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Lecture objectives

• Reminder: Orthogonal polynomials.


• Introduce quadrature rules in 1D.


• Expand quadrature rules in multiple dimensions using 
sparse grids.
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1D Orthogonal 
Polynomials
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1D Polynomials
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g(x; a) = a0 + a1x+ a2x
2 + · · ·+ a⇢x

⇢

A polynomial is:



Scalar Square Integrable 
Functions
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F1 =
�
f : R ! R such that Ep

⇥
f2(X)

⇤
< 1

 
Fix the space to:

A set of orthonormal polynomials �1,�2, . . .
<latexit sha1_base64="K7XFte72wsUP6UjXBwZzSQ73uAE=">AAAB+3icbVDNSsNAGPxS/2r9i/boJVgED6UkRVBvRS8eKxhbaEPYbDft0s0m7G6EEOqrePGg4tUX8ebbuE1z0NaBZYeZb9hvJ0gYlcq2v43K2vrG5lZ1u7azu7d/YB4ePcg4FZi4OGax6AdIEkY5cRVVjPQTQVAUMNILpjdzv/dIhKQxv1dZQrwIjTkNKUZKS75ZHyYT6jvN4mo3h6NYSd9s2C27gLVKnJI0oETXN790DqcR4QozJOXAsRPl5UgoihmZ1YapJAnCUzQmA005ioj08mL5mXWqlZEVxkIfrqxC/Z3IUSRlFgV6MkJqIpe9ufifN0hVeOnllCepIhwvHgpTZqnYmjdhjaggWLFME4QF1btaeIIEwkr3VdMlOMtfXiVuu3XVsu/OG53rso0qHMMJnIEDF9CBW+iCCxgyeIZXeDOejBfj3fhYjFaMMlOHPzA+fwAu3pQF</latexit><latexit sha1_base64="K7XFte72wsUP6UjXBwZzSQ73uAE=">AAAB+3icbVDNSsNAGPxS/2r9i/boJVgED6UkRVBvRS8eKxhbaEPYbDft0s0m7G6EEOqrePGg4tUX8ebbuE1z0NaBZYeZb9hvJ0gYlcq2v43K2vrG5lZ1u7azu7d/YB4ePcg4FZi4OGax6AdIEkY5cRVVjPQTQVAUMNILpjdzv/dIhKQxv1dZQrwIjTkNKUZKS75ZHyYT6jvN4mo3h6NYSd9s2C27gLVKnJI0oETXN790DqcR4QozJOXAsRPl5UgoihmZ1YapJAnCUzQmA005ioj08mL5mXWqlZEVxkIfrqxC/Z3IUSRlFgV6MkJqIpe9ufifN0hVeOnllCepIhwvHgpTZqnYmjdhjaggWLFME4QF1btaeIIEwkr3VdMlOMtfXiVuu3XVsu/OG53rso0qHMMJnIEDF9CBW+iCCxgyeIZXeDOejBfj3fhYjFaMMlOHPzA+fwAu3pQF</latexit><latexit sha1_base64="K7XFte72wsUP6UjXBwZzSQ73uAE=">AAAB+3icbVDNSsNAGPxS/2r9i/boJVgED6UkRVBvRS8eKxhbaEPYbDft0s0m7G6EEOqrePGg4tUX8ebbuE1z0NaBZYeZb9hvJ0gYlcq2v43K2vrG5lZ1u7azu7d/YB4ePcg4FZi4OGax6AdIEkY5cRVVjPQTQVAUMNILpjdzv/dIhKQxv1dZQrwIjTkNKUZKS75ZHyYT6jvN4mo3h6NYSd9s2C27gLVKnJI0oETXN790DqcR4QozJOXAsRPl5UgoihmZ1YapJAnCUzQmA005ioj08mL5mXWqlZEVxkIfrqxC/Z3IUSRlFgV6MkJqIpe9ufifN0hVeOnllCepIhwvHgpTZqnYmjdhjaggWLFME4QF1btaeIIEwkr3VdMlOMtfXiVuu3XVsu/OG53rso0qHMMJnIEDF9CBW+iCCxgyeIZXeDOejBfj3fhYjFaMMlOHPzA+fwAu3pQF</latexit>

satisfies the following properties:
�i(x) = a0i + a1ix+ · · ·+ a⇢iix

⇢i
<latexit sha1_base64="yg6XtWulnjNfmY0I6oIzctEVG10=">AAACJXicbZBNS8MwGMdTX+d8q3r0EhzCRBitCOphMPTicYJ1g7WWNEvXsPSFJJWN0k/jxa/ixcMUwZNfxXTrQTf/EPjxf54nyfP3EkaFNIwvbWl5ZXVtvbJR3dza3tnV9/YfRJxyTCwcs5h3PSQIoxGxJJWMdBNOUOgx0vGGN0W980S4oHF0L8cJcUI0iKhPMZLKcvWmnQTUpfXRCWxC5GYGzeFpASbNR4rsfizFzLF5ELsUKv+x5NzVa0bDmAougllCDZRqu/pEXYjTkEQSMyREzzQS6WSIS4oZyat2KkiC8BANSE9hhEIinGy6Zg6PldOHfszViSScur8nMhQKMQ491RkiGYj5WmH+V+ul0r90MholqSQRnj3kpwzKGBaZwT7lBEs2VoAwp+qvEAeIIyxVslUVgjm/8iJYZ42rhnl3Xmtdl2lUwCE4AnVgggvQAregDSyAwTN4BRPwrr1ob9qH9jlrXdLKmQPwR9r3D+6Jo+c=</latexit><latexit sha1_base64="yg6XtWulnjNfmY0I6oIzctEVG10=">AAACJXicbZBNS8MwGMdTX+d8q3r0EhzCRBitCOphMPTicYJ1g7WWNEvXsPSFJJWN0k/jxa/ixcMUwZNfxXTrQTf/EPjxf54nyfP3EkaFNIwvbWl5ZXVtvbJR3dza3tnV9/YfRJxyTCwcs5h3PSQIoxGxJJWMdBNOUOgx0vGGN0W980S4oHF0L8cJcUI0iKhPMZLKcvWmnQTUpfXRCWxC5GYGzeFpASbNR4rsfizFzLF5ELsUKv+x5NzVa0bDmAougllCDZRqu/pEXYjTkEQSMyREzzQS6WSIS4oZyat2KkiC8BANSE9hhEIinGy6Zg6PldOHfszViSScur8nMhQKMQ491RkiGYj5WmH+V+ul0r90MholqSQRnj3kpwzKGBaZwT7lBEs2VoAwp+qvEAeIIyxVslUVgjm/8iJYZ42rhnl3Xmtdl2lUwCE4AnVgggvQAregDSyAwTN4BRPwrr1ob9qH9jlrXdLKmQPwR9r3D+6Jo+c=</latexit><latexit sha1_base64="yg6XtWulnjNfmY0I6oIzctEVG10=">AAACJXicbZBNS8MwGMdTX+d8q3r0EhzCRBitCOphMPTicYJ1g7WWNEvXsPSFJJWN0k/jxa/ixcMUwZNfxXTrQTf/EPjxf54nyfP3EkaFNIwvbWl5ZXVtvbJR3dza3tnV9/YfRJxyTCwcs5h3PSQIoxGxJJWMdBNOUOgx0vGGN0W980S4oHF0L8cJcUI0iKhPMZLKcvWmnQTUpfXRCWxC5GYGzeFpASbNR4rsfizFzLF5ELsUKv+x5NzVa0bDmAougllCDZRqu/pEXYjTkEQSMyREzzQS6WSIS4oZyat2KkiC8BANSE9hhEIinGy6Zg6PldOHfszViSScur8nMhQKMQ491RkiGYj5WmH+V+ul0r90MholqSQRnj3kpwzKGBaZwT7lBEs2VoAwp+qvEAeIIyxVslUVgjm/8iJYZ42rhnl3Xmtdl2lUwCE4AnVgggvQAregDSyAwTN4BRPwrr1ob9qH9jlrXdLKmQPwR9r3D+6Jo+c=</latexit><latexit sha1_base64="yg6XtWulnjNfmY0I6oIzctEVG10=">AAACJXicbZBNS8MwGMdTX+d8q3r0EhzCRBitCOphMPTicYJ1g7WWNEvXsPSFJJWN0k/jxa/ixcMUwZNfxXTrQTf/EPjxf54nyfP3EkaFNIwvbWl5ZXVtvbJR3dza3tnV9/YfRJxyTCwcs5h3PSQIoxGxJJWMdBNOUOgx0vGGN0W980S4oHF0L8cJcUI0iKhPMZLKcvWmnQTUpfXRCWxC5GYGzeFpASbNR4rsfizFzLF5ELsUKv+x5NzVa0bDmAougllCDZRqu/pEXYjTkEQSMyREzzQS6WSIS4oZyat2KkiC8BANSE9hhEIinGy6Zg6PldOHfszViSScur8nMhQKMQ491RkiGYj5WmH+V+ul0r90MholqSQRnj3kpwzKGBaZwT7lBEs2VoAwp+qvEAeIIyxVslUVgjm/8iJYZ42rhnl3Xmtdl2lUwCE4AnVgggvQAregDSyAwTN4BRPwrr1ob9qH9jlrXdLKmQPwR9r3D+6Jo+c=</latexit>

