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Lecture objectives

• Use variational inference to approximate the posterior of a 
Bayesian inference problem.


• Understand the details of automatic differentiation 
variational inference (an automated way of carrying out 
variational inference).


• If time permits, practice automatic differentiation 
variational inference using pymc3.
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K���������, T���, R��������, G����� ��� B���

Each step above is carefully designed to make ���� work “out of the box” for a practical class of modern
probabilistic models. This focus on developing an automated inference algorithm di�erentiates ����
from other “black box” variational methods (Ranganath et al., 2014; Ruiz et al., 2016b).

We deploy ���� in the Stan probabilistic programming system, which gives us two impor-
tant types of automatic computation around probabilistic models. First, Stan provides a library
of transformations—ways to convert a variety of constrained latent variables (e.g., positive reals)
to be unconstrained, without changing the underlying joint distribution. Stan’s library of transfor-
mations helps us with step 1 above. Second, Stan implements automatic di�erentiation to calculate
r✓ log p(x,✓) (Carpenter et al., 2015; Baydin et al., 2015). These derivatives are crucial in step 2,
when computing the gradient of the ���� objective.
Organization of paper. Section 2 develops the recipe that makes ����. We expose the details of each
of the steps above and present a concrete algorithm. Section 3 studies the properties of ����. We
explore its accuracy, its stochastic nature, and its sensitivity to transformations. Section 4 applies
���� to an array of probability models. We compare its speed to ���� sampling techniques and
present a case study using a dataset with millions of observations. Section 5 concludes the paper
with a discussion.

2. Automatic Di�erentiation Variational Inference

���� o�ers a recipe for automating the computations involved in variational inference. The strategy
is as follows: transform the latent variables of the model into a common space, choose a variational
approximation in the common space, and use generic computational techniques to solve the variational
problem.

2.1 Di�erentiable Probability Models

We begin by defining the class of probability models that ���� supports. Consider a dataset x = x1:N

with N observations. Each xn is a realization of a discrete or continuous (multivariate) random
variable. The likelihood p(x | ✓) relates the observations to a set of latent random variables ✓. A
Bayesian model posits a prior density p(✓) on the latent variables. Combining the likelihood with
the prior gives the joint density p(x,✓) = p(x | ✓) p(✓). The goal of inference is to compute the
posterior density p(✓ | x), which describes how the latent variables vary, conditioned on data.

Many posterior densities are not tractable; their normalizing constants lack analytic (closed-form)
solutions. Thus we often seek to approximate the posterior. ���� approximates the posterior of
di�erentiable probability models. Members of this class of models have continuous latent variables
✓ and a gradient of the log-joint with respect to them r✓ log p(x,✓). The gradient is valid within the
support of the prior

supp(p(✓)) =
�

✓ | ✓ 2 RK and p(✓) > 0

 ✓ RK
,

where K is the dimension of the latent variable space. This support set is important: it will play a
role later in the paper. We make no assumptions about conjugacy, either full (Diaconis and Ylvisaker,
1979) or conditional (Ho�man et al., 2013).

Consider a model that contains a Poisson likelihood with unknown rate p(x | ✓). The observed
variable x is discrete; the latent rate ✓ is continuous and positive. Place a Weibull prior on ✓, defined
over the positive real numbers. The resulting joint density describes a nonconjugate probability model:
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A model consists of the likelihood:

and the prior:

What we want to do is characterize the posterior:

p(✓|x) = p(x|✓)p(✓)
p(x)

and perhaps the model evidence:

p(x) =

Z
p(x|✓)p(✓)d✓



How we Did Things Up Until 
Ten Years Ago?
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Come up with 
specialized 

methodology to 
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posterior

Implement 
Methodology

Verify 
Methodology

Solve Actual 
ProblemAnalyze results

Create/Update 
Model



How Do we Do Things 
Now?
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Probabilistic Programming is 
what we did with PyMC/PySMC
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We programmed the joint distribution:

and we let PyMC/PySMC create code that does MCMC/SMC 
to characterize the posterior and (for SMC only) the model 
evidence.



Some Other Probabilistic Programming 
Packages that can Do MCMC
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Stan

Edward



Challenges of MCMC/SMC 

• MCMC/SMC “can be too slow for real world 
applications”.


• Especially when:


• we have huge datasets


• very high dimensional thetas


• …
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Abstract
Probabilistic modeling is iterative. A scientist posits a simple model, fits it to her data, refines it
according to her analysis, and repeats. However, fitting complex models to large data is a bottleneck
in this process. Deriving algorithms for new models can be both mathematically and computationally
challenging, which makes it di�cult to e�ciently cycle through the steps. To this end, we develop
automatic di�erentiation variational inference (����). Using our method, the scientist only provides
a probabilistic model and a dataset, nothing else. ���� automatically derives an e�cient variational
inference algorithm, freeing the scientist to refine and explore many models. ���� supports a
broad class of models—no conjugacy assumptions are required. We study ���� across ten modern
probabilistic models and apply it to a dataset with millions of observations. We deploy ���� as part
of Stan, a probabilistic programming system.

Keywords: Bayesian inference, approximate inference, probabilistic programming

1. Introduction

We develop an automatic method that derives variational inference algorithms for complex proba-
bilistic models. We implement our method in a probabilistic programming system that lets a user
specify a model in an intuitive programming language and then compiles that model into an inference
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p(✓|x) = p(x|✓)p(✓)
p(x)

We want to approximate:

A�������� D�������������� V���������� I��������

the posterior distribution of ✓ is not in the same class as the prior. (The conjugate prior would be a
Gamma.) However, it is in the class of di�erentiable models. Its partial derivative @

/@✓ log p(x, ✓)

is valid within the support of the Weibull distribution, supp(p(✓)) = R>0 ⇢ R. While this model
would be a challenge for classical variational inference, it is not for ����.

Many machine learning models are di�erentiable. For example: linear and logistic regression,
matrix factorization with continuous or discrete observations, linear dynamical systems, and Gaussian
processes. (See Table 1.) At first blush, the restriction to di�erentiable random variables may seem
to leave out other common machine learning models, such as mixture models and topic models.
However, marginalizing out the discrete variables in the likelihoods of these models renders them
di�erentiable.

Generalized linear models (e.g., linear / logistic / probit)
Mixture models (e.g., mixture of Gaussians)
Deep exponential families (e.g., deep latent Gaussian models)
Topic models (e.g., latent Dirichlet allocation)
Linear dynamical systems (e.g., state space models)
Gaussian process models (e.g., regression / classification)

Table 1: Popular di�erentiable probability models in machine learning.

