


 

  
 

Transformation Optics 
a new vision for electromagnetism & how it developed 

 
The old optics 
• ray approximation 
• refraction at discrete interfaces 
• limited material properties 
 
 
the new vision 
• beyond the ray approximation 
• near field optics i.e. manipulate D and B as well as the rays 
• sub wavelength optics 
• exploit the potential of metamaterials 
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Refraction of Light – Snell’s Law 
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Snell’s law states: 
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where n is the refractive index of the 
material 

 

 
 

Willebrord Snell van Roijen  
(or Snellius) (1580- 1626) 



Focussing light 
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lens, n.  L. lens lentil, from the similarity in form. A piece 
of glass with two curved surfaces 
 

 

Galileo by Leoni - 1624 



 

Einstein, Light, and Geometry 
– the theory 

 
The general theory of relativity: gravity 
changes geometry.  

Therefore gravity should bend light 



 

Instant Tutorial on Einstein’s General Theory 
A gravitational field distorts space so that a straight 
line is no longer the shortest distance between two 
points. 

If we start with no gravitational fields (upper figure) 
light travels in a straight line, but nearby massive 
objects distort space and with it the trajectory of any 
light rays. Einstein described the stretching or 
contracting of space by a quantity called the metric 
and gave it the symbol g.  

Einstein’s metric has exactly the same effect on light 
as a refractive index. So we can model the effect of 
powerful gravitational fields on light by creating the 
appropriate refractive materials in the laboratory. 

In fact we can do more …. 

 



 

 

Transformation Optics 
Formal theory: A. J. Ward and J. B. Pendry, J Mod Op, 43 773 (1996) 

 

 
Top: a ray in free space with the 
background Cartesian coordinate grid 
shown. Bottom: the distorted ray 
trajectory with distorted coordinates.

Maxwell’s equations are invariant in 
form under a coordinate 
transformation but in the new 
coordinate system we must use 
renormalized values of the permittivity 
and permeability, ,ε μ. 
Distortions of a system of electric and 
magnetic fields can be represented as 
coordinate transformations. We can 
use these transformations to calculate 
values of ', 'ε μ  which ensure that 
Maxwell’s equations are still satisfied. 

 



 

 

Peter Pan loses his shadow – black is not enough! 

 



 

 

Peter Pan loses his shadow – going, going – gone 
 

 
 75% Peter 50% Peter 0% Peter 
 



 

 

Design methodology 
The challenge is to design material for the screening zone which has exactly 
the right refractive index to deflect radiation around the protected zone in the 
way we desire. In order to achieve this we need a technique for reshaping the 
trajectory of rays so that they avoid the objects we want to hide, but emerge 
from the volume of interest as though they had not been deflected. 

 
Left: a ray in free space with the background Cartesian coordinate grid. Right: 
a severe distortion of the coordinate system that creates a hole within which to 
hide our secure zone. 



 

How to bend Light 
A simple example: refraction at a surface 

Snell’s law states: 
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where n is the refractive index of the material 
 

A Mirage – the refractive index varies continuously near the road surface 
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Strategy for cloaking 
 

We are going to hide an object 
behind a mirage, bending light 
around the object, just like a road 
mirage. We do this by grading the 
index of refraction in the cloak so as 
to bend the light by exactly the right 
amount. 

Ordinary materials like glass are not 
adequate for this task and we have 
had to invent a new class of 
materials, metamaterials, whose 
properties can be tailored virtually 
at will. 

 
 



 

What is a ‘metamaterial’ 

Conventional materials: properties derive from 
their constituent atoms. 
 

 

Metamaterials: properties derive from their 
constituent units. These units can be engineered as 
we please. 

 



 

 

Realising an optical cloak 
W. Cai, UK Chettiar, AV Kildishev & VM Shalaev, Nature Photonics 1 224 (2007) 

 
Metallic wires oriented alond the radii provide the necessary graded refractive 
index. 