8i 6= j ) h�i,�ji = Ep[�i(X)�j(X)] =

Z 1

�1
�i(x)�j(x)p(x)dx = 0

<latexit sha1_base64="yyPBu3aGeYFBksPkfCsQdbxB+ZI="></latexit><latexit sha1_base64="yyPBu3aGeYFBksPkfCsQdbxB+ZI="></latexit><latexit sha1_base64="yyPBu3aGeYFBksPkfCsQdbxB+ZI="></latexit><latexit sha1_base64="yyPBu3aGeYFBksPkfCsQdbxB+ZI="></latexit>

k �i k2= h�i,�ii =
Z 1

�1
�

2
i (x)p(x)dx = 1

<latexit sha1_base64="YgL+9ifxbLMnlUx+7aQZbmOU9i0="></latexit><latexit sha1_base64="YgL+9ifxbLMnlUx+7aQZbmOU9i0="></latexit><latexit sha1_base64="YgL+9ifxbLMnlUx+7aQZbmOU9i0="></latexit><latexit sha1_base64="YgL+9ifxbLMnlUx+7aQZbmOU9i0="></latexit>



Constructing Orthogonal 
Polynomials

• Start from standard monomials: 1, x, …


• Think of them as vectors in the Hilbert space of square p-
integrable scalar functions.


• Perform the Gram-Schmidt orthogonalization process.


• But not very stable…
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https://en.wikipedia.org/wiki/Gram%E2%80%93Schmidt_process


Constructing Orthogonal 
Polynomials
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Algorithm 726: ORTHPOL—A Package of
Routines for Generating Orthogonal
Polynomials and Gauss-Type
Quadrature Rules
WALTER GAUTSCHI
Purdue University

A collection of subroutines and examples of their uses, as well as the underlying numerical
methods, are described for general:ing orthogonal polynomials relative to arbitrary weight
functions. The object of these routines is to produce the coefficients in the three-term recurrence
relation satisfied by the orthogonal polynomials. Once these are known, additional data can be
generated, such as zeros of orthogonal polynomials and Gauss-type quadrature rules, for which
routines are also provided.

Categories and Subject Descriptors: G. 1.2 [Numerical Analysis]: Approximation; G.1.4
[Numerical Analysis]: Quadrature and Numerical Differentiation; G.4 [Mathematical Soft-
ware]
General Terms: Algorithms
Additional Key Words and Phrases: Gauss-type quadrature rules, orthogonal polynomials

1. INTRODUCTION

Classical orthogonal polynomials, such as those of Legendre, Chebyshev,
Laguerre, and Hermite, have been used for purposes of approximation in
widely different disciplines and over a long period of time. Their popularity is
due in part to the ease with which they can be employed and in part to the
wealth of analytic results known for them. Widespread use of nonclassical
orthogonal polynomials, in contrast, has been impeded by a lack of effective
and generally applicable constructive methods. The present set of computer
routines has been developed over the past 10 years in the hope of remedying
this impediment and of encouraging the use of nonstandard orthogonal
polynomials. A number of applications indeed have already been made, for

This work was supported in part by National Research Foundation grants, most recently by
grant DMS-9023403.
Author’s address: Department of Computer Sciences, Purdue University, West Lafayette, IN
47907-1398.
Permission to copy without fee all or part of this material is granted provided that the copies are
not made or distributed for direct commercial advantage, the ACM copyright notice and the title
of the publication and its date appear, and notice is given that copying is by permission of the
Association for Computing Machinery. To copy otherwise, or to republish, requires a fee and/or
specific permission.
01994 ACM 0098-3500/94/0300-0021 $03.50

ACM Transactions on Mathematical Software, Vol. 20, No. 1, March 1994, Pages 21-62.