Marginalization is not tractable for all models, such as the Ising model, sigmoid belief networks,
and (untruncated) Bayesian nonparametric models, such as Dirichlet process mixtures (Antoniak,
1974). These are not di�erentiable probability models.

2.2 Variational Inference

Variational inference (��) turns approximate posterior inference into an optimization problem (Wain-
wright and Jordan, 2008; Blei et al., 2016). Consider a family of approximating densities of the latent
variables q(✓ ; �), parameterized by a vector � 2 �. �� finds the parameters that minimize the ��
divergence to the posterior,

�⇤
= argmin

�2�
KL (q(✓ ; �) k p(✓ | x)) . (1)

The optimized q(✓ ; �⇤
) then serves as an approximation to the posterior.

The �� divergence lacks an analytic form because it involves the posterior. Instead we maximize
the evidence lower bound (����)

L(�) = Eq(✓)

⇥

log p(x,✓)
⇤� Eq(✓)

⇥

log q(✓ ; �)
⇤

. (2)

The first term is an expectation of the joint density under the approximation, and the second is the
entropy of the variational density. The ���� is equal to the negative �� divergence up to the constant
log p(x). Maximizing the ���� minimizes the �� divergence (Jordan et al., 1999; Bishop, 2006).

Optimizing the �� divergence implies a constraint that the support of the approximation q(✓ ; �)
lie within the support of the posterior p(✓ | x).3 With this constraint made explicit, the optimization

3. If supp(q) 6✓ supp(p) then outside the support of p we have KL (q k p) = Eq[log q]� Eq[log p] = 1.

5

We pick a parameterized family of probability densities:

We pick the parameters φ that minimize the information loss:
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5
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the posterior distribution of ✓ is not in the same class as the prior. (The conjugate prior would be a
Gamma.) However, it is in the class of di�erentiable models. Its partial derivative @

/@✓ log p(x, ✓)

is valid within the support of the Weibull distribution, supp(p(✓)) = R>0 ⇢ R. While this model
would be a challenge for classical variational inference, it is not for ����.

Many machine learning models are di�erentiable. For example: linear and logistic regression,
matrix factorization with continuous or discrete observations, linear dynamical systems, and Gaussian
processes. (See Table 1.) At first blush, the restriction to di�erentiable random variables may seem
to leave out other common machine learning models, such as mixture models and topic models.
However, marginalizing out the discrete variables in the likelihoods of these models renders them
di�erentiable.

Generalized linear models (e.g., linear / logistic / probit)
Mixture models (e.g., mixture of Gaussians)
Deep exponential families (e.g., deep latent Gaussian models)
Topic models (e.g., latent Dirichlet allocation)
Linear dynamical systems (e.g., state space models)
Gaussian process models (e.g., regression / classification)

Table 1: Popular di�erentiable probability models in machine learning.

Marginalization is not tractable for all models, such as the Ising model, sigmoid belief networks,
and (untruncated) Bayesian nonparametric models, such as Dirichlet process mixtures (Antoniak,
1974). These are not di�erentiable probability models.

2.2 Variational Inference

Variational inference (��) turns approximate posterior inference into an optimization problem (Wain-
wright and Jordan, 2008; Blei et al., 2016). Consider a family of approximating densities of the latent
variables q(✓ ; �), parameterized by a vector � 2 �. �� finds the parameters that minimize the ��
divergence to the posterior,

�⇤
= argmin

�2�
KL (q(✓ ; �) k p(✓ | x)) . (1)

The optimized q(✓ ; �⇤
) then serves as an approximation to the posterior.

The �� divergence lacks an analytic form because it involves the posterior. Instead we maximize
the evidence lower bound (����)

L(�) = Eq(✓)

⇥

log p(x,✓)
⇤� Eq(✓)

⇥

log q(✓ ; �)
⇤

. (2)

The first term is an expectation of the joint density under the approximation, and the second is the
entropy of the variational density. The ���� is equal to the negative �� divergence up to the constant
log p(x). Maximizing the ���� minimizes the �� divergence (Jordan et al., 1999; Bishop, 2006).

Optimizing the �� divergence implies a constraint that the support of the approximation q(✓ ; �)
lie within the support of the posterior p(✓ | x).3 With this constraint made explicit, the optimization

3. If supp(q) 6✓ supp(p) then outside the support of p we have KL (q k p) = Eq[log q]� Eq[log p] = 1.

5

KL (q(✓;�) k p(✓|x)) =
Z

q(✓;�) log
q(✓;�)

p(✓|x) d✓

KL is the Kullback-Leibler divergence defined by:



Properties of KL

!14

KL (q(✓;�) k p(✓|x)) � 0

KL (q(✓;�) k p(✓|x)) = 0 ) q(✓;�) = p(✓|x)

But, it is not a metric because:

KL (q(✓;�) k p(✓|x)) 6= KL (p(✓|x) k q(✓;�))
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5

KL (q(✓;�) k p(✓|x)) =
Z

q(✓;�) log
q(✓;�)

p(✓|x) d✓

Minimizing:

is equivalent to maximizing:

which happens to be:

L(�)  p(x) =

Z
p(x|✓)p(✓)d✓
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KL (q(✓;�) k p(✓|x)) =
Z

q(✓;�) log
q(✓;�)

p(✓|x) d✓
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Topic models (e.g., latent Dirichlet allocation)
Linear dynamical systems (e.g., state space models)
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Marginalization is not tractable for all models, such as the Ising model, sigmoid belief networks,
and (untruncated) Bayesian nonparametric models, such as Dirichlet process mixtures (Antoniak,
1974). These are not di�erentiable probability models.

2.2 Variational Inference

Variational inference (��) turns approximate posterior inference into an optimization problem (Wain-
wright and Jordan, 2008; Blei et al., 2016). Consider a family of approximating densities of the latent
variables q(✓ ; �), parameterized by a vector � 2 �. �� finds the parameters that minimize the ��
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= argmin
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KL (q(✓ ; �) k p(✓ | x)) . (1)
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The first term is an expectation of the joint density under the approximation, and the second is the
entropy of the variational density. The ���� is equal to the negative �� divergence up to the constant
log p(x). Maximizing the ���� minimizes the �� divergence (Jordan et al., 1999; Bishop, 2006).
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3. If supp(q) 6✓ supp(p) then outside the support of p we have KL (q k p) = Eq[log q]� Eq[log p] = 1.

5

KL (q(✓;�) k p(✓|x)) =
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is equivalent to maximizing:

which happens to be:
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Can be used for Bayesian model selection.



