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ECE-‐656	  Key	  Equations	  (Weeks	  1-‐16)	  
	  
Physical	  constants:	  	  

  = 1.055 ×10
−34 J-s[ ] 	  	   m0 = 9.109 ×10

−31 kg[ ] 	   ε0 = 8.854 ×10
−14 F/cm[ ] 	  

kB = 1.380 ×10
−23 J/K[ ] 	   kB = 8.625 ×10

−5 eV/K[ ] 	   q = 1.602 ×10−19 C[ ] 	  
-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐
Density	  of	  states	  in	  k-‐space:	  
1D:	    

Nk =2 × L 2π( ) = L π 	   2D:	    
Nk =2 × A 4π 2( ) = A 2π 2 	   3D:	    

Nk =2 × Ω 8π 2( ) = Ω 4π 3 	  
	  
Density	  of	  states	  in	  energy	  (parabolic	  bands,	  per	  length,	  area,	  or	  volume):	  

   
D1D E( ) = gv

π
2m*

E − ε1( ) 	      
D2D E( ) = gV

m*

π2 	  
   
D3D E( ) = gv

m* 2m* E − EC( )
π 23 	  

-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐	  
Fermi	  function	  and	  Fermi-‐Dirac	  Integrals:	  

  
f0 E( ) = 1

1+ e E−EF( ) kBT 	  

   
F j ηF( ) = 1

Γ( j +1)
η jdη

1+ eη−ηF
0

∞

∫ 	      
F j ηF( )→ eη ηF << 0 	  

   

dF j

dηF

=F j−1 	  

  
Γ(n) = n −1( )! 	  (n	  an	  integer)	  	    Γ(1 / 2) = π 	   	   	     Γ( p +1) = pΓ( p) 	  
-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐	  
Scattering:	  

   
S p, ′p( ) = 2π


H ′p , p

2
δ ′E − E − ΔE( ) 	  

   �
H ′p , p =

1
Ω

e− i ′p �r 

−∞

+∞

∫ US (r )ei p�r dr 	  

   

1
τ p( ) == S p, ′p( )

′p ,↑
∑ 	   	  

   

1
τ m
p( ) = S p, ′p( )Δpz

pz0′p ,↑
∑ 	   	  

   

1
τ E
p( ) = S p, ′p( )ΔE

E0′p ,↑
∑ 	  

ADP:	   Kβ

2
= β 2DA

2 	   ODP:	   Kβ

2
= D0

2 	   PZ:	   Kβ

2
= qePZ κ Sε0( )2 	   POP:	   Kβ

2
= ρq2ω 0

2

β 2κ 0ε0
κ 0

κ∞

−1
⎛
⎝⎜

⎞
⎠⎟
	  

   
S p, ′p( ) = π

Ωρ ω
Kβ

2
Nω + 1

2


1
2

⎛
⎝⎜

⎞
⎠⎟
δ

′p , p±

β δ ′E − E  ω( ) 	  

   
δ

′p , p±

β δ ′E − E  ωβ( )→ 1

υβ
δ ±cosθ + β

2 p

ωβ

υβ
⎛

⎝
⎜

⎞

⎠
⎟ 	  

   

1
τ
= 1
τ abs

+ 1
τ ems

= 2π


DA
2kBT
cl

⎛

⎝⎜
⎞

⎠⎟
D3D E( )

2
	  (ADP)	  

  
LD =

κ Sε0kBT
q2n0

	  

   

1
τ
= 1
τ m

= 2π

DO

2

2ρω0

⎛

⎝⎜
⎞

⎠⎟
N0 +

1
2


1
2

⎛
⎝⎜

⎞
⎠⎟

D3D E ± ω0( )
2

	  
   
N0 =

1
eωo kB T −1

	  	  (ODP)	  
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Landauer	  expressions	  for	  current:	  

   
I = 2q

h
T E( )M E( ) f1 − f2( )dE∫ 	  

   
I = 2q2

h
T E( )M E( ) −

∂ f0

∂E
⎛
⎝⎜

⎞
⎠⎟

dE∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
V 	  	  (near-‐equilibrium)	  

  
Rball =

1
M EF( )

h
2q2 =

12.8kΩ
M

	  

Distribution	  of	  Modes:	  

  
M1D E( ) = h

4
υx

+ D1D E( ) 	  
  
M2 D E( )W =W

h
4

υx
+ D2 D E( ) 	  

  
M3D E( ) A = A

h
4

υx
+ D3D E( ) 	  

Transmission:	   T E( ) = λ E( ) λ E( ) + L( ) 	   	   Diffusion	  coefficient:	    
Dn = υx

+ λ 2 	  

Uni-‐directional	  thermal	  velocity:	   	  
  
υx

+ =υT = 2kBT π m* ηF << 0( ) 	  
Mean-‐free-‐path	  for	  backscattering:	  

  
λ E( ) = 2υ E( )τ m E( ) 1D λ E( ) = π

2
υ E( )τ m E( ) 2D λ E( ) = 4

3
υ E( )τ m E( ) 3D 	  

-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐	  
(Diffusive)	  Coupled	  current	  equations:	  	    Jx =σE x −σ S dT dx 	      Jx

q = Tσ SE x −κ 0 dT dx 	  

Coupled	  current	  equations	  (inverted):	  
  