Python interface: py-orthpol

https://github.com/PredictiveScienceLab/py-orthpol


The Uniform and the 
Legendre Polynomials
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The first few are:

X ⇠ U(�1, 1)
<latexit sha1_base64="x9dIoOFihB2AU6iTZkdHec+NJV8=">AAAB/nicbVBPS8MwHE3nvzn/VQUvXoJDmKCjFUG9Db14nGDdYC0jzdItLElLkgqj7uBX8eJBxaufw5vfxnTrQTcfBB7v/X78Xl6YMKq043xbpYXFpeWV8mplbX1jc8ve3rlXcSox8XDMYtkOkSKMCuJpqhlpJ5IgHjLSCofXud96IFLRWNzpUUICjvqCRhQjbaSuvdf2FeU+R3qAEcu8ce3EPXaPunbVqTsTwHniFqQKCjS79pffi3HKidCYIaU6rpPoIENSU8zIuOKniiQID1GfdAwViBMVZJP8Y3holB6MYmme0HCi/t7IEFdqxEMzmQdVs14u/ud1Uh1dBBkVSaqJwNNDUcqgjmFeBuxRSbBmI0MQltRkhXiAJMLaVFYxJbizX54n3mn9su7enlUbV0UbZbAPDkANuOAcNMANaAIPYPAInsEreLOerBfr3fqYjpasYmcX/IH1+QPirJTn</latexit><latexit sha1_base64="x9dIoOFihB2AU6iTZkdHec+NJV8=">AAAB/nicbVBPS8MwHE3nvzn/VQUvXoJDmKCjFUG9Db14nGDdYC0jzdItLElLkgqj7uBX8eJBxaufw5vfxnTrQTcfBB7v/X78Xl6YMKq043xbpYXFpeWV8mplbX1jc8ve3rlXcSox8XDMYtkOkSKMCuJpqhlpJ5IgHjLSCofXud96IFLRWNzpUUICjvqCRhQjbaSuvdf2FeU+R3qAEcu8ce3EPXaPunbVqTsTwHniFqQKCjS79pffi3HKidCYIaU6rpPoIENSU8zIuOKniiQID1GfdAwViBMVZJP8Y3holB6MYmme0HCi/t7IEFdqxEMzmQdVs14u/ud1Uh1dBBkVSaqJwNNDUcqgjmFeBuxRSbBmI0MQltRkhXiAJMLaVFYxJbizX54n3mn9su7enlUbV0UbZbAPDkANuOAcNMANaAIPYPAInsEreLOerBfr3fqYjpasYmcX/IH1+QPirJTn</latexit><latexit sha1_base64="x9dIoOFihB2AU6iTZkdHec+NJV8=">AAAB/nicbVBPS8MwHE3nvzn/VQUvXoJDmKCjFUG9Db14nGDdYC0jzdItLElLkgqj7uBX8eJBxaufw5vfxnTrQTcfBB7v/X78Xl6YMKq043xbpYXFpeWV8mplbX1jc8ve3rlXcSox8XDMYtkOkSKMCuJpqhlpJ5IgHjLSCofXud96IFLRWNzpUUICjvqCRhQjbaSuvdf2FeU+R3qAEcu8ce3EPXaPunbVqTsTwHniFqQKCjS79pffi3HKidCYIaU6rpPoIENSU8zIuOKniiQID1GfdAwViBMVZJP8Y3holB6MYmme0HCi/t7IEFdqxEMzmQdVs14u/ud1Uh1dBBkVSaqJwNNDUcqgjmFeBuxRSbBmI0MQltRkhXiAJMLaVFYxJbizX54n3mn9su7enlUbV0UbZbAPDkANuOAcNMANaAIPYPAInsEreLOerBfr3fqYjpasYmcX/IH1+QPirJTn</latexit><latexit sha1_base64="x9dIoOFihB2AU6iTZkdHec+NJV8=">AAAB/nicbVBPS8MwHE3nvzn/VQUvXoJDmKCjFUG9Db14nGDdYC0jzdItLElLkgqj7uBX8eJBxaufw5vfxnTrQTcfBB7v/X78Xl6YMKq043xbpYXFpeWV8mplbX1jc8ve3rlXcSox8XDMYtkOkSKMCuJpqhlpJ5IgHjLSCofXud96IFLRWNzpUUICjvqCRhQjbaSuvdf2FeU+R3qAEcu8ce3EPXaPunbVqTsTwHniFqQKCjS79pffi3HKidCYIaU6rpPoIENSU8zIuOKniiQID1GfdAwViBMVZJP8Y3holB6MYmme0HCi/t7IEFdqxEMzmQdVs14u/ud1Uh1dBBkVSaqJwNNDUcqgjmFeBuxRSbBmI0MQltRkhXiAJMLaVFYxJbizX54n3mn9su7enlUbV0UbZbAPDkANuOAcNMANaAIPYPAInsEreLOerBfr3fqYjpasYmcX/IH1+QPirJTn</latexit>

�1(x) = 1,
�2(x) = x,

�3(x) = 1
2

�
3x2 � 1

�
.

<latexit sha1_base64="5PLtTDw786TQ+wdq4LMKPz6Zkn4="></latexit><latexit sha1_base64="5PLtTDw786TQ+wdq4LMKPz6Zkn4="></latexit><latexit sha1_base64="5PLtTDw786TQ+wdq4LMKPz6Zkn4="></latexit><latexit sha1_base64="5PLtTDw786TQ+wdq4LMKPz6Zkn4="></latexit>
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Orthogonal Polynomials 
in Higher Dimensions
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Polynomials in Higher 
Dimensions

11

A polynomial is:

g(x; a) =
X

|i1+···+id|⇢

ai1...idx
i1
1 . . . x

id
d

<latexit sha1_base64="uDgwXqMzSsglgGs7QbUmuDJam38="></latexit><latexit sha1_base64="uDgwXqMzSsglgGs7QbUmuDJam38="></latexit><latexit sha1_base64="uDgwXqMzSsglgGs7QbUmuDJam38="></latexit><latexit sha1_base64="uDgwXqMzSsglgGs7QbUmuDJam38="></latexit>



Square Integrable Functions
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Fix the space to:

A set of orthonormal polynomials �1,�2, . . .
<latexit sha1_base64="K7XFte72wsUP6UjXBwZzSQ73uAE=">AAAB+3icbVDNSsNAGPxS/2r9i/boJVgED6UkRVBvRS8eKxhbaEPYbDft0s0m7G6EEOqrePGg4tUX8ebbuE1z0NaBZYeZb9hvJ0gYlcq2v43K2vrG5lZ1u7azu7d/YB4ePcg4FZi4OGax6AdIEkY5cRVVjPQTQVAUMNILpjdzv/dIhKQxv1dZQrwIjTkNKUZKS75ZHyYT6jvN4mo3h6NYSd9s2C27gLVKnJI0oETXN790DqcR4QozJOXAsRPl5UgoihmZ1YapJAnCUzQmA005ioj08mL5mXWqlZEVxkIfrqxC/Z3IUSRlFgV6MkJqIpe9ufifN0hVeOnllCepIhwvHgpTZqnYmjdhjaggWLFME4QF1btaeIIEwkr3VdMlOMtfXiVuu3XVsu/OG53rso0qHMMJnIEDF9CBW+iCCxgyeIZXeDOejBfj3fhYjFaMMlOHPzA+fwAu3pQF</latexit><latexit sha1_base64="K7XFte72wsUP6UjXBwZzSQ73uAE=">AAAB+3icbVDNSsNAGPxS/2r9i/boJVgED6UkRVBvRS8eKxhbaEPYbDft0s0m7G6EEOqrePGg4tUX8ebbuE1z0NaBZYeZb9hvJ0gYlcq2v43K2vrG5lZ1u7azu7d/YB4ePcg4FZi4OGax6AdIEkY5cRVVjPQTQVAUMNILpjdzv/dIhKQxv1dZQrwIjTkNKUZKS75ZHyYT6jvN4mo3h6NYSd9s2C27gLVKnJI0oETXN790DqcR4QozJOXAsRPl5UgoihmZ1YapJAnCUzQmA005ioj08mL5mXWqlZEVxkIfrqxC/Z3IUSRlFgV6MkJqIpe9ufifN0hVeOnllCepIhwvHgpTZqnYmjdhjaggWLFME4QF1btaeIIEwkr3VdMlOMtfXiVuu3XVsu/OG53rso0qHMMJnIEDF9CBW+iCCxgyeIZXeDOejBfj3fhYjFaMMlOHPzA+fwAu3pQF</latexit><latexit sha1_base64="K7XFte72wsUP6UjXBwZzSQ73uAE=">AAAB+3icbVDNSsNAGPxS/2r9i/boJVgED6UkRVBvRS8eKxhbaEPYbDft0s0m7G6EEOqrePGg4tUX8ebbuE1z0NaBZYeZb9hvJ0gYlcq2v43K2vrG5lZ1u7azu7d/YB4ePcg4FZi4OGax6AdIEkY5cRVVjPQTQVAUMNILpjdzv/dIhKQxv1dZQrwIjTkNKUZKS75ZHyYT6jvN4mo3h6NYSd9s2C27gLVKnJI0oETXN790DqcR4QozJOXAsRPl5UgoihmZ1YapJAnCUzQmA005ioj08mL5mXWqlZEVxkIfrqxC/Z3IUSRlFgV6MkJqIpe9ufifN0hVeOnllCepIhwvHgpTZqnYmjdhjaggWLFME4QF1btaeIIEwkr3VdMlOMtfXiVuu3XVsu/OG53rso0qHMMJnIEDF9CBW+iCCxgyeIZXeDOejBfj3fhYjFaMMlOHPzA+fwAu3pQF</latexit>

satisfies the following properties:

F ⌘ Fd =
�
f : Rd ! R such that Ep

⇥
f2(X)

⇤
< 1

 

�i(x) =
X

|i1+···+id|⇢

ai1...idx
i1
1 . . . x

id
d

<latexit sha1_base64="ZeTrz0652JFyR1FA8H+1ZF1QaN4="></latexit><latexit sha1_base64="ZeTrz0652JFyR1FA8H+1ZF1QaN4="></latexit><latexit sha1_base64="ZeTrz0652JFyR1FA8H+1ZF1QaN4="></latexit><latexit sha1_base64="ZeTrz0652JFyR1FA8H+1ZF1QaN4="></latexit>

h�i,�ji = Ep[�i(X)�j(X)] =

Z 1

�1
· · ·

Z 1

�1
�i(x)�j(x)p(x)dx1 . . . dxd = 0

<latexit sha1_base64="v7nRuB30bNgNZBQBlNJKl0E7A78="></latexit><latexit sha1_base64="v7nRuB30bNgNZBQBlNJKl0E7A78="></latexit><latexit sha1_base64="v7nRuB30bNgNZBQBlNJKl0E7A78="></latexit><latexit sha1_base64="v7nRuB30bNgNZBQBlNJKl0E7A78="></latexit>

k �i k2= h�i,�ii =
Z 1

�1
· · ·

Z 1

�1
�

2
i (x)p(x)dx1 . . . dxd = 1

<latexit sha1_base64="KkhtvbA6bt1l7bBNheedFhUzo+s="></latexit><latexit sha1_base64="KkhtvbA6bt1l7bBNheedFhUzo+s="></latexit><latexit sha1_base64="KkhtvbA6bt1l7bBNheedFhUzo+s="></latexit><latexit sha1_base64="KkhtvbA6bt1l7bBNheedFhUzo+s="></latexit>



Special Case: Random Vector 
with Independent Components
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p(x) = p(x1, . . . , xd) =
dY

i=1

pi(xi)
<latexit sha1_base64="Kpmhw78dG7pEUHFW9+DpncVah/c=">AAACGHicbVBNS8MwGE79nPOr6tFLcAgbjNGKoB4GQy8eJ1g32GpJ02wLS9uQpLJR9je8+Fe8eFDxupv/xnTrQTcfCHl4nvd9k/fxOaNSWda3sbK6tr6xWdgqbu/s7u2bB4cPMk4EJg6OWSzaPpKE0Yg4iipG2lwQFPqMtPzhTea3noiQNI7u1ZgTN0T9iPYoRkpLnmnx8qgC61Bfnl3tBrGS1ZEXZFKXizjwUlq3J48B5B7VJbTimSWrZs0Al4mdkxLI0fTMqZ6Kk5BECjMkZce2uHJTJBTFjEyK3UQSjvAQ9UlH0wiFRLrpbLMJPNVKAHux0CdScKb+7khRKOU49HVliNRALnqZ+J/XSVTv0k1pxBNFIjx/qJcwqGKYxQQDKghWbKwJwoLqv0I8QAJhpcMs6hDsxZWXiXNWu6rZd+elxnWeRgEcgxNQBja4AA1wC5rAARg8g1fwDj6MF+PN+DS+5qUrRt5zBP7AmP4Az/Kd7g==</latexit><latexit sha1_base64="Kpmhw78dG7pEUHFW9+DpncVah/c=">AAACGHicbVBNS8MwGE79nPOr6tFLcAgbjNGKoB4GQy8eJ1g32GpJ02wLS9uQpLJR9je8+Fe8eFDxupv/xnTrQTcfCHl4nvd9k/fxOaNSWda3sbK6tr6xWdgqbu/s7u2bB4cPMk4EJg6OWSzaPpKE0Yg4iipG2lwQFPqMtPzhTea3noiQNI7u1ZgTN0T9iPYoRkpLnmnx8qgC61Bfnl3tBrGS1ZEXZFKXizjwUlq3J48B5B7VJbTimSWrZs0Al4mdkxLI0fTMqZ6Kk5BECjMkZce2uHJTJBTFjEyK3UQSjvAQ9UlH0wiFRLrpbLMJPNVKAHux0CdScKb+7khRKOU49HVliNRALnqZ+J/XSVTv0k1pxBNFIjx/qJcwqGKYxQQDKghWbKwJwoLqv0I8QAJhpcMs6hDsxZWXiXNWu6rZd+elxnWeRgEcgxNQBja4AA1wC5rAARg8g1fwDj6MF+PN+DS+5qUrRt5zBP7AmP4Az/Kd7g==</latexit><latexit sha1_base64="Kpmhw78dG7pEUHFW9+DpncVah/c=">AAACGHicbVBNS8MwGE79nPOr6tFLcAgbjNGKoB4GQy8eJ1g32GpJ02wLS9uQpLJR9je8+Fe8eFDxupv/xnTrQTcfCHl4nvd9k/fxOaNSWda3sbK6tr6xWdgqbu/s7u2bB4cPMk4EJg6OWSzaPpKE0Yg4iipG2lwQFPqMtPzhTea3noiQNI7u1ZgTN0T9iPYoRkpLnmnx8qgC61Bfnl3tBrGS1ZEXZFKXizjwUlq3J48B5B7VJbTimSWrZs0Al4mdkxLI0fTMqZ6Kk5BECjMkZce2uHJTJBTFjEyK3UQSjvAQ9UlH0wiFRLrpbLMJPNVKAHux0CdScKb+7khRKOU49HVliNRALnqZ+J/XSVTv0k1pxBNFIjx/qJcwqGKYxQQDKghWbKwJwoLqv0I8QAJhpcMs6hDsxZWXiXNWu6rZd+elxnWeRgEcgxNQBja4AA1wC5rAARg8g1fwDj6MF+PN+DS+5qUrRt5zBP7AmP4Az/Kd7g==</latexit><latexit sha1_base64="Kpmhw78dG7pEUHFW9+DpncVah/c=">AAACGHicbVBNS8MwGE79nPOr6tFLcAgbjNGKoB4GQy8eJ1g32GpJ02wLS9uQpLJR9je8+Fe8eFDxupv/xnTrQTcfCHl4nvd9k/fxOaNSWda3sbK6tr6xWdgqbu/s7u2bB4cPMk4EJg6OWSzaPpKE0Yg4iipG2lwQFPqMtPzhTea3noiQNI7u1ZgTN0T9iPYoRkpLnmnx8qgC61Bfnl3tBrGS1ZEXZFKXizjwUlq3J48B5B7VJbTimSWrZs0Al4mdkxLI0fTMqZ6Kk5BECjMkZce2uHJTJBTFjEyK3UQSjvAQ9UlH0wiFRLrpbLMJPNVKAHux0CdScKb+7khRKOU49HVliNRALnqZ+J/XSVTv0k1pxBNFIjx/qJcwqGKYxQQDKghWbKwJwoLqv0I8QAJhpcMs6hDsxZWXiXNWu6rZd+elxnWeRgEcgxNQBja4AA1wC5rAARg8g1fwDj6MF+PN+DS+5qUrRt5zBP7AmP4Az/Kd7g==</latexit>