Enforcing Parameter 
Constraints

!18



The Optimization of the 
ELBO may be Constrained

• Some parameters may be positive.


• Some parameters may be within specific bounds.


• etc.
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K���������, T���, R��������, G����� ��� B���

problem from Equation (1) becomes

�⇤
= argmax

�2�
L(�) such that supp(q(✓ ; �)) ✓ supp(p(✓ | x)). (3)

We explicitly include this constraint because we have not specified the form of the variational
approximation; we must ensure that q(✓ ; �) stays within the support of the posterior.

The support of the posterior, however, may also be unknown. So, we further assume that the
support of the posterior equals that of the prior, supp(p(✓ | x)) = supp(p(✓)). This is a benign
assumption, which holds for most models considered in machine learning. In detail, it holds when
the likelihood does not constrain the prior; i.e., the likelihood must be positive over the sample space
for any ✓ drawn from the prior.

Our recipe for automating ��. The traditional way of solving Equation (3) is di�cult. We begin by
choosing a variational family q(✓ ; �) that, by definition, satisfies the support matching constraint.
We compute the expectations in the ����, either analytically or through approximation. We then
decide on a strategy to maximize the ����. For instance, we might use coordinate ascent by iteratively
updating the components of �. Or, we might follow gradients of the ���� with respect to � while
staying within �. Finally, we implement, test, and debug software that performs the above. Each step
requires expert thought and analysis in the service of a single algorithm for a single model.

In contrast, our approach allows a user to define any di�erentiable probability model for which
we automate the process of developing a corresponding �� algorithm. Our recipe for automating ��
has three ingredients. First, we automatically transform the support of the latent variables ✓ to the
real coordinate space (Section 2.3); this lets us choose from a variety of variational distributions q
without worrying about the support matching constraint (Section 2.4). Second, we compute the ����
for any model using Monte Carlo (��) integration, which only requires being able to sample from the
variational distribution (Section 2.5). Third, we employ stochastic gradient ascent to maximize the
���� and use automatic di�erentiation to compute gradients without any user input (Section 2.6). With
these tools, we can develop a generic method that automatically solves the variational optimization
problem for a large class of models.

2.3 Automatic Transformation of Constrained Variables

We begin by transforming the support of the latent variables ✓ such that they live in the real coordinate
space RK . Once we transform the joint density, we can choose the variational approximation
independent of the model.

Define a one-to-one di�erentiable function

T : supp(p(✓)) ! RK
, (4)

and identify the transformed variables as ⇣ = T (✓). The transformed joint density p(x, ⇣) is a
function of ⇣; it has the representation

p(x, ⇣) = p

�

x, T

�1
(⇣)

�

�

�

det JT�1(⇣)
�

�

,

where p(x,✓ = T

�1
(⇣)) is the joint density in the original latent variable space, and JT�1(⇣) is the

Jacobian of the inverse of T . Transformations of continuous probability densities require a Jacobian;
it accounts for how the transformation warps unit volumes and ensures that the transformed density
integrates to one (Olive, 2014). (See Appendix A.)
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Figure 1: Transforming the latent variable to real coordinate space. The purple line is the posterior.
The green line is the approximation. (a) The latent variable space is R>0. (a!b) T transforms the
latent variable space to R. (b) The variational approximation is a Gaussian in real coordinate space.

Consider again our Weibull-Poisson example from Section 2.1. The latent variable ✓ lives in R>0.
The logarithm ⇣ = T (✓) = log(✓) transforms R>0 to the real line R. Its Jacobian adjustment is the
derivative of the inverse of the logarithm | det JT�1(⇣)| = exp(⇣). The transformed density is

p(x, ⇣) = Poisson(x | exp(⇣))⇥ Weibull(exp(⇣) | 1.5, 1)⇥ exp(⇣).

Figures 1a and 1b depict this transformation.
As we describe in the introduction, we implement our algorithm in Stan (Stan Development Team,

2016). Stan maintains a library of transformations and their corresponding Jacobians. Specifically,
it provides various transformations for upper and lower bounds, simplex and ordered vectors, and
structured matrices such as covariance matrices and Cholesky factors. With Stan, we can automatically
transform the joint density of any di�erentiable probability model to one with real-valued latent
variables. (See Figure 2.)

2.4 Variational Approximations in Real Coordinate Space

After the transformation, the latent variables ⇣ have support in the real coordinate space RK . We
have a choice of variational approximations in this space. Here, we consider Gaussian distributions
(Figure 1b); these implicitly induce non-Gaussian variational distributions in the original latent
variable space (Figure 1a).
Mean-field Gaussian. One option is to posit a factorized (mean-field) Gaussian variational approxi-
mation

q(⇣ ; �) = Normal
�

⇣ | µ, diag(�2
)

�

=

K
Y

k=1

Normal
�

⇣k | µk,�
2
k

�

,

where the vector � = (µ1, · · · , µK ,�

2
1, · · · ,�2

K) concatenates the mean and variance of each Gaus-
sian factor. Since the variance parameters must always be positive, the variational parameters live
in the set � = {RK

,RK
>0}. Re-parameterizing the mean-field Gaussian removes this constraint.

Consider the logarithm of the standard deviations, ! = log(�), applied element-wise. The support
of ! is now the real coordinate space and � is always positive. The mean-field Gaussian becomes
q(⇣ ; �) = Normal

�

⇣ | µ, diag(exp(!)

2
)

�

, where the vector � = (µ1, · · · , µK ,!1, · · · ,!K) con-
catenates the mean and logarithm of the standard deviation of each factor. Now, the variational
parameters are unconstrained in R2K .

7



Posterior 
Approximations

!22



The mean-field Gaussian 
variational approximation

!23

A�������� D�������������� V���������� I��������

0 1 2 3

1

✓

D
en

sit
y

(a) Latent variable space

T

T

�1

�1 0 1 2

1

⇣

Prior
Posterior
Approximation

(b) Real coordinate space

Figure 1: Transforming the latent variable to real coordinate space. The purple line is the posterior.
The green line is the approximation. (a) The latent variable space is R>0. (a!b) T transforms the
latent variable space to R. (b) The variational approximation is a Gaussian in real coordinate space.

Consider again our Weibull-Poisson example from Section 2.1. The latent variable ✓ lives in R>0.
The logarithm ⇣ = T (✓) = log(✓) transforms R>0 to the real line R. Its Jacobian adjustment is the
derivative of the inverse of the logarithm | det JT�1(⇣)| = exp(⇣). The transformed density is

p(x, ⇣) = Poisson(x | exp(⇣))⇥ Weibull(exp(⇣) | 1.5, 1)⇥ exp(⇣).

