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Outline 

• Models for strongly correlated electron systems 
• A brief review of DMFT and its applications 
• DMFT: Pitfalls  
• Beyond DMFT: Cluster approaches 
• Applications of Quantum cluster theories 
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Periodic Anderson Model 

t t t 

Periodic 
Anderson 
Model 

Hubbard model 

Minimal Models 
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Solving the models  
Quantum many body theory approach 

Single-particle Green's function or propagator 

Density of states 
(Photoemission)Scattering rates and 
self-energy 

Many-particle Green's function or propagator 

Charge, spin and orbital 
susceptibilitiesElectrical and thermal 
conductivitiesVertex functionsBinder 
Cumulant, bond-order 
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Solving the models 

t t t 
Hubbard model 

Usual method of solution: H=H0 + HI 

Known limit Perturbation 

Band 
limit 

Atomic 
limit 

Not useful when H0 ~ HI 
Other small parameters: 1/N   SU(N): Symmetry of the spin-sector 

Question: Is there a limit where simplification occurs  
but the band and atomic limits are treated on an equal footing? 
Answer: Limit of infinite dimensions. 
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Dynamical mean field theory- Philosophy 

Trace out all S
i 
except S

0 

Ising model 

Mean field approximation 

Effective field – self consistently determined 
Magnetization 

Georges et al, Rev. Mod. Phys. 68, pp.13-125 (1996). 

Jij = J = J0 /d ||i-j|| 

Philosophy - Reduce a lattice problem to a single-site embedded in a 
self-consistently determined host. 

d→
∞ 

(from the single-spin partition function) 
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Dynamical mean field theory 
Hubbard model 

With 

Dynamical mean field 
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Dynamical mean field theory 
• Mean field theory for quantum many body systems on a lattice. 
• Maps lattice models to self-consistent impurity models 
• Self energy and Vertex function become purely local and 

momentum independent. 
• Ignores spatial fluctuations but accounts for quantum local 

temporal fluctuations. 
• Exact in the limit of infinite dimensions. 

Kotliar and Vollhardt, Physics Today (March 2004). 
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Applications 
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Heavy fermions 

 Gorshunov et al Phys. Rev. B, Vol.59, pp.1808-1814 (1999). 

Δg=8.75meV=101K 

  N. S. Vidhyadhiraja et al  J. Phys. Condens. Matter Vol.15 pp.4045-4087 (2003). 

SmB6 

DC Resistivity 

Periodic Anderson 
model: 
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Δg=8.75meV=101K 

  N. S. Vidhyadhiraja et al  J. Phys. Condens. Matter Vol.15 pp.4045-4087 (2003). 

SmB6 

 Gorshunov et al PRB (1999); 

Optical conductivity 
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Heavy Fermions – Dynamical Mean Field Theory  

Data from two 
different groups 

Z=0.05; m*=20 

Symbols: Experiments 
Line: Theory 

Rowe et al J. Phys. D: Appl. Phys 35 2183-2186 (2002). 
N.S.Vidhyadhiraja , Logan  J. Phys. Condens. Matter Vol.17 pp.2959-2976 (2005); 

YbAl
3 

DC Resistivity 



APS-IUSSTF lectures at Purdue - 2015 

Z=0.05; m*=20 

YbAl3 

Okamura et al J. Phys. Soc. Japan Vol.73 pp.2045 (2004). 
NSV , Logan  J. Phys. Condens. Matter Vol.17 pp.2959-2976 (2005); 

Optical conductivity 

Theory 

Experiment 
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Heavy Fermions – Dynamical Mean Field 
Theory  

Z=0.05; m*=20 

SmB6, YbB12, Ce2Bi4Pt3, CeB6, CeAl3, CeCoIn5, 
YbAl3, CeOs4Sb12, CeFeGe3, CeRhSi2, 
Ce2Ni3Si5 
Ce1-xLaxB6, Ce1-xLaxAl3 
 Spectral Dynamics, DC and Optical transport, 
Thermodynamics, Magnetotransport 

(http://www.jncasr.ac.in/raja/publication.php) 
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Elemental Plutonium 

Phonon spectrum computed with DMFT and compared to 
experiment 

Kotliar and Vollhardt, Physics Today (March 2004). 
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SrVO3 

Anisimov and Lukoyanov Acta Crys. Sec. C (2014)..  
N.Dasari et al, arXiv:1504.04097. 
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V2O3 

Anisimov and Lukoyanov Acta Crys. Sec. C (2014)..  