X = (X1, . . . , Xd) ⇠ p
<latexit sha1_base64="UIJXNnDtIUCiaclGFy1+01hJ/HQ=">AAAB/3icbVDLSgMxFM3UV62vURcu3ASLUKGUGRHUhVB047KCYwfaYchk0jY0yQxJRihDN/6KGxcqbv0Nd/6NaTsLbT1w4XDOvcm9J0oZVdpxvq3S0vLK6lp5vbKxubW9Y+/uPagkk5h4OGGJ9COkCKOCeJpqRvxUEsQjRtrR8Gbitx+JVDQR93qUkoCjvqA9ipE2Umgf+Fc1P3Tr3TjRqu6H8UlXUQ7T0K46DWcKuEjcglRBgVZof5kncMaJ0JghpTquk+ogR1JTzMi40s0USREeoj7pGCoQJyrIpweM4bFRYthLpCmh4VT9PZEjrtSIR6aTIz1Q895E/M/rZLp3EeRUpJkmAs8+6mUM6gRO0oAxlQRrNjIEYUnNrhAPkERYm8wqJgR3/uRF4p02Lhvu3Vm1eV2kUQaH4AjUgAvOQRPcghbwAAZj8AxewZv1ZL1Y79bHrLVkFTP74A+szx/9mpTx</latexit><latexit sha1_base64="UIJXNnDtIUCiaclGFy1+01hJ/HQ=">AAAB/3icbVDLSgMxFM3UV62vURcu3ASLUKGUGRHUhVB047KCYwfaYchk0jY0yQxJRihDN/6KGxcqbv0Nd/6NaTsLbT1w4XDOvcm9J0oZVdpxvq3S0vLK6lp5vbKxubW9Y+/uPagkk5h4OGGJ9COkCKOCeJpqRvxUEsQjRtrR8Gbitx+JVDQR93qUkoCjvqA9ipE2Umgf+Fc1P3Tr3TjRqu6H8UlXUQ7T0K46DWcKuEjcglRBgVZof5kncMaJ0JghpTquk+ogR1JTzMi40s0USREeoj7pGCoQJyrIpweM4bFRYthLpCmh4VT9PZEjrtSIR6aTIz1Q895E/M/rZLp3EeRUpJkmAs8+6mUM6gRO0oAxlQRrNjIEYUnNrhAPkERYm8wqJgR3/uRF4p02Lhvu3Vm1eV2kUQaH4AjUgAvOQRPcghbwAAZj8AxewZv1ZL1Y79bHrLVkFTP74A+szx/9mpTx</latexit><latexit sha1_base64="UIJXNnDtIUCiaclGFy1+01hJ/HQ=">AAAB/3icbVDLSgMxFM3UV62vURcu3ASLUKGUGRHUhVB047KCYwfaYchk0jY0yQxJRihDN/6KGxcqbv0Nd/6NaTsLbT1w4XDOvcm9J0oZVdpxvq3S0vLK6lp5vbKxubW9Y+/uPagkk5h4OGGJ9COkCKOCeJpqRvxUEsQjRtrR8Gbitx+JVDQR93qUkoCjvqA9ipE2Umgf+Fc1P3Tr3TjRqu6H8UlXUQ7T0K46DWcKuEjcglRBgVZof5kncMaJ0JghpTquk+ogR1JTzMi40s0USREeoj7pGCoQJyrIpweM4bFRYthLpCmh4VT9PZEjrtSIR6aTIz1Q895E/M/rZLp3EeRUpJkmAs8+6mUM6gRO0oAxlQRrNjIEYUnNrhAPkERYm8wqJgR3/uRF4p02Lhvu3Vm1eV2kUQaH4AjUgAvOQRPcghbwAAZj8AxewZv1ZL1Y79bHrLVkFTP74A+szx/9mpTx</latexit><latexit sha1_base64="UIJXNnDtIUCiaclGFy1+01hJ/HQ=">AAAB/3icbVDLSgMxFM3UV62vURcu3ASLUKGUGRHUhVB047KCYwfaYchk0jY0yQxJRihDN/6KGxcqbv0Nd/6NaTsLbT1w4XDOvcm9J0oZVdpxvq3S0vLK6lp5vbKxubW9Y+/uPagkk5h4OGGJ9COkCKOCeJpqRvxUEsQjRtrR8Gbitx+JVDQR93qUkoCjvqA9ipE2Umgf+Fc1P3Tr3TjRqu6H8UlXUQ7T0K46DWcKuEjcglRBgVZof5kncMaJ0JghpTquk+ogR1JTzMi40s0USREeoj7pGCoQJyrIpweM4bFRYthLpCmh4VT9PZEjrtSIR6aTIz1Q895E/M/rZLp3EeRUpJkmAs8+6mUM6gRO0oAxlQRrNjIEYUnNrhAPkERYm8wqJgR3/uRF4p02Lhvu3Vm1eV2kUQaH4AjUgAvOQRPcghbwAAZj8AxewZv1ZL1Y79bHrLVkFTP74A+szx/9mpTx</latexit>

�1(x) = �11(x1) · · · · · �d1(xd) = 1,
�2(x) = �11(x1) · · · · · �d2(xd) = �d2(xd),

. . .