Figures 1a and 1b depict this transformation.
As we describe in the introduction, we implement our algorithm in Stan (Stan Development Team,

2016). Stan maintains a library of transformations and their corresponding Jacobians. Specifically,
it provides various transformations for upper and lower bounds, simplex and ordered vectors, and
structured matrices such as covariance matrices and Cholesky factors. With Stan, we can automatically
transform the joint density of any di�erentiable probability model to one with real-valued latent
variables. (See Figure 2.)

2.4 Variational Approximations in Real Coordinate Space

After the transformation, the latent variables ⇣ have support in the real coordinate space RK . We
have a choice of variational approximations in this space. Here, we consider Gaussian distributions
(Figure 1b); these implicitly induce non-Gaussian variational distributions in the original latent
variable space (Figure 1a).
Mean-field Gaussian. One option is to posit a factorized (mean-field) Gaussian variational approxi-
mation

q(⇣ ; �) = Normal
�

⇣ | µ, diag(�2
)

�

=

K
Y

k=1

Normal
�

⇣k | µk,�
2
k

�

,

where the vector � = (µ1, · · · , µK ,�

2
1, · · · ,�2

K) concatenates the mean and variance of each Gaus-
sian factor. Since the variance parameters must always be positive, the variational parameters live
in the set � = {RK

,RK
>0}. Re-parameterizing the mean-field Gaussian removes this constraint.

Consider the logarithm of the standard deviations, ! = log(�), applied element-wise. The support
of ! is now the real coordinate space and � is always positive. The mean-field Gaussian becomes
q(⇣ ; �) = Normal

�

⇣ | µ, diag(exp(!)

2
)

�

, where the vector � = (µ1, · · · , µK ,!1, · · · ,!K) con-
catenates the mean and logarithm of the standard deviation of each factor. Now, the variational
parameters are unconstrained in R2K .

7

A�������� D�������������� V���������� I��������

0 1 2 3

1

✓

D
en

sit
y

(a) Latent variable space

T

T

�1

�1 0 1 2

1

⇣

Prior
Posterior
Approximation

(b) Real coordinate space

Figure 1: Transforming the latent variable to real coordinate space. The purple line is the posterior.
The green line is the approximation. (a) The latent variable space is R>0. (a!b) T transforms the
latent variable space to R. (b) The variational approximation is a Gaussian in real coordinate space.

Consider again our Weibull-Poisson example from Section 2.1. The latent variable ✓ lives in R>0.
The logarithm ⇣ = T (✓) = log(✓) transforms R>0 to the real line R. Its Jacobian adjustment is the
derivative of the inverse of the logarithm | det JT�1(⇣)| = exp(⇣). The transformed density is

p(x, ⇣) = Poisson(x | exp(⇣))⇥ Weibull(exp(⇣) | 1.5, 1)⇥ exp(⇣).

Figures 1a and 1b depict this transformation.
As we describe in the introduction, we implement our algorithm in Stan (Stan Development Team,

2016). Stan maintains a library of transformations and their corresponding Jacobians. Specifically,
it provides various transformations for upper and lower bounds, simplex and ordered vectors, and
structured matrices such as covariance matrices and Cholesky factors. With Stan, we can automatically
transform the joint density of any di�erentiable probability model to one with real-valued latent
variables. (See Figure 2.)

2.4 Variational Approximations in Real Coordinate Space

After the transformation, the latent variables ⇣ have support in the real coordinate space RK . We
have a choice of variational approximations in this space. Here, we consider Gaussian distributions
(Figure 1b); these implicitly induce non-Gaussian variational distributions in the original latent
variable space (Figure 1a).
Mean-field Gaussian. One option is to posit a factorized (mean-field) Gaussian variational approxi-
mation

q(⇣ ; �) = Normal
�

⇣ | µ, diag(�2
)

�

=

K
Y

k=1

Normal
�

⇣k | µk,�
2
k

�

,

where the vector � = (µ1, · · · , µK ,�

2
1, · · · ,�2

K) concatenates the mean and variance of each Gaus-
sian factor. Since the variance parameters must always be positive, the variational parameters live
in the set � = {RK

,RK
>0}. Re-parameterizing the mean-field Gaussian removes this constraint.

Consider the logarithm of the standard deviations, ! = log(�), applied element-wise. The support
of ! is now the real coordinate space and � is always positive. The mean-field Gaussian becomes
q(⇣ ; �) = Normal

�

⇣ | µ, diag(exp(!)

2
)

�

, where the vector � = (µ1, · · · , µK ,!1, · · · ,!K) con-
catenates the mean and logarithm of the standard deviation of each factor. Now, the variational
parameters are unconstrained in R2K .
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K���������, T���, R��������, G����� ��� B���

xn

✓

↵ = 1.5,� = 1

N

data {
int N; // number of observations
int x[N]; // discrete-valued observations

}
parameters {

// latent variable, must be positive
real<lower=0> theta;

}
model {

// non-conjugate prior for latent variable
theta ~ weibull(1.5, 1);

// likelihood
for (n in 1:N)

x[n] ~ poisson(theta);
}

Figure 2: Specifying a simple nonconjugate probability model in Stan.

Full-rank Gaussian. Another option is to posit a full-rank Gaussian variational approximation

q(⇣ ; �) = Normal (⇣ | µ,⌃) ,

where the vector � = (µ,⌃) concatenates the mean vector µ and covariance matrix ⌃. To ensure that
⌃ always remains positive semidefinite, we re-parameterize the covariance matrix using a Cholesky
factorization, ⌃ = LL

>. We use the non-unique definition of the Cholesky factorization where the
diagonal elements of L need not be positively constrained (Pinheiro and Bates, 1996). Therefore L
lives in the unconstrained space of lower-triangular matrices with K(K + 1)/2 real-valued entries.
The full-rank Gaussian becomes q(⇣ ; �) = Normal

�

⇣ | µ,LL>�
, where the variational parameters

� = (µ,L) are unconstrained in RK+K(K+1)/2.
The full-rank Gaussian generalizes the mean-field Gaussian approximation. The o�-diagonal

terms in the covariance matrix ⌃ capture posterior correlations across latent random variables.4 This
leads to a more accurate posterior approximation than the mean-field Gaussian; however, it comes at
a computational cost. Various low-rank approximations to the covariance matrix reduce this cost, yet
limit its ability to model complex posterior correlations (Seeger, 2010; Challis and Barber, 2013).
The choice of a Gaussian. Choosing a Gaussian distribution may call to mind the Laplace approxi-
mation technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approximation
is not equivalent to the Laplace approximation (Opper and Archambeau, 2009). Our approach is
distinct in another way: the posterior approximation in the original latent variable space (Figure 1a)
is non-Gaussian.
The implicit variational density. The transformation T from Equation (4) maps the support of the
latent variables to the real coordinate space. Thus, its inverse T

�1 maps back to the support of the
latent variables. This implicitly defines the variational approximation in the original latent variable
space as q (T (✓) ; �)

�

�

det JT (✓)
�

�

. The transformation ensures that the support of this approximation
is always bounded by that of the posterior in the original latent variable space.
Sensitivity to T . There are many ways to transform the support a variable to the real coordinate
space. The form of the transformation directly a�ects the shape of the variational approximation in
the original latent variable space. We study sensitivity to the choice of transformation in Section 3.3.

