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Quantum Corrals













Formation of Surface State
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The surface state bands live in a bulk band 
gap for k  = 0  but are degenerate with bulk
states with k   � = 0
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Echos-in phase or not?
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Echos-in phase or not? 
Identical with acoustical impedance
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Max work done in force and velocity are 
proportional (“in phase”)



Resonant tunneling



Generating images



“But I am not afraid to consider the final question as to
whether, ultimately-in the great future-we can arrange atoms the
way we want, the very atoms, all the way down! What would hap-
pen if we could arrange the atoms one by one the way we want
them?”

-R.P. Feynman, There’s Plenty of Room at the Bottom
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Single Atom Data and Theory
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Scattering from surface state to bulk 
corresponds to incoherent scattering,
imaginary phase shifts.

spin flip scattering is also incoherent,
as is electron-electron scattering, 
phonons, etc.
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Scattering theory definition of phase shift:

n0phase shift     = π/2,
attenuation by 1/2

No outgoing s-wave:

Connection:

Cross section:

or, equivalently,
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Compare theory and experiment 
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 Branched Flow in a Weak 
Random Potential

Experimental motivation, results
Classical branched flow
Classical correspondence
Quantum fringing
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moveable SPM





Scheme to find out: Electrons are reflected back through the QPC by a 
charged scanning probe microscope (SPM) tip (and thus reduce the 
conductance) only if they arrive at the tip-thus the tip measures nascent 
electron flux.

Do electrons flow ballistically?





What we expected:
(1)Rather low resolution images because of "blunt" 
measuring instrument, several wavelengths across

(2)Quantum interference fringes largely washed out due 
to thermal averaging at a few degrees Kelvin

What we got:
(1)High resolution images showing details much smaller 
than the "instrument"
(2)Quantum interference fringes surviving completely 
intact out to large distances
(3)The electron flow is strongly branched!



Experimental SPM signal



Classical simulation



The probe is really the “glint”, small compared 
to the region perturbed by the tip potential.
The “glint” applies either for self- or trans-
conductance.

Image resolution: backscattering from
(strong repulsive) tip - the “glint”





Full quantum simulations,QPC on left; 
bumpy potential + point impurities

I vs. tip position; tip included in scattering 
calculation. ca. 10,000 separate runs



Weak random deflections



Cusp catastrophe









• Same 
momentum 
relaxation 
length, 
resistivity, 
electron density, 
wavelength, etc.



Thermal wavepacket, Ga-AlGaAs, 4.2K
µ

Figure 1: The real part and absolute value squared of the thermal wavepacket at 4.2K in a GaAS-AlGaAs
heterostructure interface.

EF )/kBT ] is nearly a Gaussian, peaked at the Fermi energy. This means the thermal wavepacket may
itself be nearly Gaussian, which is more localized the higher the temperature, and which has a well

defined mean velocity and dispersion in velocity. The width of the wavepacket is just the thermal length:

!T =0.4 microns at 1.7K, and 0.16 at 4.2K in a sample with EF = 0.016ev and "F = 2.86 ! 105

m/s. The thermal length divided by the wavelength is !F /#F = EF /$2kBT " 5 in this example.
The momentum uncertainty of this thermal wavepacket, %"/"F " kB T/2EF is only about 1% of the

average momentum, so that in a 10µm round trip the wavepacket gains only about 0.1µm in width at

4.2K. Higher temperatures will shorten the thermal wavepacket, and increase its momentum uncertainty.
The phase coherence length !![14] provides an upper limit to the temperature for practical use of the

thermal wavepacket, since the !! needs to be longer than !T ; this is assured if kBT << EF , which is

normally not a limitation. Journeys longer than !! will be of course not be coherent. The real part of a

thermal wavepacket at 4.2K and EF = 0.016ev in GaAs/AlGaAs is shown in Fig. 1.

