ECE 659 EXAM IV
Friday, Apr.10, 2015 230-320PM, EE117

NAME : SOLUTION

CLOSED BOOK

One page of notes provided, please see last page
All five questions carry equal weight

Please show all work.
No credit for just writing down the answer, even if correct.



4.1. A channel with two levels connected to TWO contacts is described by

€ 0 i - . i = A
H—[O J 3 = —Ey(I+PG.n) 3, = —Ey(l PG.i)

Calculate the transmission Ty, (E) = Trace[[,G*T',G*] in terms of E, €, 7, P.

Solution:

I =il -Z1= y (I+PG.h)
I,=ilZ,-23]=y(I-P&.n)

1
G 'z El—-el+iyl GRl= —— I
[G"] elviyl = [GNl= p—mll]

Ty, = Trace[T,GRT,G*]

2
= — L Tracell + PG.A1[I - PG.A]
(E-&) +y

2
- (E—;/Tyz Trace[l — PX(G.7) (6-7)]

2 2 _ p2
= —72 5 Trace[l—le]z 2y d=pr) (12P )2
(E-¢e)" +y (E-¢&) +vy



o 0
4.2. A contact pointing along +z is described by I'= [0 [3} .

What is the I' for an identical contact pointing along +x ?

Solution:

. o 0 o+ o-p
Given: I'= [O [3}2 5 (71 + > [o.]
If contact points along x

o+p

o-p

= 5 [1] + 5 [o,]
_ lja+p  oa-p
2 |a-p o+f

Can obtain this result directly through basis transformation as well.

RE I N
4 L] 5 %

1o+ a-p
_E[a—ﬁ a+ﬂ}



4.3. An electron has a spinor wavefunction given by 5 {

What are the x, y and z components of its spin S .

Solution:

Compare

Clearly, N+S,=1, N-S,=1 — N=1,5,=0
S,=0,8,=1

(Can do this more formally by taking traces too)

5}
Il
<>

1—i
1+

}



4.4. The Dirac equation for relativistic electrons is written as

}{vf}

mc’l, ¢G.p
E{y} = [ “2

co.p —mc212

where I is the (2x2) identity matrix. It follows that

Ez{l//}z [m0212 co.p ]{mczlz cO.p ]{1//}

c6.p —mc’l, | |cG.p —mc’l,
Show that

K (1]

mctl, ¢G.p mctl, ¢G.p
c6.p —mc’L ||cG.p —mcl,

where 14 is the (4x4) identity matrix. What is K ?

. mc*l, ¢G.p mc*l, ¢G.p A B
Solution: ) 5 =
co.p —mcl, | |co.p —mcl, ¢ D

A = m20412+02[6'.13][6.13] = mzc412 +cz([3.13)12 = (m2c4+02p2)12
B = mc6.51—16.51)= 0 0 _
= mc ([o.p]-[o.p])= 0 ol = %
C = m(6.51-16.5])= 0.0 _
= mc ([o.p]-[o.p])= 0 0 2

D= 02(13.13)12+ m20412 = (mzc4+c2p2)12

Hence
2 S 2 = =
mc“l, c¢oO.p mc“l, coO.p
[c&.ﬁ —mczlj [c&.f) —mczlj

I, Z,
:(mzc4+czp2){z i } = et Pp?) [1,]
T



4.5. Suppose an electron with a 2x1 wavefunction {y}
in an x-directed B-field is described by

L d
lha{‘lf} = upB, [0 1{y} M
. . . . . +
and we define its spin s any direction "j" as sj = {w} [o;] {w} (2)

ds
Starting from (1) and (2), find an expression for d_y in terms of up B, and the
t

components of s (thatis, s, .Sy S, ).

SOLUTION: ih%y/ = ugB, o,y
ihil//+ = _‘uBBx l//+o-x
dt
ds d
y +
—_— —_— G
dt dtw 4
ds d d
h—Y= |ih—y" |o + v'o ['h— }
T {l dtw} 4 oyt v

= HUpB, |:_ l//-'-O-x o-y v o+ l//-’-O-y Oy l//:|

= ,UBBxl//+|:_6xGy + Gny:Il//

= —2iugB.y o,y = —2iugBy s,
ds -
y_ _2ugB, 5. = 2up (5% B)
dt h h Y
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NEGF Equations f1 (1] — [=2] fZ
[H]

Gt = [EI-H-21!

G" = Gfz" gt T= I +3,+3,

A= GfrG4= GArGR .
X To12=i[Z012—Z012]
= G -G"]

. "= £T, + f£T, + TN
= %Trace[ZZ’A—rpG"] & &. 0

p zll'n Zi2n
Coherent transport Device with multiple terminals “r”
“+ oo
1= [ dE (fE)-HENTE) r=>r,
T(E)= GZU/EZ = Trace[T;GRT, G*] 2= 3s=3T, f
q r r
Useful Identities: (axb)m = 2 Emnpnb)
n.p
Z EijkEijn = 264n 2 EijkEimn = 6jm5kn - 5jn6km
i,J i
9
Pauli spin matrices: (2x2) Identity matrix:
0 1 0 —i 1 0 ; 10
O = o, = (o — =
o) [+ 0 |0 —1 0 1
9 b
OmOn = Omnl+i Y Empp0)

p
[GV1[6.Va] = (V.Vo)U]1+i[G.(VyxV,)

Eigenvectors of 0.n=0,sinfcos¢+ 0, sinfsing+0,costd

c —s*
corresponding to eigenvalues +1 and -1 can be written as { } , {C s } respectively,

A

c=cos(0/2)e @2 s=sin0/2) P2