E x = ρJx + S

dTL

dx
	   	  

 
Jx

q = π Jx −κ e

dT
dx

	  

Transport	  coefficients:	  

  
σ = ′σ E( )∫ dE =

2q2

h
M λ 	  

  
′σ E( ) = 2q2

h
λ E( ) M E( )

A
−
∂f0

∂E
⎛

⎝⎜
⎞

⎠⎟
	  
  

M = M E( ) −
∂f0

∂E
⎛

⎝⎜
⎞

⎠⎟∫ dE 	  

  
S = −

kB

q
E − EF

kBT
⎛
⎝⎜

⎞
⎠⎟

′σ E( )∫ dE ′σ E( )∫ dE = −
kB

q
⎛
⎝⎜

⎞
⎠⎟

E − EF

kBT
⎛

⎝⎜
⎞

⎠⎟ ave

=
kB

−q
⎛
⎝⎜

⎞
⎠⎟

EC − EF( )
kBT

+
Δn

kBT
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
	  

 π = TLS 	  (Kelvin	  Relation)	  

  

κ 0 = T
kB

q
⎛

⎝⎜
⎞

⎠⎟

2
E − EF

kBT
⎛

⎝⎜
⎞

⎠⎟

2

′σ E( )∫ dE =κ 0 = σT
kB

q
⎛

⎝⎜
⎞

⎠⎟

2
E − EF

kBT
⎛

⎝⎜
⎞

⎠⎟

2⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪ave

  κ e =κ 0 − πSσ 	  

  

κ e

σ
=

kB

q
⎛
⎝⎜

⎞
⎠⎟

2
E − EF

kBT
⎛

⎝⎜
⎞

⎠⎟

2

−
E − EF

kBT
⎛

⎝⎜
⎞

⎠⎟

2⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
T = LT 	  (Weidemann-‐Franz	  “Law”	  )	  	  

  
2

kB

q
⎛
⎝⎜

⎞
⎠⎟

2

< L < π 2

3
kB

q
⎛
⎝⎜

⎞
⎠⎟

2

	  (parabolic	  bands	  with	  energy-‐independent	  scattering)	  

Mobility:	   	  
  
µn ≡

1
nS

2q
h

λ E( )M2 D E( ) −
∂f0

∂E
⎛

⎝⎜
⎞

⎠⎟
dE∫ 	  

Thermoelectric	  Figure	  of	  Merit:	  
  
ZT =

S 2σT
κ 	  
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Equation	  of	  motion	  in	  k-‐space:	  
  
d 

k( ) dt =


Fe 	  

	  

Boltzmann	  Transport	  Equation	  (BTE):	   	  
   
∂ f
∂t

+

υ•∇r f +


Fe •∇ p f = Ĉf 	  

Collision	  integral:	  

   
Ĉf r , p,t( ) = S ′p → p( ) f ′p( ) 1− f p( )⎡⎣ ⎤⎦

′p
∑ − S p→ ′p( ) f p( ) 1− f ′p( )⎡⎣ ⎤⎦

′p
∑ 	  

	  
Relaxation	  Time	  Approximation:	  

   
Ĉf = − f p( )− f0

p( )( ) τ m 	  
	  

 σ = nqµn 	   	  
  
µn =

q τ m

m* 	   	  
 
τ m =

Eτ m E( )
E

	   	     
Dn = υx

2τ m 	  

    

Jn =σ S


E -σ SµH


E ×


B( ) 	   	    µH = µnrH 	     

rH ≡ τ m
2 τ m

2
	   	  

  
ω c =

qB
m* 	  

  
RC =

ρCρSD

W
coth LC / LT( )

	  
-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐-‐	  

  �

∂nφ
∂t

= −∇ �

Fφ +Gφ − Rφ 	  

   
nφ (r ,t) = 1

Ω
φ( p) f r , p,t( )

p
∑ 	  	   	  

   


Fφ ≡

1
Ω

φ p( ) υ f r , p,t( )
p
∑ 	  

    
Gφ = −q


E i

1
Ω


∇ pφ f

p
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
	   	   	  

  
Rφ ≡

nφ − nφ
0

τφ

	  

  

υ =

υd +

c 	  
  
W = n 1

2
m*υd

2 + 1
2

m* c2⎛
⎝⎜

⎞
⎠⎟
	  

  
3
2

kBTe ≡
1
2

m* c2 	  
  
Qx ≡ n

1
2

m* c2cx
	  

	  

   �

∂n r ,t( )
∂t

= 1
q
∇ �

Jn 	  

    �
τ m

∂

Jn
r ,t( )

∂t
+

Jn = nqµn


E + 2µn∇ �


W 	  

    �

∂W r ,t( )
∂t

= −∇ �

FW +


Jn �


E −
W −W0( )
τ E

	  

    �
τ FW

∂

FW
r ,t( )

∂t
+

FW = −µEW


E - 2µE


W •


E − τ FW
∇ �

X 	  

   
FW = − 5

3
µEWE x −

10
3
µE

d W kBTe / q( )
dx

	  


