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• Einstein and his theory of gravity 
• Black holes
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• Gravitational waves
• Numerical relativity: simulating the extreme

Summary



The fathers of gravity
In1679 I. Newton published his theory of 
gravitation. According to Newton, gravity manifests 
itself as an instantaneous force between two 
masses which is proportional to their masses and 
inversely proportional to their distance squared. 
With this theory he could explain essentially all of 
the astronomical observations of this time.



The fathers of gravity
In1679 I. Newton published his theory of 
gravitation. According to Newton, gravity manifests 
itself as an instantaneous force between two 
masses which is proportional to their masses and 
inversely proportional to their distance squared. 
With this theory he could explain essentially all of 
the astronomical observations of this time.

In1915 A. Einstein published his theory of gravitation 
(Allgemeine Relativitätstheorie) changing our understanding 
of gravity. According to Einstein, gravity is the 
manifestation of spacetime curvature, and governs 
the motion of massive bodies. 
Any form of mass/energy curves the spacetime. The 
consequences of this vision are: black holes, neutron 
stars, gravitational waves. A whole new Universe!



What is spacetime curvature?
Let’s consider a region 
of space and time 
(spacetime) void of 
matter and energy. It will 
have zero curvature and 
will therefore be flat



What is spacetime curvature?
Let’s consider a region 
of space and time 
(spacetime) void of 
matter and energy. It will 
have zero curvature and 
will therefore be flat

mass MIf instead it contains a 
mass M, it will also have 
a nonzero curvature and  
will therefore be a 
curved spacetime



Let’s consider the orbital motion of an object of small mass m 
around an object of large mass M: (eg Earth around the Sun)
Newton: the orbit is the result of the balance between the 
gravitational force and the centrifugal one

M

m

What is spacetime curvature?

centrifugal 
force

gravitational 
force
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What is spacetime curvature?
Let’s consider the orbital motion of an object of small mass m 
around an object of large mass M: (eg Earth around the Sun)
Einstein: the orbit is what the small object needs to do to avoid 
falling in the curvature produced by the large mass
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Small and large curvatures
A measure of the spacetime curvature is contained 
in the ratio M/R:  where M and R are the mass and 
the radius (size) of the object. 
The larger this ratio the larger the curvature.

M⊕
R⊕

� 5.97× 1024 kg
6372 km

� 3× 10−9 � 0.0000000003

What is the curvature on Earth?

M⊙
R⊙

� 1.98× 1030 kg

6.95× 105 km
� 2× 10−6 � 0.000002

In our neighborhood, the largest curvature is in the Sun 

In other words: spacetime is very hard to curve!



What is a black hole?
A black hole is an object with the largest curvature (infinite 
at its centre). Let us use the concept of escape velocity vf i.e. 
the velocity necessary to escape a gravitational field
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It’s possible to escape the Earth 
surface: it is sufficient to have a large-
enough velocity (easier for light objects)
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What is a black hole?
A black hole is an object with the largest curvature (infinite 
at its centre). Let us use the concept of escape velocity vf i.e. 
the velocity necessary to escape a gravitational field

MBH : black hole mass

REH : radius of event horizon

It’s impossible to escape the black 
hole surface (event horizon) even for 
the lighets particle (photon)

c =

�
2GMBH

REH

vf =
�

2GM

r

It’s possible to escape the Earth 
surface: it is sufficient to have a large-
enough velocity (easier for light objects)

vf =
�

2GM⊕
R⊕



Neutron stars are the most common end of 
the evolution of massive stars, ie stars with 

Such stars end their evolution as supernovae
10M⊙ � M � 100M⊙

Burrows

What is a neutron star?



A spoon of this matter is as 
heavy as the Mont Blanc

M � 1.3− 2.0M⊙

R � 12− 15 km

ρc � 1015 g/cm3



Accreting the Earth would 
change its size of ~ 10 m

M � 1.3− 2.0M⊙

R � 12− 15 km

ρc � 1015 g/cm3



Gravitational waves: Einstein’s 
last prediction



How do you produce gravitational waves?
GWs are produced every time a non-spherical 
distribution of matter is accelerated (ie all the time....)

