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a b s t r a c t

Folded sheets appear to behave as a quasi one or two-dimensional system depending on temperature

and radius of the tubes. The Lorenz number for such a system is obtained and it is concluded that for

unfolded sheets, which show 2-D behavior, the Lorenz number may fall sharply at very low

temperature. On relatively high temperature side, the Lorenz number acquires a constant value, close to

the usual metallic behavior, whereas in 1-D systems the Lorenz value is smaller than usual, but is not

expected to fall with the lowering of temperature.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Nanotubes and other low-dimensional structures have drawn a
great deal of attention because of their unique features arising from
size effects. This upsurge of interest is due to both their
technological importance and also the conceptual insight provided
to the realm of systems spatially restricted in one, two or three
dimensions [1–3]. The low-dimensional structures favor several fold
increase in the figure of merit of the material compared to the bulk
[4–7]. The finite-size effect plays an important role when size is
comparable to the mean free path of electrons. Numerous studies
of electrical transport properties [8,9] as well as thermal transport
[10–13] of low-dimensional materials have been performed.

The ratio of thermal to electrical conductivity, commonly
known as the Lorenz number, is the same for almost all metals at
a given temperature T and takes a value around 3(kB/e)2T, where
kB and e are the Boltzmann constant and electronic charge,
respectively. This value is the outcome of large and dominant
electron contribution to thermal transport compared to that of
phonons. The contribution of phonons is small in metals and one
may then rightly expect a constant value for the Lorenz number at
a given temperature. Semiconductors have Lorenz numbers that
may vary with electron density and also with the type of electron
scattering mechanism considered. Depending on the scattering
mechanism for electrons, there is some variation in the Lorenz
factor at low carrier concentration. However, at the degenerate
ll rights reserved.
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limit, all of these converge to the usual metallic value. According
to the size-effect theories, since the dominant carriers in metals
for both thermal and electrical transport are electrons, reducing
the size of a sample decreases electrical and thermal conductiv-
ities by the same factor. It is predicted by this theory that the
Lorenz number has the same value for bulk as well as low-
dimensional structures, which is inconsistent with experimental
observations [14,15]. In this paper, we present analytical
investigations of the Lorenz number and its dependence on
dimensionality and temperature of the material.
2. Theory

It has been shown by Hamada et al. [16] that carbon microtubes
exhibit striking variations in electronic transport from metallic to
semiconducting with narrow and moderate band gaps. A large
p�s hybridization effect can occur in small nanotubes, which
drastically changes the electronic band structure obtained by
simple folded graphite sheet band structure [17]. Carbon based
materials display high thermal conductivities [18]. This gives rise
to large values of Lorenz number, which may be about two orders
of magnitude higher than that for metals. Single-walled tubes have
heat capacities proportional to T at sufficiently low temperatures.

Nanotubes, which are quasi one-dimensional (Q1-D) structures,
could be obtained by rolling two-dimensional sheets. They may
exhibit both 1-D and 2-D behavior under different conditions. For
graphite and other similar structures, the heat capacity can be
written as a sum of electronic and phonon contributions. For
a 2-D sheet of graphite, the heat capacity per unit area at low
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temperature [19] is given by

Cel ¼
2

p
k3

BT2

_2v2
F

5:409, T{TF ð1Þ

where vF and TF are the Fermi velocity and Fermi temperature,
respectively.

It has been shown by Benedict et al. [19] that for a small tube
radius and low temperature, phonon heat capacity is directly
proportional to temperature, whereas for large radius and high
temperature, heat capacity is directly proportional to T2, which
corresponds to a 2-D structure. The electronic contribution to
thermal conductivity [20] is given by

kel ¼
1

3
Celv‘ ð2Þ

where v is the mean electron velocity and ‘ the mean free path.
One can obtain with the above equations

kel ¼
2

3p
k3

BT2‘v

_2v2
F

� 5:409 ð3Þ

From simple kinetic theory, the electrical conductivity of a
two-dimensional electron gas is

s¼ ð2ne2tÞ=m ð4Þ

where t, m and n are the relaxation time for scattering of
electrons at Fermi level, mass of electron and total number of
electrons per unit volume, respectively. The density of electronic
states for a 2-D system of area ‘A’ within energy range dE is given
by
ZðEÞdE¼ mA

2p_2 dE

Hence, the expression for electrical conductivity per unit area
[21] is

s¼ e2

_

kF

2p
‘ ð5Þ

where kF is the Fermi wave vector. A dimensionless quantity
known as Lorenz factor Lf is defined by

L¼
k2

B

e2
Lf

One thus obtains

Lf ¼
4

3

kBTv

mv3
F

� 5:409 ð6Þ

For a 2-D system, the mean kinetic energy is one half of the
Fermi energy:

e¼ 1

2
eF

v2
�

1

2
v2

F

Then expression (6) simplifies to

Lf ¼ 10:2
kBT

mv2
F

ð7Þ

It would be of interest if an expression for the Lorenz factor
in one-dimensional structures were obtained following a
similar procedure. Using the procedure outlined for obtaining
an expression for electrical conductivity (one-dimensional),
one obtains

s¼ 8
e2

_
‘ ð8Þ

This expression can be compared with Eq. (5) for the
two-dimensional case. Referring to the Ioffe–Regel condition
[21], it can be argued that kF‘ would not be very much different
from unity and in that case there exists a minimum of electrical
conductivity for 2-D systems, which is around 160e2/_. There is no
such limiting condition for the one-dimensional case and this is
likely to be reflected in the behavior of the Lorenz factors also. For
1-D structures, the Lorenz factor is then given by

Lf ¼
p
6

v

vF
ð9Þ

3. Results and discussion

The derivation is based on several simplifying assumptions and
may correspond to real physical situations only in a narrow range of
tube-diameter and temperature. The calculation of Lf here is based on
only electronic contributions to thermal conductivity, neglecting
lattice contributions altogether. It is only at very low temperatures
that lattice contributions may be small and predicted values may
come close to the experimental values. It is observed experimentally
that a metallic platinum nanowire (2000 Å diameter and 10 mm
length) exhibits a Lorenz number value (1.82�10�8 V2 K�2) at room
temperature [14]. In this case, one can obtain the Lorenz number
using expression (7), since the radius is large enough to exhibit 2-D
behavior. The calculated value of Lorenz number (2.38�10�8 V2

K�2) is fairly close to experimental observation within T5TF.
The essential feature of this discussion is the expected linear

temperature dependence of the Lorenz factor in 2-D structures.
This result is strictly valid for T5TF. If the sheet is rolled, then at
these temperatures the tube may show one- or two-dimensional
behavior depending on its diameter. However, if the sheet is
spread out, only the two-dimensional result may be applicable.

The main conclusion of this discussion is that the Lorenz factor
in 2-D structures is not a constant value, but may fall linearly as T

approaches absolute zero. This may essentially be due to the fact
that two-dimensional structures have an electrical conductivity
minimum, which is not the case with one-dimensional structures.
However, at very low temperatures, the tube may start behaving
as a one-dimensional system and further decrease in the value of
Lf with temperature, will stop as indicated by Eq. (9). The lowest
expected value for Lf will be determined by the temperature at
which the system starts behaving as 1-D. The expression obtained
for the Lorenz factor in 1-D systems gives a value smaller than
usual as indicated by experimental observations, but is not
expected to fall with decreasing temperature. Further, in the case
of 2-D structure, the temperature rises but not beyond TF, one
may approximate 1=2ðmv2

F Þ by (3/2)kBT and Lf acquires a constant
value, which is almost the same as the usual known value.
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