply Cauchy’s integral theorem: 
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Case I:  

When          
   , then the above forms describe 2 propagating waves: 
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Case II:  

When          
   , we see A=i√  

        =iand to keep the field from 

divergence at infinity we eliminate the exponentially growing term,  so the above equation 

(A15) defines a field that is exponentially decaying away from the source: 



         
         

 √  
        

{      | |√  
         } 

Observations:  

 

Figure 2: k- domain analysis of H field excited by the line current source J= ̂            . 

- The field excited by the objects (such as a single fluorescent molecule that radiate at 

the origin x=y=0) can be now considered as a set of beams, separated by their 

corresponding lateral wavevector kx. At arbitrary distance y from the object we see 

their amplitudes are determined by          
 ;  

 

- If the period of oscillation at the source is small, kx is large, the amplitude we can 

detect is then diminishing exponentially at distance comparable to   
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- Connection to Fresnel Equations: when the source is placed next to an interface, 

then we can think of the radiation being modified by inclusion of a set of reflected 

and transmitted beams across the interface. The reflection and transmission 
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coefficients of each kx components are determined by the Fresnel equations, or 

based on the mismatch of impedance across the interface. 

 

- Imaging an object involves collection of the set of reflected and/or transmitted 

beams at a distance from the object. Unfortunately we see that a portion of 

information associated with          
    is lost when we are far away from 

the object. In order to capture that portion of information we have to move the 

interface close enough to the object (i.e. to measure separation better than   
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then we have to sit at a distance   
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    Also, as the evanescent waves 

travels along the interface (at x direction), we may need to find methods to capture 

these evanescent waves sideways (such as creating curvatures).  

 

B. Propagation of Phase Front and High Frequency Limit: 

 

So far we have examined one aspect of nanophotonics, that is, how to analyze the 

field near a source or an interface, typically in a dimension comparable or smaller 

than the corresponding wavelength. In practice however, not all dimensions are 

equally small(say, the field is varying rapidly in z, but changes rather slowly in x,y 

directions). Intuitively we tend to the approach of Geometric optics such as ray 

tracing.  

 

How can we obtain such picture from Maxwell’s equations?  Now let’s go back to 

real space and time-frequency domain (in a source free, isotropic medium but with 

spatially varying permittivity    ⃗ , for example). 
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Now we decompose the field E(r, ) into two forms: a fast oscillating component 

exp(ik0),         and a slowly varying envelope E0(r) as illustrated in the 

following diagram: 



 

Figure 3: Example of decomposition of E field into the product of slowly varying envelope 

and a fast oscillating phase exp(      

Likewise, we can treat H(r, ) in similar fashion:  
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With this treatment, we can rearrange the Maxwell equations into: 

    
⃗⃗⃗⃗⃗          

⃗⃗⃗⃗⃗        
⃗⃗ ⃗⃗ ⃗      (B5) 

    
⃗⃗ ⃗⃗ ⃗          

⃗⃗ ⃗⃗ ⃗          ⃗   
⃗⃗⃗⃗⃗     (B6) 

   ⃗ (    
⃗⃗ ⃗⃗ ⃗)      ⃗    

⃗⃗ ⃗⃗ ⃗             ⃗   
⃗⃗ ⃗⃗ ⃗       (B7) 

            
⃗⃗ ⃗⃗ ⃗⃗                         (B8) 

 

Furthermore, if the envelope of field varies slowly with wavelength (as we can see in 

systems with small loss: 
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then to the lowest order in 1/k0 we obtain: 
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Equations (B11) and (B12) simply suggests that E0, H0 are orthogonal to the 

gradient of phase front     .  

 

Figure 4. Geometrical Relationship of E, H, and    

 

Also, taking     (B9) we obtain: 
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Thus for non-zero envelop field E0 we have 
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In Cartesian Coordinates, we can write (B14) as: 
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This is the well-known Eikonal equation,   being the eikonal (derived from a Greek 

word, meaning image). 

For reference about the high frequency (also coined as Physical Optics) limit of 

Maxwell equations, you may read: 

-Giorgio Franceschetti, Chapter 5: “High Frequency Fields” in “Electromagnetics: 

Theory, Techniques, and Engineering Paradigms”, Plenum press, 1997. 

 

 

 