4. This is a form of structured mean-field variational inference (Wainwright and Jordan, 2008; Barber, 2012).
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leads to a more accurate posterior approximation than the mean-field Gaussian; however, it comes at
a computational cost. Various low-rank approximations to the covariance matrix reduce this cost, yet
limit its ability to model complex posterior correlations (Seeger, 2010; Challis and Barber, 2013).
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mation technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approximation
is not equivalent to the Laplace approximation (Opper and Archambeau, 2009). Our approach is
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is always bounded by that of the posterior in the original latent variable space.
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2.5 The Variational Problem in Real Coordinate Space

Here is the story so far. We began with a di�erentiable probability model p(x,✓). We transformed the
latent variables into ⇣, which live in the real coordinate space. We defined variational approximations
in the transformed space. Now, we consider the variational optimization problem.

Write the variational objective function, the ����, in real coordinate space as

L(�) = Eq(⇣ ;�)



log p

�

x, T

�1
(⇣)

�

+ log

�

�

det JT�1(⇣)
�

�

�

+H
⇥

q(⇣ ; �)
⇤

. (5)

The inverse of the transformation T

�1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The ���� is a function of the variational parameters � and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)

Now, we can freely optimize the ���� in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

�⇤
= argmax

�
L(�) (6)

where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))

�1
(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L

�1
(⇣ � µ).

In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
K
Y

k=1

Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into

�⇤
= argmax

�
EN(⌘ ;0,I)



log p

⇣

x, T

�1
(S

�1
� (⌘))

⌘

+ log

�

�

det JT�1

⇣

S

�1
� (⌘)

⌘

�

�

�

+H
⇥

q(⇣ ; �)
⇤

.

5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).
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2.5 The Variational Problem in Real Coordinate Space

Here is the story so far. We began with a di�erentiable probability model p(x,✓). We transformed the
latent variables into ⇣, which live in the real coordinate space. We defined variational approximations
in the transformed space. Now, we consider the variational optimization problem.

Write the variational objective function, the ����, in real coordinate space as

L(�) = Eq(⇣ ;�)



log p
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x, T

�1
(⇣)
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+ log
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det JT�1(⇣)
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�

+H
⇥

q(⇣ ; �)
⇤

. (5)

The inverse of the transformation T

�1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The ���� is a function of the variational parameters � and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)

Now, we can freely optimize the ���� in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

�⇤
= argmax

�
L(�) (6)

where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))

�1
(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L

�1
(⇣ � µ).

In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
K
Y

k=1

Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into

�⇤
= argmax

�
EN(⌘ ;0,I)



log p

⇣

x, T

�1
(S

�1
� (⌘))

⌘

+ log

�

�

det JT�1

⇣

S

�1
� (⌘)

⌘

�

�

�

+H
⇥

q(⇣ ; �)
⇤

.

5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).
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2.5 The Variational Problem in Real Coordinate Space

Here is the story so far. We began with a di�erentiable probability model p(x,✓). We transformed the
latent variables into ⇣, which live in the real coordinate space. We defined variational approximations
in the transformed space. Now, we consider the variational optimization problem.

Write the variational objective function, the ����, in real coordinate space as

L(�) = Eq(⇣ ;�)



log p

�

x, T

�1
(⇣)

�

+ log

�

�

det JT�1(⇣)
�

�

�

+H
⇥

q(⇣ ; �)
⇤

. (5)

The inverse of the transformation T

�1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The ���� is a function of the variational parameters � and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)

Now, we can freely optimize the ���� in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

�⇤
= argmax

�
L(�) (6)

where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))

�1
(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L

�1
(⇣ � µ).

In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
K
Y

k=1

Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into

�⇤
= argmax

�
EN(⌘ ;0,I)



log p

⇣

x, T

�1
(S

�1
� (⌘))

⌘

+ log

�

�

det JT�1

⇣

S

�1
� (⌘)

⌘

�

�

�

+H
⇥

q(⇣ ; �)
⇤

.

5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).
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Figure 1: Transforming the latent variable to real coordinate space. The purple line is the posterior.
The green line is the approximation. (a) The latent variable space is R>0. (a!b) T transforms the
latent variable space to R. (b) The variational approximation is a Gaussian in real coordinate space.

Consider again our Weibull-Poisson example from Section 2.1. The latent variable ✓ lives in R>0.
The logarithm ⇣ = T (✓) = log(✓) transforms R>0 to the real line R. Its Jacobian adjustment is the
derivative of the inverse of the logarithm | det JT�1(⇣)| = exp(⇣). The transformed density is

p(x, ⇣) = Poisson(x | exp(⇣))⇥ Weibull(exp(⇣) | 1.5, 1)⇥ exp(⇣).

Figures 1a and 1b depict this transformation.
As we describe in the introduction, we implement our algorithm in Stan (Stan Development Team,

2016). Stan maintains a library of transformations and their corresponding Jacobians. Specifically,
it provides various transformations for upper and lower bounds, simplex and ordered vectors, and
structured matrices such as covariance matrices and Cholesky factors. With Stan, we can automatically
transform the joint density of any di�erentiable probability model to one with real-valued latent
variables. (See Figure 2.)

2.4 Variational Approximations in Real Coordinate Space

After the transformation, the latent variables ⇣ have support in the real coordinate space RK . We
have a choice of variational approximations in this space. Here, we consider Gaussian distributions
(Figure 1b); these implicitly induce non-Gaussian variational distributions in the original latent
variable space (Figure 1a).
Mean-field Gaussian. One option is to posit a factorized (mean-field) Gaussian variational approxi-
mation

q(⇣ ; �) = Normal
�

⇣ | µ, diag(�2
)

�

=

K
Y

k=1

Normal
�

⇣k | µk,�
2
k

�

,

where the vector � = (µ1, · · · , µK ,�

2
1, · · · ,�2

K) concatenates the mean and variance of each Gaus-
sian factor. Since the variance parameters must always be positive, the variational parameters live
in the set � = {RK

,RK
>0}. Re-parameterizing the mean-field Gaussian removes this constraint.