�i1,...,id(x) = �1i1(x1) · · · · · �did(xd).
<latexit sha1_base64="ZPNA4qI1Offpc+ZmYQxBJ0Y5Ff8="></latexit><latexit sha1_base64="ZPNA4qI1Offpc+ZmYQxBJ0Y5Ff8="></latexit><latexit sha1_base64="ZPNA4qI1Offpc+ZmYQxBJ0Y5Ff8="></latexit><latexit sha1_base64="ZPNA4qI1Offpc+ZmYQxBJ0Y5Ff8="></latexit>

Build orthogonal polynomials for each component and then take the 
tensor product:
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F ⌘ Fd =
�
f : Rd ! R such that Ep

⇥
f2(X)

⇤
< 1

 

Let X be a random vector with pdf p(x).


Assume that your model is in:

and that you (somehow) have found the polynomial expansion:

f =
1X

i=1

ci�i

<latexit sha1_base64="lzV7QLJ/eZ/Ma5hKxZzcvQgBb1c=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBbBU0lEUA+FohePFYwtNDFstpt26e4m7G6EEHr14l/x4kHFqz/Bm//GbZuDtj4YeLw3w8y8KGVUacf5tipLyyura9X12sbm1vaOvbt3p5JMYuLhhCWyGyFFGBXE01Qz0k0lQTxipBONriZ+54FIRRNxq/OUBBwNBI0pRtpIoQ1j2IS+ynhY0KY7vvepiHUOcUihnw5pSEO77jScKeAicUtSByXaof3l9xOccSI0ZkipnuukOiiQ1BQzMq75mSIpwiM0ID1DBeJEBcX0kzE8Mkofxok0JTScqr8nCsSVynlkOjnSQzXvTcT/vF6m4/OgoCLNNBF4tijOGNQJnMQC+1QSrFluCMKSmlshHiKJsDbh1UwI7vzLi8Q7aVw03JvTeuuyTKMKDsAhOAYuOAMtcA3awAMYPIJn8ArerCfrxXq3PmatFauc2Qd/YH3+AJRbmTU=</latexit><latexit sha1_base64="lzV7QLJ/eZ/Ma5hKxZzcvQgBb1c=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBbBU0lEUA+FohePFYwtNDFstpt26e4m7G6EEHr14l/x4kHFqz/Bm//GbZuDtj4YeLw3w8y8KGVUacf5tipLyyura9X12sbm1vaOvbt3p5JMYuLhhCWyGyFFGBXE01Qz0k0lQTxipBONriZ+54FIRRNxq/OUBBwNBI0pRtpIoQ1j2IS+ynhY0KY7vvepiHUOcUihnw5pSEO77jScKeAicUtSByXaof3l9xOccSI0ZkipnuukOiiQ1BQzMq75mSIpwiM0ID1DBeJEBcX0kzE8Mkofxok0JTScqr8nCsSVynlkOjnSQzXvTcT/vF6m4/OgoCLNNBF4tijOGNQJnMQC+1QSrFluCMKSmlshHiKJsDbh1UwI7vzLi8Q7aVw03JvTeuuyTKMKDsAhOAYuOAMtcA3awAMYPIJn8ArerCfrxXq3PmatFauc2Qd/YH3+AJRbmTU=</latexit><latexit sha1_base64="lzV7QLJ/eZ/Ma5hKxZzcvQgBb1c=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBbBU0lEUA+FohePFYwtNDFstpt26e4m7G6EEHr14l/x4kHFqz/Bm//GbZuDtj4YeLw3w8y8KGVUacf5tipLyyura9X12sbm1vaOvbt3p5JMYuLhhCWyGyFFGBXE01Qz0k0lQTxipBONriZ+54FIRRNxq/OUBBwNBI0pRtpIoQ1j2IS+ynhY0KY7vvepiHUOcUihnw5pSEO77jScKeAicUtSByXaof3l9xOccSI0ZkipnuukOiiQ1BQzMq75mSIpwiM0ID1DBeJEBcX0kzE8Mkofxok0JTScqr8nCsSVynlkOjnSQzXvTcT/vF6m4/OgoCLNNBF4tijOGNQJnMQC+1QSrFluCMKSmlshHiKJsDbh1UwI7vzLi8Q7aVw03JvTeuuyTKMKDsAhOAYuOAMtcA3awAMYPIJn8ArerCfrxXq3PmatFauc2Qd/YH3+AJRbmTU=</latexit><latexit sha1_base64="lzV7QLJ/eZ/Ma5hKxZzcvQgBb1c=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBbBU0lEUA+FohePFYwtNDFstpt26e4m7G6EEHr14l/x4kHFqz/Bm//GbZuDtj4YeLw3w8y8KGVUacf5tipLyyura9X12sbm1vaOvbt3p5JMYuLhhCWyGyFFGBXE01Qz0k0lQTxipBONriZ+54FIRRNxq/OUBBwNBI0pRtpIoQ1j2IS+ynhY0KY7vvepiHUOcUihnw5pSEO77jScKeAicUtSByXaof3l9xOccSI0ZkipnuukOiiQ1BQzMq75mSIpwiM0ID1DBeJEBcX0kzE8Mkofxok0JTScqr8nCsSVynlkOjnSQzXvTcT/vF6m4/OgoCLNNBF4tijOGNQJnMQC+1QSrFluCMKSmlshHiKJsDbh1UwI7vzLi8Q7aVw03JvTeuuyTKMKDsAhOAYuOAMtcA3awAMYPIJn8ArerCfrxXq3PmatFauc2Qd/YH3+AJRbmTU=</latexit>