 

 

Magnetic field strength inside the optical cloak 

 
top: cloak in place hiding an ideal metal cylinder 
bottom: no cloak showing scattering by an an ideal metal cylinder 
 



A visible frequency cloak 
I.I. Smolyaninov, V.N. Smolyaninova, A.V. Kildishev, & V.M. Shalaev, 
PRL 102, 213901 (2009) 

 
Cloaking is achieved by guiding 
light around the hidden region. This 
can be achieved using a smoothly 
varying refractive index – difficult 
in practice. 
A waveguide has an effective 
refractive index determined by its 
height. Varying the height tunes the 
refractive index – a much simpler 
procedure. 



 

Recent Developments in Cloaking 
Hiding Under the Carpet: a New Strategy for Cloaking, Jensen Li & 
JB Pendry, Physical Review Letters 101 203901 (2008). 

 

This paper uses the original cloaking prescription, except that implementation 
no longer requires the ‘split ring’ structures: 

….. the cloak is a tunnel 4μm by 1.5μm … and is defined relative to silica 
(SiO2) of permittivity  2.25refε = . In this case, the permittivity of the cloak 
varies in the range 1.5 4.4ε< < . This range can be obtained etching or drilling 
sub-wavelength holes of different sizes along a direction parallel to the hidden 
tunnel, in a high dielectric, e.g., Si. The inner surface of the cloak is coated by 
a highly reflective metal such as silver or aluminium. ….. 



 

Optimising the refractive index profile 

 
Cavity opened by compressing the y- coordinate to give anisotropic cells. The 
colour bar shows the profile in 2n . The x and y scales are given in mμ . 

 
Quasiconformal grid gives almost isotropic cells, but a greater index contrast. 



 

Cloaking an arbitrary cavity on a conducting surface 
 
Left: computed E-field pattern with 
the cloak located within the 
rectangle in dashed line when a 
Gaussian beam is launched at 45° 

towards the ground plane from the 
left.  
 
 

 
Left: computed E-field pattern when 
only the object is present without the 
cloak.  
 

The width of the beam is around 
4 mμ  at a wavelength of 750nm. The 
medium above the ground plane and 
outside the cloak is SiO2 of = 1.5n  



 

An optical cloak that uses dielectrics 
Jason Valentine, Jensen Li, Thomas Zentgraf, Guy Bartal & Xiang Zhang 

University of California Berkeley 

Nature Materials 29 April 2009 

 

Proposals for cloaking devices, where objects appear invisible at certain 
frequencies, have been suggested by recent theories that include transformation 
optics and conformal mapping. …. Here we show the first experimental 
demonstration of optical cloaking deemed ‘carpet cloaking’. The optical cloak 
is designed using quasi-conformal mapping to conceal an object that is placed 
under a curved reflecting surface by imitating the reflection of a flat surface. 
The cloak consists only of isotropic dielectric materials, which enables 
broadband and low-loss invisibility at a wavelength range of 1400 - 1800 nm.  



 

Schematic diagram of a fabricated carpet cloak 
….. showing the different 
regions, where C1 is the 
gradient index cloak and C2 
is a uniform index 
background. The cloak is 
fabricated in a SOI wafer 
where the Si slab serves as a 
2D waveguide.  

 

 

 

 

The cloaked region (marked with green) resides below the reflecting bump 
(carpet). and can conceal any arbitrary object. The cloak will transform the 
shape of the bump back into a virtually flat object. 



 

Scanning electron microscope image  
of a fabricated carpet cloak 

 
The width and depth of the cloaked bump are 3.8 μm & 400 μm, respectively. 



 

The optical cloaking experiments 
(a) Gaussian beam 
reflected from a flat 
surface 

 

 

(b) a curved (without a 
cloak) surface  

 

 
(c). and the same curved 
reflecting surface with a 
cloak  

 
 

Left column: the schematic diagrams; right column: optical microscope images  

red curves: experimental intensity profile 

blue curves: computer simulations 



 

Negative refraction – Veselago 
Snell’s law: refractive index 1
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    n is positive      n is negative 

 
 



 

Transformation optics & negative refraction 
The Veselago lens can be understood in terms of transformation optics if we 
allow ‘space’ to take on a negative quality i.e. space can double back on itself 
so that a given event exist on several manifolds: 

        



A Negative Paradox 
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The left and right media in this 2D
system are negative mirror images
and therefore optically annihilate
one another. However a ray
construction appears to contradict
this result. Nevertheless the
theorem is correct and the ray 
construction erroneous. Note the
closed loop of rays indicating the
presence of resonances. 