Consider the logarithm of the standard deviations, ! = log(�), applied element-wise. The support
of ! is now the real coordinate space and � is always positive. The mean-field Gaussian becomes
q(⇣ ; �) = Normal

�

⇣ | µ, diag(exp(!)

2
)

�

, where the vector � = (µ1, · · · , µK ,!1, · · · ,!K) con-
catenates the mean and logarithm of the standard deviation of each factor. Now, the variational
parameters are unconstrained in R2K .
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2.5 The Variational Problem in Real Coordinate Space

Here is the story so far. We began with a di�erentiable probability model p(x,✓). We transformed the
latent variables into ⇣, which live in the real coordinate space. We defined variational approximations
in the transformed space. Now, we consider the variational optimization problem.

Write the variational objective function, the ����, in real coordinate space as

L(�) = Eq(⇣ ;�)



log p

�

x, T

�1
(⇣)

�

+ log

�

�

det JT�1(⇣)
�

�

�

+H
⇥

q(⇣ ; �)
⇤

. (5)

The inverse of the transformation T

�1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The ���� is a function of the variational parameters � and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)

Now, we can freely optimize the ���� in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

�⇤
= argmax

�
L(�) (6)

where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))

�1
(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L

�1
(⇣ � µ).

In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
K
Y

k=1

Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into

�⇤
= argmax

�
EN(⌘ ;0,I)



log p

⇣
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⇤

.

5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).
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Here is the story so far. We began with a di�erentiable probability model p(x,✓). We transformed the
latent variables into ⇣, which live in the real coordinate space. We defined variational approximations
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The inverse of the transformation T

�1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The ���� is a function of the variational parameters � and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)

Now, we can freely optimize the ���� in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

�⇤
= argmax

�
L(�) (6)

where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))

�1
(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L

�1
(⇣ � µ).

In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
K
Y

k=1

Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into
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5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).
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2.5 The Variational Problem in Real Coordinate Space

Here is the story so far. We began with a di�erentiable probability model p(x,✓). We transformed the
latent variables into ⇣, which live in the real coordinate space. We defined variational approximations
in the transformed space. Now, we consider the variational optimization problem.
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The inverse of the transformation T

�1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The ���� is a function of the variational parameters � and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)

Now, we can freely optimize the ���� in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

�⇤
= argmax

�
L(�) (6)

where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))

�1
(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L

�1
(⇣ � µ).

In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
K
Y
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Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into
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would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
an intractable expectation. However, we can automatically di�erentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))
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In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density
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xn

✓

↵ = 1.5,� = 1

N

data {
int N; // number of observations
int x[N]; // discrete-valued observations

}
parameters {

// latent variable, must be positive
real<lower=0> theta;

}
model {

// non-conjugate prior for latent variable
theta ~ weibull(1.5, 1);

// likelihood
for (n in 1:N)

x[n] ~ poisson(theta);
}

Figure 2: Specifying a simple nonconjugate probability model in Stan.

Full-rank Gaussian. Another option is to posit a full-rank Gaussian variational approximation

q(⇣ ; �) = Normal (⇣ | µ,⌃) ,

where the vector � = (µ,⌃) concatenates the mean vector µ and covariance matrix ⌃. To ensure that
⌃ always remains positive semidefinite, we re-parameterize the covariance matrix using a Cholesky
factorization, ⌃ = LL

>. We use the non-unique definition of the Cholesky factorization where the
diagonal elements of L need not be positively constrained (Pinheiro and Bates, 1996). Therefore L
lives in the unconstrained space of lower-triangular matrices with K(K + 1)/2 real-valued entries.
The full-rank Gaussian becomes q(⇣ ; �) = Normal

�

⇣ | µ,LL>�
, where the variational parameters

� = (µ,L) are unconstrained in RK+K(K+1)/2.
The full-rank Gaussian generalizes the mean-field Gaussian approximation. The o�-diagonal

terms in the covariance matrix ⌃ capture posterior correlations across latent random variables.4 This
leads to a more accurate posterior approximation than the mean-field Gaussian; however, it comes at
a computational cost. Various low-rank approximations to the covariance matrix reduce this cost, yet
limit its ability to model complex posterior correlations (Seeger, 2010; Challis and Barber, 2013).
The choice of a Gaussian. Choosing a Gaussian distribution may call to mind the Laplace approxi-
mation technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approximation
is not equivalent to the Laplace approximation (Opper and Archambeau, 2009). Our approach is
distinct in another way: the posterior approximation in the original latent variable space (Figure 1a)
is non-Gaussian.
The implicit variational density. The transformation T from Equation (4) maps the support of the
latent variables to the real coordinate space. Thus, its inverse T

�1 maps back to the support of the
latent variables. This implicitly defines the variational approximation in the original latent variable
space as q (T (✓) ; �)

�

�

det JT (✓)
�

�

. The transformation ensures that the support of this approximation
is always bounded by that of the posterior in the original latent variable space.
Sensitivity to T . There are many ways to transform the support a variable to the real coordinate
space. The form of the transformation directly a�ects the shape of the variational approximation in
the original latent variable space. We study sensitivity to the choice of transformation in Section 3.3.

4. This is a form of structured mean-field variational inference (Wainwright and Jordan, 2008; Barber, 2012).
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where the parameter vector � lives in some appropriately dimensioned real coordinate space. This is
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would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic di�erentiation to compute gradients and �� integration to approximate
intractable expectations.

We cannot directly use automatic di�erentiation on the ����. This is because the ���� involves
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expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))
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(⇣ � µ). In the full-rank Gaussian, the
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In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

q(⌘) = Normal (⌘ | 0, I) =
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as shown in Figures 3a and 3b.
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Figure 3: Elliptical standardization. The purple line is the posterior. The green line is the approxi-
mation. (a) The variational approximation is a Gaussian in real coordinate space. (a!b) S� absorbs
the parameters of the Gaussian. (b) We maximize the ���� in the standardized space, with a fixed
approximation. The green line is a standard Gaussian.

The expectation is now in terms of a standard Gaussian density. The Jacobian of elliptical standard-
ization evaluates to one, because the Gaussian distribution is a member of the location-scale family:
standardizing a Gaussian gives another Gaussian distribution. (See Appendix A.)