However, these sources are very distant: amplitude of GWs 
on Earth is very very small!

However, GWs are also hard to produce (not possible in 
laboratories). Energy lost by GWs can be estimated to be:

• large masses in small volumes (black holes, neutron stars)
• velocities close to that of light
• the energy lost is a good fraction of total energy: very 
catastrophic process.

Lgw =
�

G

c5

� �
M�v2�
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�2

�
�

G

c5

� �
M

R
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Electromagnetic and gravitational waves provide information 
which is complementary. 

•EM waves tell us of the thermodynamical properties of matter. 

•GWs tell us of the dynamical properties of compact objects

Comparing EM and GWs
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The discovery of the century

Virgo, Italy; GEO600, Germany

Kagra, Japan

Modern GW detectors are giant 
interferometers: powerful laser beams 
are sent and reflected in vacuum 
tubes creating interferences. GWs 
produce differences in lengths

C. Hanna

LIGO, USA

∆L

L
� 10−21



Numerical Relativity



Gµν = 8πTµν

Einstein equations

spacetime 
curvature

mass and energy 
in the spacetime

Einstein tensor stress-energy tensor

The importance of Einstein equations lies in setting a relation 
between the curvature and the mass/energy: 
gravity becomes the manifestation of spacetime curvature



Numerical Relativity: probing the extreme

•Einstein equations are highly nonlinear and so are the 
equations of relativistic hydrodynamics and MHD in 
conditions where shocks are expected to develop. 

•Furthermore, the need to compute gravitational waves 
requires that we consider highly non-symmetrical 
configurations, eg binaries. This implies that we need to solve 
the equations in 3 spatial dimensions plus time (3+1)

•Numerical relativity is focussed on solving Einstein 
equations and those of relativistic hydrodynamics and MHD 
in those regimes in which no approximation holds: eg in the 
most nonlinear regimes of the theory. 



∇∗
νFµν = 0, (Maxwell eqs. : induction, zero div.)

We build codes which we consider “theoretical laboratories”. They 
represent  our approximation to “reality” and they can be continuously 
improved: microphysics, magnetic fields, viscosity, radiation transport ,...

Numerical Relativity: probing the extreme

These are the 
equations we 
normally solve: 
Einstein equations 
and those of 
relativistic 
hydrodynamics 
and MHD



Numerical Relativity: probing the extreme

In practice we “slice” 
spacetime into 3D spatial 
slices of constant time 
coordinate.

We compute the solution 
over each of these slices 
and then evolve it in time 
to the next one

We continue to do this till 
we reach the desired time 
or (more likely) we 
encounter a problem... 

itly shown otherwise for convenience). Greek indices are
taken to run from 0 to 3, Latin indices from 1 to 3, and we
adopt the standard convention for the summation over
repeated indices.

II. MATHEMATICAL AND NUMERICAL SETUP

A. Evolution system for the fields

We evolve a conformal-traceless ‘‘3! 1’’ formulation
of the Einstein equations [54–57], in which the spacetime
is decomposed into three-dimensional spacelike slices,
described by a metric !ij, its embedding in the full space-
time, specified by the extrinsic curvatureKij, and the gauge
functions " (lapse) and #i (shift) that specify a coordinate
frame (see Sec. II B for details on how we treat gauges and
[58] for a general description of the 3! 1 split). The
particular system which we evolve transforms the standard
ADM variables as follows. The three-metric !ij is confor-
mally transformed via

$ " 1
12 lndet!ij; ~!ij " e#4$!ij; (1)

and the conformal factor $ is evolved as an independent
variable, whereas ~!ij is subject to the constraint det~!ij "
1. The extrinsic curvature is subjected to the same confor-
mal transformation and its trace trKij is evolved as an
independent variable. That is, in place of Kij we evolve:

K $ trKij " gijKij; ~Aij " e#4$

!
Kij #

1

3
!ijK

"
;

(2)

with tr ~Aij " 0. Finally, new evolution variables

~! i " ~!jk~!i
jk (3)

are introduced, defined in terms of the Christoffel symbols
of the conformal three metric.

