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What is Uncertainty 
Quantification and why is 

it needed?

According to wikipedia: 

“The science of quantitative characterization and reduction of 
uncertainties in applications.” 
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Example: Structure 
Reliability

Uncertainty in external forcing

Probability of failureSimulation
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Example: Oil reservoir 
operation

Simulation

Uncertainty in field parameters
Oil produced over time

4



Example: 
Prediction of extreme weather

Uncertainty in initial conditions
http://hwrf.aoml.noaa.gov/

Uncertainty in Hurricane 
path
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What kinds of 
uncertainties are there and 

how are they modeled?

• Aleatory: naturally occurring randomness that we 
cannot (or do not know how to) reduce. 

• Epistemic: uncertainty due to lack of knowledge 
that we can reduce by paying a price.
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Unknown Microstructure of a 
Manufactured Artifact
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Unknown Ground 
Permeability/Porosity
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Unknown Physical Law

Simulation of the interaction 
of two biomolecules

Statistical mechanics: 

p(q)∝exp −V (q)
kBT

⎧
⎨
⎩

⎫
⎬
⎭

Positions of 
all atoms

Boltzmann 
constant

Temperature

Empirical potential (energy of the 
stem). We are not exactly sure 

about its form…
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Cosmic Microwave 
Background

Thermal radiation left over 
from the Big Bang. 

Arno Penzias, Rober 
Wilson, 1978 Nobel Prize
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Double Slit Experiment
“[The quantum slit 

experiment] is a phenomenon 
which is impossible […] to 

explain in any classical way, 
and which has in it the heart 
of quantum mechanics. In 
reality it contains, the only 

mystery of [quantum 
mechanics].”

-Richard Feynman, (1965)
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What about turbulence?

12



We model uncertainties 
using probability

p(A|K) = “How much do we believe A is true given our current 
state of knowledge K”

Probability Theory: The Logic of Science, by E. 
T. Jaynes
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p( |K)=?

We need to be able to say things like:

That’s the classic uncertainty quantification 
problem (density estimation).
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Input 
Parameters

Physical 
model/

Experiment

Quantities of 
interest

x f y

y = f (x)
We’ll think about it as a mathematical function:

UQ Problems and 
their Challenges
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Some UQ problems
• Uncertainty propagation: 

• Model calibration: 

• Design optimization under uncertainty: 

p(x |K )→
f
p(y |K )

y,p(x |K )→
f
p(x | y,K )

x * =maxEξ [O(f (x;ξ ))]
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Input 
Parameters

Physical 
model/

Experiment

Quantities of 
interest

x f y

The Uncertainty 
Propagation Problem
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Example: Bevel Gear
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3-10 days for a simulation

Failure time

Microstructure

p( |K)=? p( Failure time | K )



Monte Carlo
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Von Neumann, Feynman, Ulam

• Sample random inputs 
many times. 

• Evaluate model outputs at 
these inputs. 

• Estimate any statistics of 
interest.



Input 
Parameters

Physical 
model/

Experiment

Quantities of 
interest

x f y

The Uncertainty 
Propagation Problem
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Issues of Monte Carlo… 

 The Statistician (1987) 36, pp. 247-249 247

 Monte Carlo is fundamentally unsound

 A. O'HAGAN

 Department of Statistics, University of Warwick, Coventry CV4 7AL, U.K.

 Abstract. We present some fundamental objections to the Monte Carlo method of numerical integra-
 tion.

 1 Background

 As Bayesian inference is applied to more and more complex and realistic models
 combined with more and more realistic prior distributions, we become increasingly
 dependent on numerical methods to explore the resulting complex, high-dimensional,
 posterior distributions. In particular, there has been considerable interest lately in
 techniques of numerical integration. The Monte Carlo method, which has long been
 known to numerical analysts, was brought to the attention of the Bayesian statistics
 community by Kloek & van Dijk (1978), although Stewart had been using it in this
 context several years earlier. See Stewart & Johnson (1971).

 There are many variations and elaborations of Monte Carlo integration, but for our
 purposes it is enough to study the most basic problem. Consider the one-dimensional
 integral

 00

 k= f f(x)dx. (1)
 - 00

 Monte Carlo inference about k proceeds as follows. Equation (1) is rewritten as

 00

 k= f Vf(x)lg(x)Jg(x)dx,
 -00

 where g is an arbitrary probability density function. Letting

 r(x) =f(x)lg(x)

 we have k=E{r(X)} for a random variable X having the distribution whose density is g.
 A random sample x1, x2,..., x,, is generated from this distribution, and r(xi) is
 calculated (i= 1, 2,..., n). The statistical theory is now very simple. The sample mean

 n

 f= n- r(xi) (2)
 i=1

 is an unbiased estimator of k. As a measure of its accuracy we have

 var(f) = n- var(r(X)). (3)

 The observations r(xi) also provide an unbiased estimator of var(r(X)), i.e.

 n

 Sr=(n- 1)-i E {r(x,) - f2.
 ;=1
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But, let’s ignore them and 
start playing with the 

handout…
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