We do not need to transform the entropy term as it does not depend on the model or the transfor-
mation; we have a simple analytic form for the entropy of a Gaussian and its gradient. We implement
these once and reuse for all models.

2.6 Stochastic Optimization

We now reach the final step: stochastic optimization of the variational objective function.
Computing gradients. Since the expectation is no longer dependent on �, we can directly calculate
its gradient. Push the gradient inside the expectation and apply the chain rule to get
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We obtain gradients with respect to ! (mean-field) and L (full-rank) in a similar fashion
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>
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(Derivations in Appendix C.)
We can now compute the gradients inside the expectation with automatic di�erentiation. The

only thing left is the intractable expectation. �� integration provides a simple approximation: draw
samples from the standard Gaussian and evaluate the empirical mean of the gradients within the
expectation (Appendix D). In practice a single sample su�ces. (We study this in detail in Section 3.2
and in the experiments in Section 4.)

This gives noisy unbiased gradients of the ���� for any di�erentiable probability model. We can
use these gradients in a stochastic optimization routine to automate variational inference.
Stochastic gradient ascent. Equipped with noisy unbiased gradients of the ����, ���� implements
stochastic gradient ascent (Algorithm 1). This algorithm is guaranteed to converge to a local maximum
of the ���� under certain conditions on the step-size sequence.6 Stochastic gradient ascent falls

6. This is also called a learning rate or schedule in the machine learning community.
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would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
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intractable expectations.
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expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic di�erentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5

(Härdle and Simar, 2012).
Elliptical standardization. Consider a transformation S� that absorbs the variational parameters
�; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is ⌘ = S�(⇣) = diag (exp (!))
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(⇣ � µ). In the full-rank Gaussian, the

standardization is ⌘ = S�(⇣) = L
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In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density
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K
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Normal (⌘k | 0, 1) ,

as shown in Figures 3a and 3b.
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5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).
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Figure 3: Elliptical standardization. The purple line is the posterior. The green line is the approxi-
mation. (a) The variational approximation is a Gaussian in real coordinate space. (a!b) S� absorbs
the parameters of the Gaussian. (b) We maximize the ���� in the standardized space, with a fixed
approximation. The green line is a standard Gaussian.

The expectation is now in terms of a standard Gaussian density. The Jacobian of elliptical standard-
ization evaluates to one, because the Gaussian distribution is a member of the location-scale family:
standardizing a Gaussian gives another Gaussian distribution. (See Appendix A.)

We do not need to transform the entropy term as it does not depend on the model or the transfor-
mation; we have a simple analytic form for the entropy of a Gaussian and its gradient. We implement
these once and reuse for all models.

2.6 Stochastic Optimization

We now reach the final step: stochastic optimization of the variational objective function.
Computing gradients. Since the expectation is no longer dependent on �, we can directly calculate
its gradient. Push the gradient inside the expectation and apply the chain rule to get
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(Derivations in Appendix C.)
We can now compute the gradients inside the expectation with automatic di�erentiation. The

only thing left is the intractable expectation. �� integration provides a simple approximation: draw
samples from the standard Gaussian and evaluate the empirical mean of the gradients within the
expectation (Appendix D). In practice a single sample su�ces. (We study this in detail in Section 3.2
and in the experiments in Section 4.)

This gives noisy unbiased gradients of the ���� for any di�erentiable probability model. We can
use these gradients in a stochastic optimization routine to automate variational inference.
Stochastic gradient ascent. Equipped with noisy unbiased gradients of the ����, ���� implements
stochastic gradient ascent (Algorithm 1). This algorithm is guaranteed to converge to a local maximum
of the ���� under certain conditions on the step-size sequence.6 Stochastic gradient ascent falls
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ization evaluates to one, because the Gaussian distribution is a member of the location-scale family:
standardizing a Gaussian gives another Gaussian distribution. (See Appendix A.)

We do not need to transform the entropy term as it does not depend on the model or the transfor-
mation; we have a simple analytic form for the entropy of a Gaussian and its gradient. We implement
these once and reuse for all models.
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its gradient. Push the gradient inside the expectation and apply the chain rule to get
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We obtain gradients with respect to ! (mean-field) and L (full-rank) in a similar fashion
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(Derivations in Appendix C.)
We can now compute the gradients inside the expectation with automatic di�erentiation. The

only thing left is the intractable expectation. �� integration provides a simple approximation: draw
samples from the standard Gaussian and evaluate the empirical mean of the gradients within the
expectation (Appendix D). In practice a single sample su�ces. (We study this in detail in Section 3.2
and in the experiments in Section 4.)

This gives noisy unbiased gradients of the ���� for any di�erentiable probability model. We can
use these gradients in a stochastic optimization routine to automate variational inference.
Stochastic gradient ascent. Equipped with noisy unbiased gradients of the ����, ���� implements
stochastic gradient ascent (Algorithm 1). This algorithm is guaranteed to converge to a local maximum
of the ���� under certain conditions on the step-size sequence.6 Stochastic gradient ascent falls

6. This is also called a learning rate or schedule in the machine learning community.
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Figure 3: Elliptical standardization. The purple line is the posterior. The green line is the approxi-
mation. (a) The variational approximation is a Gaussian in real coordinate space. (a!b) S� absorbs
the parameters of the Gaussian. (b) We maximize the ���� in the standardized space, with a fixed
approximation. The green line is a standard Gaussian.
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But these derivatives can be approximated only via MC. We have a stochastic 
optimization problem.



Solving Stochastic Optimization 
Problems: The Robbins-Monro Algorithm

!35

Our problem is of the form:

where the expectation does not depend on φ.

max

�
E⌘[f(⌘;�)]

Robbins and Monro (1951) showed that (under very mild 
conditions for f)

�t+1 = �t + ↵t
1

M

MX

m=1

r�f
⇣
⌘(m)
t ,�

⌘

where the η’s are sampled at every step, converges to the 
solution of the problem if the learning rate satisfies:

1X

t=1

↵t = 1
1X

t=1

↵2
t < 1and



Issues with Robbins-Monro

• As all powerful results, RM converges eventually but may 
not yield very good results at finite step sizes.


• The RMSPROP sequence from (Tieleman and Hinton, 
2012) which has empirically good performance but lacks 
theoretical guarantees.


• The authors combine RMSPROP with RM. Details in the 
paper. 
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Algorithm 1: Automatic di�erentiation variational inference (����)

Input: Dataset x = x1:N , model p(x,✓).
Set iteration counter i = 1.
Initialize µ(1)

= 0.
Initialize !(1)

= 0 (mean-field) or L(1)
= I (full-rank).