The Einstein equations specify a well-known set of
evolution equations for the listed variables and are given by

%@t #L#&~!ij " #2" ~Aij; (4)

%@t #L#&$ " #1
6"K; (5)

%@t #L#& ~Aij " e#4$'#DiDj"! "%Rij # 8%Sij&(TF

! "%K ~Aij # 2 ~Aik
~Ak
j&; (6)

%@t #L#&K " #DiDi"

! "' ~Aij
~Aij ! 1

3K
2 ! 4%%&ADM ! S&(; (7)

@t~!
i " ~!jk@j@k#

i ! 1
3~!

ij@j@k#
k ! #j@j~!

i # !j@j#
i

! 2
3
~!i@j#

j # 2 ~Aij@j"! 2"%~!i
jk
~Ajk ! 6 ~Aij@j$

# 2
3~!

ij@jK # 8%~!ijSj&; (8)

where Rij is the three-dimensional Ricci tensor, Di the
covariant derivative associated with the three metric !ij,
‘‘TF’’ indicates the trace-free part of tensor objects, and
&ADM, Sj, and Sij are the matter source terms defined as

&ADM $ n"n#T
"#; Si $ #!i"n#T

"#;

Sij $ !i"!j#T
"#;

(9)

where n" $ %#"; 0; 0; 0& is the future-pointing four-vector
orthonormal to the spacelike hypersurface and T"# is the
stress-energy tensor for a perfect fluid [cf. Eq. (19)]. The
Einstein equations also lead to a set of physical constraint
equations that are satisfied within each spacelike slice,

H $ R%3& ! K2 # KijK
ij # 16%&ADM " 0; (10)

M i $ Dj%Kij # !ijK& # 8%Si " 0; (11)

which are usually referred to as Hamiltonian and momen-
tum constraints. Here R%3& " Rij!

ij is the Ricci scalar on a
three-dimensional time slice. Our specific choice of evo-
lution variables introduces five additional constraints,

det~!ij " 1; (12)

tr ~Aij " 0; (13)

~! i " ~!jk~!i
jk: (14)

Our code actively enforces the algebraic constraints (12)
and (13). The remaining constraints,H ,Mi, and (14), are
not actively enforced and can be used as monitors of the
accuracy of our numerical solution. See [59] for a more
comprehensive discussion of the these points.
Among the diagnostic quantities, we compute the angu-

lar momentum as a volume integral with the expression
[60]:

Jivol " "ijk
Z
V

!
1

8%
~Ajk ! xjSk !

1

12%
xjK;k

# 1

16%
xj ~!

lm
;k
~Alm

"
e6$d3x: (15)

B. Gauges

We specify the gauge in terms of the standard ADM
lapse function " and shift vector #i [61]. We evolve the
lapse according to the ‘‘1! log’’ slicing condition [62]:

@t"# #i@i" " #2"%K # K0&; (16)

where K0 is the initial value of the trace of the extrinsic
curvature and equals zero for the maximally sliced initial
data we consider here. The shift is evolved using the
hyperbolic ~!-driver condition [59],

@t#
i # #j@j#

i " 3
4"B

i; (17)

LUCA BAIOTTI, BRUNO GIACOMAZZO, AND LUCIANO REZZOLLA PHYSICAL REVIEW D 78, 084033 (2008)

084033-4



Numerical techniques
We use different techniques for different equations: metric 
variables are smooth while fluids can shock and do shock.

Rµν − 1

2
Rgµν = 8πTµν

For the Einstein field eqs. we use 
finite-difference methods with stencils 
of various order, either centred or 
upwinded. 
In general: 4th-6th order in space and 
4th-order in time (Runge-Kutta)



Numerical techniques
We use different techniques for different equations: metric 
variables are smooth while fluids can shock and do shock.