Then: Ep[f(X)] = hf,�1i = c1
<latexit sha1_base64="H5i6GjjuoQsA/UINqTMAlaztW/U=">AAACG3icbVDNSsNAGNzUv1r/oh69LBahgpREBfVQKIrgsYKxhSSEzXbTLt1swu5GKKEP4sVX8eJBxZPgwbdx0/agrQMLw8z38e1MmDIqlWV9G6WFxaXllfJqZW19Y3PL3N65l0kmMHFwwhLRCZEkjHLiKKoY6aSCoDhkpB0Orgq//UCEpAm/U8OU+DHqcRpRjJSWAvPEi5Hqh2F+PQpSN6p1Dn3YgB5DvMcIjI6gl/ZpYHtiIjQgDuzArFp1aww4T+wpqYIpWoH56XUTnMWEK8yQlK5tpcrPkVAUMzKqeJkkKcID1COuphzFRPr5ONwIHmilC6NE6McVHKu/N3IUSzmMQz1ZRJGzXiH+57mZis79nPI0U4TjyaEoY1AlsGgKdqkgWLGhJggLqv8KcR8JhJXus6JLsGcjzxPnuH5Rt29Pq83LaRtlsAf2QQ3Y4Aw0wQ1oAQdg8AiewSt4M56MF+Pd+JiMlozpzi74A+PrBxAsn6o=</latexit><latexit sha1_base64="H5i6GjjuoQsA/UINqTMAlaztW/U=">AAACG3icbVDNSsNAGNzUv1r/oh69LBahgpREBfVQKIrgsYKxhSSEzXbTLt1swu5GKKEP4sVX8eJBxZPgwbdx0/agrQMLw8z38e1MmDIqlWV9G6WFxaXllfJqZW19Y3PL3N65l0kmMHFwwhLRCZEkjHLiKKoY6aSCoDhkpB0Orgq//UCEpAm/U8OU+DHqcRpRjJSWAvPEi5Hqh2F+PQpSN6p1Dn3YgB5DvMcIjI6gl/ZpYHtiIjQgDuzArFp1aww4T+wpqYIpWoH56XUTnMWEK8yQlK5tpcrPkVAUMzKqeJkkKcID1COuphzFRPr5ONwIHmilC6NE6McVHKu/N3IUSzmMQz1ZRJGzXiH+57mZis79nPI0U4TjyaEoY1AlsGgKdqkgWLGhJggLqv8KcR8JhJXus6JLsGcjzxPnuH5Rt29Pq83LaRtlsAf2QQ3Y4Aw0wQ1oAQdg8AiewSt4M56MF+Pd+JiMlozpzi74A+PrBxAsn6o=</latexit><latexit sha1_base64="H5i6GjjuoQsA/UINqTMAlaztW/U=">AAACG3icbVDNSsNAGNzUv1r/oh69LBahgpREBfVQKIrgsYKxhSSEzXbTLt1swu5GKKEP4sVX8eJBxZPgwbdx0/agrQMLw8z38e1MmDIqlWV9G6WFxaXllfJqZW19Y3PL3N65l0kmMHFwwhLRCZEkjHLiKKoY6aSCoDhkpB0Orgq//UCEpAm/U8OU+DHqcRpRjJSWAvPEi5Hqh2F+PQpSN6p1Dn3YgB5DvMcIjI6gl/ZpYHtiIjQgDuzArFp1aww4T+wpqYIpWoH56XUTnMWEK8yQlK5tpcrPkVAUMzKqeJkkKcID1COuphzFRPr5ONwIHmilC6NE6McVHKu/N3IUSzmMQz1ZRJGzXiH+57mZis79nPI0U4TjyaEoY1AlsGgKdqkgWLGhJggLqv8KcR8JhJXus6JLsGcjzxPnuH5Rt29Pq83LaRtlsAf2QQ3Y4Aw0wQ1oAQdg8AiewSt4M56MF+Pd+JiMlozpzi74A+PrBxAsn6o=</latexit><latexit sha1_base64="H5i6GjjuoQsA/UINqTMAlaztW/U=">AAACG3icbVDNSsNAGNzUv1r/oh69LBahgpREBfVQKIrgsYKxhSSEzXbTLt1swu5GKKEP4sVX8eJBxZPgwbdx0/agrQMLw8z38e1MmDIqlWV9G6WFxaXllfJqZW19Y3PL3N65l0kmMHFwwhLRCZEkjHLiKKoY6aSCoDhkpB0Orgq//UCEpAm/U8OU+DHqcRpRjJSWAvPEi5Hqh2F+PQpSN6p1Dn3YgB5DvMcIjI6gl/ZpYHtiIjQgDuzArFp1aww4T+wpqYIpWoH56XUTnMWEK8yQlK5tpcrPkVAUMzKqeJkkKcID1COuphzFRPr5ONwIHmilC6NE6McVHKu/N3IUSzmMQz1ZRJGzXiH+57mZis79nPI0U4TjyaEoY1AlsGgKdqkgWLGhJggLqv8KcR8JhJXus6JLsGcjzxPnuH5Rt29Pq83LaRtlsAf2QQ3Y4Aw0wQ1oAQdg8AiewSt4M56MF+Pd+JiMlozpzi74A+PrBxAsn6o=</latexit>

Vp[f(X)] =
1X

i=2

c2i
<latexit sha1_base64="ofciEAhgQ4mq3kBPFf+8hrtI/Tw=">AAACFHicbVDLSsNAFJ3UV62vqks3g0WoICUpgrooFN24rGAf0KRhMp20QyeTMDMRQuhPuPFX3LhQcevCnX/jpM1CWw8MHM65lzvneBGjUpnmt1FYWV1b3yhulra2d3b3yvsHHRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k5vM7z4QIWnI71USESdAI059ipHSkls+swOkxp6XdqZu1PervVMHNqAt48BNaaM+HdiU+yqB2KWDuluumDVzBrhMrJxUQI6WW/6yhyGOA8IVZkjKvmVGykmRUBQzMi3ZsSQRwhM0In1NOQqIdNJZqik80coQ+qHQjys4U39vpCiQMgk8PZllkIteJv7n9WPlXzop5VGsCMfzQ37MoAphVhEcUkGwYokmCAuq/wrxGAmElS6ypEuwFiMvk3a9dlWz7s4rzeu8jSI4AsegCixwAZrgFrRAG2DwCJ7BK3gznowX4934mI8WjHznEPyB8fkDjGKeAQ==</latexit><latexit sha1_base64="ofciEAhgQ4mq3kBPFf+8hrtI/Tw=">AAACFHicbVDLSsNAFJ3UV62vqks3g0WoICUpgrooFN24rGAf0KRhMp20QyeTMDMRQuhPuPFX3LhQcevCnX/jpM1CWw8MHM65lzvneBGjUpnmt1FYWV1b3yhulra2d3b3yvsHHRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k5vM7z4QIWnI71USESdAI059ipHSkls+swOkxp6XdqZu1PervVMHNqAt48BNaaM+HdiU+yqB2KWDuluumDVzBrhMrJxUQI6WW/6yhyGOA8IVZkjKvmVGykmRUBQzMi3ZsSQRwhM0In1NOQqIdNJZqik80coQ+qHQjys4U39vpCiQMgk8PZllkIteJv7n9WPlXzop5VGsCMfzQ37MoAphVhEcUkGwYokmCAuq/wrxGAmElS6ypEuwFiMvk3a9dlWz7s4rzeu8jSI4AsegCixwAZrgFrRAG2DwCJ7BK3gznowX4934mI8WjHznEPyB8fkDjGKeAQ==</latexit><latexit sha1_base64="ofciEAhgQ4mq3kBPFf+8hrtI/Tw=">AAACFHicbVDLSsNAFJ3UV62vqks3g0WoICUpgrooFN24rGAf0KRhMp20QyeTMDMRQuhPuPFX3LhQcevCnX/jpM1CWw8MHM65lzvneBGjUpnmt1FYWV1b3yhulra2d3b3yvsHHRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k5vM7z4QIWnI71USESdAI059ipHSkls+swOkxp6XdqZu1PervVMHNqAt48BNaaM+HdiU+yqB2KWDuluumDVzBrhMrJxUQI6WW/6yhyGOA8IVZkjKvmVGykmRUBQzMi3ZsSQRwhM0In1NOQqIdNJZqik80coQ+qHQjys4U39vpCiQMgk8PZllkIteJv7n9WPlXzop5VGsCMfzQ37MoAphVhEcUkGwYokmCAuq/wrxGAmElS6ypEuwFiMvk3a9dlWz7s4rzeu8jSI4AsegCixwAZrgFrRAG2DwCJ7BK3gznowX4934mI8WjHznEPyB8fkDjGKeAQ==</latexit><latexit sha1_base64="ofciEAhgQ4mq3kBPFf+8hrtI/Tw=">AAACFHicbVDLSsNAFJ3UV62vqks3g0WoICUpgrooFN24rGAf0KRhMp20QyeTMDMRQuhPuPFX3LhQcevCnX/jpM1CWw8MHM65lzvneBGjUpnmt1FYWV1b3yhulra2d3b3yvsHHRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k5vM7z4QIWnI71USESdAI059ipHSkls+swOkxp6XdqZu1PervVMHNqAt48BNaaM+HdiU+yqB2KWDuluumDVzBrhMrJxUQI6WW/6yhyGOA8IVZkjKvmVGykmRUBQzMi3ZsSQRwhM0In1NOQqIdNJZqik80coQ+qHQjys4U39vpCiQMgk8PZllkIteJv7n9WPlXzop5VGsCMfzQ37MoAphVhEcUkGwYokmCAuq/wrxGAmElS6ypEuwFiMvk3a9dlWz7s4rzeu8jSI4AsegCixwAZrgFrRAG2DwCJ7BK3gznowX4934mI8WjHznEPyB8fkDjGKeAQ==</latexit>



