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Abstract

The Thévenin/Norton impedance/admittance of a transducer, acting either as a source (e.g., antenna,
loudspeaker, laser-diode) or a sink (e.g., antenna, microphone, solar-cell), along with its loading radiation
impedance, determines the efficiency of energy transfer, from that source to the wave (or back). To model
transduction, a two-port model and the radiation impedance load are required [Orfanidis, S.J., EM Waves
and Antennas, www.ece.rutgers.edu/~orfanidi/ewa Ch. 13; Hunt, F.V., Electroacoustics ]:
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The source impedance ZS(s) ≡ Voltage/Current and load impedance ZL(s) ≡ Force/Velocity are complex
quantities of Laplace frequency s = σ + jω, and analytic in the right-half plane.1 Likewise, solutions of
Maxwell’s Equations define a radiation wave impedance (Orfanidis, p. 32), defined for Maxwell’s equations
in terms of E/H (e.g., the radiation impedance a dipole antenna sees).

Examples: 1-D: For the plane wave in free space, this wave impedance is
√

µ0/ǫ0 = 377 ohms, a
pure resistance. 3-D: For a spherical wave, due to the spreading of the wave, the wave impedance is
mass (inductance) in parallel with the radiation resistance. 2-D: For a cylindrical wave, the radiation
impedance/admittance is related to the “half-derivative,” function

√
s, or semi-inductor. Waves in any

geometry may be expanded in terms of plane waves. This is usually thought of as a 3-D Fourier transform
(i.e., A Hilbert-space representation). This view neglects the causal nature of the radiation impedance.

The question is What is the physical meaning of the reactive component of the radiation impedance?
The answer to this question raises many interesting secondary questions. But first we must understand
the mathematics of time-domain impedance.

Besides LTI+CR (Linear, Time-Invariant, Causal, Real) every radiation impedance is:

1. Passive (e.g., no power source)

2. Minimum Phase (MP) [e.g., z(t) ⋆ y(t) = δ(t)]

3. Positive Real (PR) [e.g., −π/2 ≤ 6 Z(iω) ≤ π/2 ]

4. Positive Definite (PD): Since v(t) = z(t) ⋆ i(t) ≡
∫

t
i(τ)z(t − τ)dτ

P(t) =

∫

t

v(t) · i(t)dt =

∫

z(t) ⋆ i(t) · i(t)dt > 0.

5. Reciprocal (e.g., Tem(s) = ±Tme(s))

It follows that conservation of energy is built into the properties of every wave impedance. I belive this is
subtle, deep and significant.

I will discuss why the Laplace and Fourier step functions

u(t) ↔ 1/s and ũ(t) ↔ πδ(ω) + 1/jω

are very different. The same is true of δ(t) ≡ du/dt and δ̃(t) ≡ dũ/dt. I will argue that Hilbert space is
inferior to the space of causal Laplace-transformable functions, which includes impedance as a subspace.

1Actually log(Z(s)) is analytic.
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