Rµν − 1

2
Rgµν = 8πTµν

For the Einstein field eqs. we use 
finite-difference methods with stencils 
of various order, either centred or 
upwinded. 
In general: 4th-6th order in space and 
4th-order in time (Runge-Kutta)

∇µT
µν = 0

∇µ(ρu
µ) = 0

For the hydrodynamic (MHD) eqs. we 
use finite-volume HRSC methods with 
approximate Riemann solvers and 
high-order reconstruction. 
In general: below 2nd order with 
method of lines.



Supercomputing setup
Simulations made difficult by two conflicting requirements: we 
need very high resolution to accurately describe the compact 
objects (spacetime curvature very high) and we need very 
large spatial domains to extract gravitational waves. 
We are forced to use AMR (adaptive mesh refinement) to 
increase the resolution where needed

Typical simulation:
• 500-1000 processors
• 1-2 TB memory
• 4-6 weeks of running time
• 3-8 TB of data produced



Binary Black Holes



The two-body problem: Newton vs Einstein

Consider two massive objects of mass m1 

and m2 interacting only via the gravitational 
force they exert on each other
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Consider two massive objects of mass m1 

and m2 interacting only via the gravitational 
force they exert on each other

r̈ = −GM

d3
12

r where M ≡ m1 + m2 , r ≡ r1 − r2 , d12 ≡ |r1 − r2| .

The system admits stationary solutions and closed orbits (circular/
elliptic). At lowest order, this equation describes the motion of 
most astronomical objects (eg in our solar system).

Newtonian gravity:



The two-body problem: Newton vs Einstein

Consider two massive objects of mass m1 

and m2 interacting only via the gravitational 
force they exert on each other

r̈ = −GM

d3
12

r where M ≡ m1 + m2 , r ≡ r1 − r2 , d12 ≡ |r1 − r2| .

The system admits stationary solutions and closed orbits (circular/
elliptic). At lowest order, this equation describes the motion of 
most astronomical objects (eg in our solar system).

Newtonian gravity:

Einstein gravity:
No analytic solution.
The system does not admit stationary solutions and closed orbits. 
Energy and angular momentum are lost via gravitational waves



A
ni

m
at

io
n 

by
 K

ae
hl

er
, R

ei
ss

w
ig

, L
R

Rµν = 0
How difficult can that be?

In vacuum the Einstein equations reduce to







As the total angular momentum is increased, so is the time 
to merger: more orbits spent to lose angular momentum.
The numerical-relativity community has now explored a 
good portion of the space of parameters producing 
accurate and long waveforms which are matched to post-
Newtonian expressions. 



Binary Neutron Stars



Why investigate binary neutron stars?

• We know they exist (as opposed 
to binary BHs) and are among the 
strongest sources of GWs
• We expect them related to 
SGRBs: energies released are 
huge: 1048-50 erg. Equivalent to 
what released by the whole 
Galaxy over ~ 1year : 

• Despite decades of observations 
no self-consistent model has yet 
been produced to explain them.

short GRB, 
artist impression 

(NASA)



The two-body problem in GR
•For BHs we know what to expect: 

BH + BH             BH + gravitational waves (GWs) 
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The two-body problem in GR
•For BHs we know what to expect: 

BH + BH             BH + gravitational waves (GWs) 

All complications are in the intermediate stages; the rewards high: 
•studying the HMNS will show strong and precise imprint on the EOS 

•studying the BH+torus will tell us on the central engine of GRBs

•For NSs the question is more subtle: the merger leads to an 
hyper-massive neutron star (HMNS), ie a metastable equilibrium: 

NS + NS         HMNS + ... ?         BH + torus + ... ?         BH

NOTE: with advanced detectors we expect to have a realistic 
rate of ~40 BNSs inspirals a year, ie ~ 1 a week      (Abadie+ 2010)        