Quadrature Rules

15



1D Quadrature Rule

16

I =

Z b

a
f(x)dx

We want to evaluate the integral:

Q(f) =
nX

k=1

wkf(xk)

A quadrature rule is a linear functional:

weights nodes



Newton-Cotes Rule

17

a b
…

xk = a+ hk

h =
b� a

n+ 1

f(x) ⇡
nX

k=1

f(xk)`k(x)

Approximate function with Lagrange interpolating polynomials:

Approximate integral by:

Qnc(f) =
nX

k=1

Z b

a
`k(x)dx · f(xk)
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But it doesn’t always 
work…
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Gaussian Quadrature (n 
nodes)

27

a b
…

xk are the zeros of the n-th orthogonal polynomial

Theorem 1: It interpolates exactly polynomials of order 2n + 1.

Theorem 2: No other quadrature rule with n nodes can do that. 

Just like Newton-Cotes but:
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It does behave better 
with things like step 

functions…
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The major problem with 
Gaussian quadrature is 

that it is not nested
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Clenshaw-Curtis 
Quadrature

39

This is a nested rule.
Z 1

�1
f(x)dx =

Z ⇡

0
f(cos ✓) sin(✓)d✓

f(cos ✓) =
a0
2

+

1X

k=1

ak cos(k✓)

ak =

2

⇡

Z ⇡

0
f(cos ✓) cos(k✓)d✓

Z ⇡

0
f(cos ✓) sin ✓d✓ = a0 +

1X

k=1

2ak
1� (2k)2



Clenshaw-Curtis 
Quadrature

40

Nyquist-Shannon sampling theorem:

ak =

2

n

0

@
(�1)

k f(�1)

2

+

f(1)

2

+

n�1X

j=1

f

✓
cos

j⇡

n

◆
cos

kj⇡

n

1

A

So the nodes are:
xj = cos

j⇡

n

By matching terms we can find the weights.



Clenshaw-Curtis 
Quadrature

41

Theorem 1: CC is nested (double n).

Theorem 2: CC integrates polynomials of degree n + 1.

We will only use CC from now on.
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Example 1: Verify the Legendre 
Polynomials are Orthogonal

43

We use the CC rule to find:Z 1

�1
�i(x)�j(x)

1

2
dx ⇡

nX

k=1

wk

2
�i(xk)�j(xk)

<0, 0> = 1.000
<0, 1> = 0.000
<0, 2> = -0.000
<0, 3> = 0.000
<0, 4> = 0.000
<1, 1> = 1.000
<1, 2> = 0.000
<1, 3> = 0.000
<1, 4> = 0.000
<2, 2> = 1.000
<2, 3> = 0.000
<2, 4> = 0.000
<3, 3> = 1.000
<3, 4> = 0.000
<4, 4> = 1.000

Result:



Evaluating Arbitrary Expectations 
with the CC Quadrature Rule

44

E[f(X)] :=

Z 1

�1
f(x)p(x)dx

Z 1

�1
f(x)dxCC only works with:

We need:

Transform the integration using the CDF of p(x):

x = F

�1

✓
z + 1

2

◆
dz = 2F 0(x)dx = 2p(x)dx

z = 2F (x)� 1

E[f(X)] =
1

2

Z 1

�1
f

✓
F�1

✓
z + 1

2

◆◆
dz



Evaluating Arbitrary Expectations 
with the CC Quadrature Rule

45

E[f(X)] :=

Z 1

�1
f(x)p(x)dx

Z 1

�1
f(x)dxCC only works with:

We need:

Transform the integration using the CDF of p(x): z = 2F (x)� 1

wk =
1

2
vk xk = F

�1

✓
zk + 1

2

◆
If v_k and z_k are weights and nodes of the CC rule, then use:



Example 2: Verify the Hermite 
Polynomials are Orthogonal

46

We use the CC (open) rule to find:

Result:

Z 1

�1
�i(x)�j(x)N (x|0, 1)dx ⇡

nX

k=1

vk

2
�i

✓
��1

✓
zk + 1

2

◆◆
�j

✓
��1

✓
zk + 1

2

◆◆

<0, 0> = 1.000
<0, 1> = 0.000
<0, 2> = 0.000
<0, 3> = -0.000
<1, 1> = 1.000
<1, 2> = -0.000
<1, 3> = 0.000
<2, 2> = 1.000
<2, 3> = -0.000
<3, 3> = 1.000



Quadrature Rules in 
High-Dimensions
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Tensor Products of 
Quadrature Rules

48

Q

(1)(f) =
nX

k=1

wkf(xk)

Consider a 1D quadrature rule:

The tensor product:
Q(2) = Q(1) ⌦Q(1)

Q

(2)(f) =
⇣
Q

(1) ⌦Q

(1)
⌘
(f) =

nX

i=1

nX

j=1

wiwjf(xi, xj)

Is defined by:
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Tensor products grow to 
fast with dimensionality

50



Sparse Grids

51

Pick any 1D nested, quadrature rule:

Define recursively the following rules (Smolyak quadrature):

Q(1)
`

Q(d)
` (f) :=

 
X̀

i=1

⇣
Q(1)

i �Q(1)
i�1

⌘
⌦Q(d�1)

`�i+1

!
(f)
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The number of terms in 
sparse grids grows much 

slower than tensor products

58



59



Hands-on Examples (as 
much as you can until the 

end of the lecture)

60