 

Cylindrical/Spherical lenses 

2003 Astron contract “Application of –ve materials to narrow beam antennae” 
US Army funded – David Smith & John Pendry 
Transformation optics was used to design the first spherical version of the 
Veselago lens i.e. ‘perfect’ magnification became possible using the 
transformation (cylindrical case), 
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A Perfect Magnifying Glass 
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It is possible to design a spherical annulus of negative material lying between 
2r  and 3r  that acts like a magnifying glass. To the outside world the contents of 

the sphere radius 3r  appear to fill the larger sphere radius 1r  with proportionate 
magnification. 
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      1a)          1b) 
An optical turbine. A plane wave entering the red sphere from the left is 
captured and compressed inside the green sphere. a) A ray picture which 
shows only part of the rays being captured  b) An exact solution of Maxwell’s 
equations. The green sphere is filled with the compressed contents of the red 
sphere as predicted. The region outside the blue sphere is free space.  



 

Transformation Optics Shrinks Optical Devices 
Wei Hsiung Wee, New Journal of Physics 11 (2009) 073033 

Example 1: a shadow created by a sub wavelength device 

left: loss tangent of 35 10−× ,     right: lossless system  

 
Yellow inner cylinder: perfectly absorbing material 
blue annulus: magnifying superlens – radius about ≈ λ  

see also: Yang T, Chen H, Luo X and Ma H 2008 Opt. Express 16 18545–50 



 

Transformation Optics Shrinks Optical Devices 
Wei Hsiung Wee, New Journal of Physics 11 (2009) 073033 

Example 2: a retro-reflector created by a sub wavelength device 

 
Contour plot of the retro reflected field intensity from a super-scatterer 
containing a retro-reflecting cylinder. In this example the effect is to double the 
size of the retro-reflector. 
 



 

Consequences of negative refraction:  
perfect focussing 

 
A conventional lens has resolution limited to no better than the 
wavelength of light – as if it were writing an image with a thick 
pencil. This limits how much data can be written on a DVD, and 
how small we can make a computer chip. 

The new lens based on negative refraction has unlimited resolution, 
provided that the design specifications can be met exactly.  

What is the secret of the new lens? 

 



Near field superlensing experiment: 
Nicholas Fang, Hyesog Lee, Cheng Sun and Xiang Zhan, UCB 

 

 

Left: the objects to be imaged are 
inscribed onto the chrome. Left is an 
array of 60nm wide slots of 120nm 
pitch. The image is recorded in the 
photoresist placed on another side of 
silver superlens.  
 

Below: Atomic force microscopy of a 
developed image. This clearly shows a 
superlens imaging of a 60 nm object 
(λ/6). 

 



Imaging by a Silver Superlens. 
Nicholas Fang, Hyesog Lee, Cheng Sun, Xiang Zhang, Science 534 308 (2005) 

   

(A) FIB image of the object. The linewidth of the ‘‘NANO’’ object was 40 nm.  

(B) AFM of the developed image on photoresist with a 35-nm-thick silver superlens.  

(C) AFM of the developed image on photoresist when the layer of silver was replaced by PMMA spacer 
as a control experiment.  

(D) blue line: averaged cross section of letter ‘‘A’’ line width 89nm 
 red line: control experiment line width 321nm. 
 



  

Transformation Optics  
at Optical Frequencies

 
John Pendry - Imperial College London 

Some Reviews of Metamaterials 
 
Not Just a Light Story 
Nature Materials 5 755-64 (2006) 
 
Negative Refraction 
Contemporary Physics 45 191-202 (2004) 
 
Metamaterials and Negative Refractive Index 
Science 305 788-92 (2004) 
 
 

 

Some Popular Articles 
 
The Quest for the superlens 
Scientific American 60- 67 July (2006). 
 
Manipulating the near field with metamaterials 
Optics & Photonics News 15 33-7 (2004) 
 
Reversing Light with Negative Refraction 
Physics Today 57 [6] 37-43 (June 2004) 
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