Photoemission 
spectra 

X-ray absorption 
spectra 
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Problems with DMFT 

• Ignores non-local dynamical spatial fluctuations (implying 
that Sij=0 for i≠j). 

• Physics specific to finite dimensions (especially 1D, 2D) is 
not captured. 

• Ordered phases with k-dependent order parameter cannot 
be studied. 

• Might yield spurious transitions (e.g. Curie-Weiss theory 
for 1D Ising model) 

• Other non-local phenomena such as Anderson localization 
also cannot be described. 
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Beyond DMFT: Cluster approaches 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 
H.Fotso et al, Chapter in Strongly Correlated Systems, Springer (2012). 
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Beyond DMFT: Cluster approaches 

Nc=4 Real space                          Nc=4 Momentum space 

Cluster-DMFT                                   Dynamical Cluster 
                                                          Approximation 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 
H.Fotso et al, Chapter in Strongly Correlated Systems, Springer (2012). 



APS-IUSSTF lectures at Purdue - 2015 

Momentum space clusters  
 - Dynamical Cluster approximation 

• In an exact theory, the Laue function expressing momentum conservation 
would be 
 
 
 

• In the limit of infinite dimensions,  
  hence momentum conservation can be ignored. 

•In the dynamical cluster approximation, the Laue function may be expressed  
  as 

• M(k): mapping of k to the cluster momentum K 

• The Green’s function is given by 
 
 
 
 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 

k
1 

k
2 

k
4 

k
3 



APS-IUSSTF lectures at Purdue - 2015 

Beyond DMFT: Cluster 
approaches(in practice) 

 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 

Self-consistency 

Initial Guess 



APS-IUSSTF lectures at Purdue - 2015 

Beyond DMFT: Cluster approaches 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 

Self-consistency 

Available Cluster Solvers: 
• Second order perturbation theory 
• Fluctuation exchange 
• Non-Crossing approximation 
• Quantum Monte Carlo 
• Exact Diagonalization 

Initial Guess 
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Dynamical Cluster approximation 
(Convergence) 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 

2D-Hubbard 
model 
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Applications 
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1D-Hubbard model 
The Hamiltonian is given by: 

Kinetic 
energy 

Coulomb repulsion 

Exact result: Non-zero gap in the 
density of states for all U>0. 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 
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1D-Hubbard model 
The Hamiltonian is given by: 

Kinetic energy Coulomb repulsion 

Exact result: Luttinger liquid physics: 
Spin-charge separation 
 

Finite size 

Cluster
s 

Cluster
s 

Finite size 

T. Maier et al, Rev. Mod. Phys 77 1027 (2005). 
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2D-Hubbard model and high Tc 
cuprate superconductors 

Barisic et al PNAS 110 12235 (2013). 
S. Sachdev http://arxiv.org/pdf/0907.0008 

Quantum critical point 

http://arxiv.org/pdf/0907.0008
http://arxiv.org/pdf/0907.0008
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2D-Hubbard model 
The Hamiltonian is given by: 

Kinetic 
energy 

Coulomb repulsion 

N. S. Vidhyadhiraja et al, Phys. Rev. Lett. 102 206407 (2009). 
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2D-Hubbard model 
(Nature of the quantum critical point) 

Hole doping 

Inference: QCP enhances pairing susceptibility, but not the pairing interaction. 
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