3 Physical picture

The thermal wavepacket approach permits a powerful intuitive picture and a simple estimation tool for

understanding interference effects and electron choreography in small devices. The basic scenario is as

follows: Launched from just to the left of the QPC, a spatially narrow wavepacket emerges to the right,

fanning out as part of an annulus, then suffering small angle scattering, splitting up into pieces due to

collisions with large and small objects, walls, etc. (Fig. 2). The pieces will have the same width in

their direction of travel as the original wavepacket (unless the scattering is resonant and therefore time

delaying). As the pieces arrive at the original QPC (or another terminal) the rule is simple: separate

pieces of the wavepacket must arrive at the same time if they are to interfere. (If the pieces exit to a lead

with several modes open, they interfere mode by mode). If an object which the wavepacket encounters

is moveable, we may follow the oscillation (in conductance) as the interference of the objects’ phase
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when describing a system at thermal equilibrium. Although this is usually true, there is an exception

which exists in principle for non-degenerate systems. Consider an operator A and a system with Hamil-

tonian H with a non-degenerate set of eigenfunctions. Suppose a diagonal density matrix !T correctly

describes the physical situation:

!T =
!

n

pn |"n!""n | (1)

The thermal average of A is then "A!T = Tr[!T A]. Now construct a coherent quantum wavefunction

#(0) =
!

n

#
pn exp[i$n] |"n! (2)

Then the time average of A over the history of the is then

< A >= lim
!!"

1
%

!"

0

"#(t)|A|#(t)! dt =
!

n

pn""n|A|"n! = Tr[!T A] = "A!T , (3)

i.e. the time average of the operator A over the “thermal wavepacket” #(t) is the correct density matrix
trace of A. The phases $n may be chosen arbitrarily, or chosen so as to control the initial location of the

wavepacket. Thus the history of a single, coherent wavepacket determines the thermal average.

There are several reasons why this is normally not very useful. First, very long time propagations

may be needed to converge the time average, a costly and usually non-intuitive process. Second, time

averaging won’t resolve an exact degeneracy and cannot provide a proper incoherent average over the

degenerate states. Since degeneracies abound in real systems, these systems are excluded (this would

seem to exclude all scattering systems except possibly 1D wires). Third, it is often not possible to con-

struct a priori a wavepacket that has the desired pn’s. For example, in a closed billiard any compact,

analytically simple wavepacket will have wildly fluctuating pn’s. Fourth, even if the pn’s can be realized

in a pre-determined wavepacket, their form is often such that the wavepacket is not intuitively or com-

putationally useful. For example, neither the Boltzmann distribution nor the the Fermi distribution gives

a compact wavepacket if kBT is greater than the lowest characteristic energies of the system.
Thus it is remarkable that all four of these problems moderate or disappear altogether for at least one

very important experimental situation: determination of conductanceG of electrons at finite temperature

through quantum dots and devices coupled to thermal reservoirs via quantum point contacts (QPC’s).

Indeed for a single mode contact we shall show that a nearly Gaussian wavepacket of width equal to the

thermal length &T = 'F /(kBT where 'F is the Fermi velocity, can be run to give the thermally averaged

conductance and other thermally averaged properties. Quite surprisingly, the thermal averaging is useful,

since the coherent “signal” which survives the averaging leaves clear evidence of the ordering of events

in an ersatz time dependent experiment wherein a narrow electron wavepacket is injected into the device.

The width of the ersatz wavepacket decreases with temperature; it determines the precision with which

we can resolve distances and times in the device. This raises the hope that finite temperatures might be

harnessed to increase quantum coherent control.

2 Thermal wavepackets

As shown some time ago by the discovery of stepwise (in units of 2e2/h) conductance of QPC’s as
they are opened up [1, 2], such devices can be constructed, and indeed are now standard equipment
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How were the calculations done?



How the calculations were 
done



.tiff flie for a potential

SCF and wavepacket codes to be made available 
through NNIN





Questions