Determine ⌘ via a search over finite values.
while change in ���� is above some threshold do

Draw M samples ⌘m ⇠ Normal(0, I) from the standard multivariate Gaussian.
Approximate rµL using �� integration (Equation (7)).
Approximate r!L or r

L

L using �� integration (Equations (8) and (9)).

Calculate step-size ⇢(i) (Equation (10)).

Update µ(i+1)  � µ(i)
+ diag(⇢(i)

)rµL.

Update !(i+1)  � !(i)
+ diag(⇢(i)

)r!L or L(i+1)  � L

(i)
+ diag(⇢(i)

)r
L

L.
Increment iteration counter.

end
Return µ⇤  � µ(i).

Return !⇤  � !(i) or L⇤  � L

(i).

under the class of stochastic approximations, where Robbins and Monro (1951) established a pair
of conditions that ensure convergence. Many sequences satisfy these criteria, but their specific
forms impact the success of stochastic gradient ascent in practice. We describe an adaptive step-size
sequence for ���� below.
Adaptive step-size sequence. Adaptive step-size sequences retain (possibly infinite) memory about
past gradients and adapt to the high-dimensional curvature of the ���� optimization space (Amari,
1998; Duchi et al., 2011; Ranganath et al., 2013; Kingma and Adam, 2015). These sequences enjoy
theoretical bounds on their convergence rates. However, in practice, they can be slow to converge. The
empirically justified ������� sequence (Tieleman and Hinton, 2012) converges quickly in practice but
lacks any convergence guarantees. We propose a new step-size sequence which e�ectively combines
both approaches.

Consider the step-size ⇢(i) and a gradient vector g(i) at iteration i. We define the kth element of
⇢(i) as

⇢

(i)
k = ⌘ ⇥ i

�1/2+✏ ⇥
✓

⌧ +

q

s

(i)
k

◆�1

, (10)

where we apply the following recursive update

s

(i)
k = ↵g

2
k
(i)

+ (1� ↵)s

(i�1)
k , (11)
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Example 1: Approximate a 
2D Gaussian
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x1

x2
Analytic
Full-rank
Mean-field

Analytic Full-rank Mean-field

Variance along x1 0.28 0.28 0.13

Variance along x2 0.31 0.31 0.14

Figure 4: Comparison of mean-field and full-rank ���� on a two-dimensional Gaussian model. The
figure shows the accuracy of the full-rank approximation. Ellipses correspond to two-sigma level sets
of the Gaussian. The table quantifies the underestimation of marginal variances by the mean-field
approximation.

rectly identify the mean of the analytic posterior. However, the shape of the mean-field approximation
is incorrect. This is because the mean-field approximation ignores o�-diagonal terms of the Gaussian
covariance. ���� minimizes the �� divergence from the approximation to the exact posterior; this
leads to a systemic underestimation of marginal variances (Bishop, 2006).

Logistic regression. We now study a model for which we need approximate inference. Consider
logistic regression, a generalized linear model with a binary response y, covariates x, and likelihood
Bern(y | logit�1

(x

>�)); our goal is to estimate the coe�cients �. We place an independent Gaussian
prior on each regression coe�cient.

We simulated 9 random covariates from the prior distribution (plus a constant intercept) and
drew 1000 datapoints from the likelihood. We estimated the posterior of the coe�cients with ����
and Stan’s default ���� technique, the no-U-turn sampler (����) (Ho�man and Gelman, 2014).
Figure 5 shows the marginal posterior densities obtained from each approximation. ���� and ����
perform similarly in their estimates of the posterior mean. The mean-field approximation, as expected,
underestimates marginal posterior variances on most of the coe�cients. The full-rank approximation,
once again, better matches the posterior.

�0 �1 �2 �3 �4

Sampling
Mean-field
Full-rank

�5 �6 �7 �8 �9

Figure 5: Comparison of marginal posterior densities for a logistic regression model. Each plot
shows kernel density estimates for the posterior of each coe�cient using 1000 samples. Mean-field
���� underestimates variances for most of the coe�cients.
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Example 2: Logistic Regression 
(9 inputs->binary label)
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Example 3: Stochastic 
Volatility
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Stochastic volatility time-series model. Finally, we study a model where the data are not exchangeable.
Consider an autoregressive process to model how the latent volatility (i.e., variance) of an economic
asset changes over time (Kim et al., 1998); our goal is to estimate the sequence of volatilities. We
expect these posterior estimates to be correlated, especially when the volatilities trend away from
their mean value.

In detail, the price data exhibit latent volatility as part of the variance of a zero-mean Gaussian

yt ⇠ Normal (0, exp(ht/2))

where the log volatility follows an auto-regressive process

ht ⇠ Normal (µ+ �(ht�1 � µ),�) with initialization h1 ⇠ Normal

 

µ,

�

p

1� �

2

!

.

We place the following priors on the latent variables

µ ⇠ Cauchy(0, 10), � ⇠ Unif(�1, 1), and � ⇠ Lognormal(0, 10).

We set µ = �1.025, � = 0.9 and � = 0.6, and simulate a dataset of 500 time-steps from the
generative model above. Figure 6 plots the posterior mean of the log volatility ht as a function of time.
Mean-field ���� struggles to describe the mean of the posterior, particularly when the log volatility
drifts far away from µ. This is expected behavior for a mean-field approximation to a time-series
model (Turner and Sahani, 2008). In contrast, full-rank ���� matches the estimates obtained from
sampling.

We further investigate this by studying posterior correlations of the log volatility sequence. We
draw S = 1000 samples of 500-dimensional log volatility sequences {h(s)}S1 . Figure 7 shows
the empirical posterior covariance matrix, 1/S�1

P

s(h
(s) � h)(h

(s) � h)

> for each method. The
mean-field covariance (fig. 7a) fails to capture the locally correlated structure of the full-rank and
sampling covariance matrices (figs. 7b and 7c). All covariance matrices exhibit a blurry spread due
to finite sample size.

t

Posterior mean of log volatility ht

Sampling
Mean-field
Full-rank

Figure 6: Comparison of posterior mean estimates of volatility ht. Mean-field ���� underestimates
ht, especially when it moves far away from its mean µ. Full-rank ���� matches the accuracy of
sampling.

The regions where the local correlation is strongest correspond to the regions where mean-field
underestimates the log volatility. To help identify these regions, we overlay the sampling mean log
volatility estimate from Figure 6 above each matrix. Both full-rank ���� and sampling results exhibit
correlation where the log volatility trends away from its mean value.
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Hands-on Examples (as 
much as you can until the 

end of the lecture)
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