“merger           HMNS           BH + torus”

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  



“merger           HMNS           BH + torus”

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by the EOS (“cold” or “hot”):
a binary with an EOS with large thermal capacity (ie hotter after 
merger) will have more pressure support and collapse later



Hot EOS: high-mass binary
M = 1.6 M⊙

Animations: Kaehler, Giacomazzo, Rezzolla





high-mass binary

the high internal energy (temperature) of 
the HMNS prevents a prompt collapse

Waveforms: hot EOS



high-mass binary

the high internal energy (temperature) of 
the HMNS prevents a prompt collapse

the HMNS evolves on longer 
(radiation-reaction) timescale

low-mass binary
Waveforms: hot EOS



Imprint of the EOS: hot vs cold

There are clear differences for the same mass and for 
the same EOS: multidimensional parameter space



Imprint of the EOS: frequency domain
Andersson et al. (GRG 2009)

low-mass high-mass

D=100Mpc D=100Mpc



Imprint of the EOS: frequency domain
Andersson et al. (GRG 2009)

low-mass high-mass

D=100Mpc D=100Mpc

With sufficiently sensitive detectors, GWs will work 
as the Rosetta stone to decipher the NS interior
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- differences induced by MASS ASYMMETRIES:
tidal disruption before merger; may lead to prompt BH
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- differences induced by MAGNETIC FIELDS:
the angular momentum redistribution via magnetic braking or 
MRI can increase/decrease time to collapse 

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by the EOS (“cold” or “hot”):
a binary with an EOS with large thermal capacity (ie hotter after 
merger) will have more pressure support and collapse later

- differences induced by MASS ASYMMETRIES:
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“merger           HMNS           BH + torus”

- differences induced by MAGNETIC FIELDS:
the angular momentum redistribution via magnetic braking or 
MRI can increase/decrease time to collapse 

- differences induced by RADIATIVE PROCESSES:
radiative losses will alter the equilibrium of the HMNS 

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by the EOS (“cold” or “hot”):
a binary with an EOS with large thermal capacity (ie hotter after 
merger) will have more pressure support and collapse later

- differences induced by MASS ASYMMETRIES:
tidal disruption before merger; may lead to prompt BH



Animations: Giacomazzo, Koppitz, LR

Total mass : 3.37 M⊙; mass ratio :0.80;





! the torii are generically more massive
! the torii are generically more extended 
! the torii tend to stable quasi-Keplerian configurations
! overall unequal-mass systems have all the ingredients 
needed to create a GRB



Neutron stars have large magnetic fields: 108-1012 G and it 
is the strong magnetic field that makes them observable as 
radio and pulsars. 

As mentioned above, magnetic fields can play an important 
role and to study this it is necessary to solve the equations 
or relativistic magnetohydrodynamics (MHD)

We work within the ideal-MHD limit (i.e. infinite electrical 
conductivity) and this is an excellent approximation during 
the inspiral.

Extending the work to MHD



Animations:, LR, Koppitz

Typical evolution for a magnetized binary 
(hot EOS) M = 1.5M⊙, B0 = 1012 G





A magnetic jet is produced as a result 
of MHD instabilities and ultra-strong 
magnetic fields 



J/M2 = 0.83 Mtor = 0.063M⊙ taccr � Mtor/Ṁ � 0.3 s



t ~13ms



t ~15mst ~13ms



t ~21ms

t ~15mst ~13ms



t ~27mst ~21ms

t ~15mst ~13ms



t ~27mst ~21ms

t ~15mst ~13ms

First time a magnetic jet is produced from ab-initio 
calculation: opening angle is ~ 30o
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GSFC/NASA



Conclusions

radio

far-IR

mid-IR

near-IR

optical

x-ray

gamma-ray

GWs???

It has happened over and over in the history of astronomy: as a new 
“window” has been opened, a “new”, universe has been revealed. 
GWs will reveal Einstein’s universe of black holes and neutron stars

GSFC/NASA


