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Landauer Approach 
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f1 E( ) = 1
1+ e E−EF1( ) kBT f2 E( ) = 1

1+ e E−EF 2( ) kBT

I
I device 

L

f1 E( ) f2 E( )

transmission, modes (channels), differences in Fermi functions 
   
I = 2q

h
T E( )∫ M E( ) f1 − f2( )dE



Definition of channels (2D) 
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Units: M E( ) = m( ) J-s( ) m
s

⎛
⎝⎜

⎞
⎠⎟

#
J-m2

⎛
⎝⎜

⎞
⎠⎟ = #

M E( ) ≡W h
4

υx
+ E( ) D2D E( )Define: 

A channel (or mode) is a state with a velocity 
in the direction of transport. 

Average velocity in the +x (transport) direction =  
υx

+ E( ) = υx E( )



Channels (modes) in 1D 
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M1D E( ) = h
4

υx
+ E( ) D1D E( )

(Easily generalized to arbitrary bandstructures in 2D and 3D.) 

kx

E kx( )

EC M E1( ) = 1

E1



Channels 
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Example:  M(E) in 2D 
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M E( ) ≡W h
4

υx
+ E( ) D2D E( ) M 2D E( ) ≡ M E( ) W = h

4
υx

+ E( ) D2D E( )

υx
+ E( ) = ?

 
D2D E( ) = gv

m*

π!2
⎛
⎝⎜

⎞
⎠⎟
J-1m-2 (parabolic energy bands) 

(number) (number per unit width) 



Average velocity in the direction of transport 
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EF1

f1 E( )

EF1 EF2

f2 E( )x

y
θ

I

I

L

W
 

υ

υ E( ) = 2 E − EC( )
m*

υx E( ) =υ E( )cos θ( )
υx

+ E( ) =
υ E( )cos θ( )

−π 2

+π 2

∫ dθ

π
= 2
π
υ E( ) ✓ 

E = EC +
1
2
m*υ 2 (parabolic energy bands) 



M(E) in 2D 
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M E( ) ≡W h
4

υx
+ E( ) D2D E( ) M 2D E( ) ≡ M E( ) W = h

4
υx

+ E( ) D2D E( )

 
D2D E( ) = gv

m*

π!2
⎛
⎝⎜

⎞
⎠⎟
J-1m-2

υx
+ E( ) = 2

π
υ E( )  

M 2D E( ) = gv
2m* E − EC( )

π!
m-1

υ E( ) = 2 E − EC( )
m*

How do we interpret this result? 



  
M E( ) = gV

W k
π

= gV

W
λB E( ) 2
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Interpretation 

   
D2 D E( ) = gV

m*

π2

   
M E( ) = gVW

2m* E − EC( )
π

  
M E( ) =W

h
4
υx

+ D2 D E( )

( )
*

2 CE E
m

υ
−

=

  
υx

+ = 2
π
υ

   
E − EC + !

2k 2

2m*
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k = 2π

λB

=
2m* E − EC( )

!

λB is the de Broglie 
wavelength of 
electrons. 



  
M E( ) = gV

W k
π

= gV

W
λB E( ) 2
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Interpretation 
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At any energy, E, the electron has a de Broglie wavelength. 
The number of half wavelengths that fit into the width of the 
2D conductor is the number of channels M(E). 
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Waveguide modes 

x

yz t
W

( , ) sinxik x
yx y e k yψ ∝

  
ky = jπ W j = 1,2,...
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Confinement in z produces 
widely spaced subbands.  We  
will consider only the first.  

Confinement in y also..  

   
E = ε z1 +

!2ky
2

2m* +
!2kx

2

2m* = ε z1 +
!2 j2π 2

2m*W 2 +
!2kx

2

2m*



Recall:  Subbands 
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E kx( )

kx

ε2

ε1

 

!2kx
2

2m*

 
ε j =

!2π 2 j2

2m*W 2 j = 1,2,3...

ky = kyj =
π
W

j j = 1,2,3...

ε3 kyj =
2π
λBj

j = W
λBj 2

For subband j, j half 
wavelengths fit into the width 
of the conductor, W. 



One mode 
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E kx( )

kx

ε2

ε1

 

!2kx
2

2m* ε3

j = W
λBj 2

= 1

E

j = 1
j = 1 corresponds to 
subband 1. At this energy, 
only subband 1 has 
channel. 

  M E( ) = 1



Two modes 
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E kx( )

kx

ε2

ε1

 

!2kx
2

2m*

ε3

j = W
λ j 2

= 2

E

j = 1

j = 2   M E( ) = 2

j = 2 corresponds to 
subband 2. At this energy, 
subbands 1 2 both provide 
a channel. 
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Waveguide modes 

x

yz t
W

( ) ( ) 2B

WM E
Eλ

= When ( ) ( )1 2BM E E Wλ= → =

2Bλ

smallest ky 

  M E( ) = j = 1
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Waveguide modes: M = 2 

x

yz
t
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W

( ) ( ) 2B

WM E
Eλ

= When ( ) ( )2 BM E E Wλ= → =

largest ky 

smaller ky 

  M E( ) = j = 2
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Waveguide modes 

x

yz
t

M = # of electron half wavelengths that fit into W.   
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W

largest ky 

smaller ky 

Most convenient when the number of modes is 
small and countable. 



Modes from the DOS 
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Most convenient when the number of modes is 
large and NOT countable. 

M E( ) ≡ h
4

υx
+ E( ) D1D E( ) υx

+ E( ) = υ E( )

1D (single subband): 

M E( ) =W h
4

υx
+ E( ) D2D E( ) υx

+ E( ) = 2
π
υ E( )

2D: 

M E( ) ≡ A h
4

υx
+ E( ) D3D E( ) υx

+ E( ) =
υ E( )
2

3D: 
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DOS (for parabolic energy bands) 
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D E( ) = AD2D E( ) = A m*

π!2 Θ E − ε1( )

   
D E( ) = ΩD3D E( ) = Ω

m* 2m* E − EC( )
π 2!3 Θ E − EC( )

   
D E( ) = L D1D E( ) = L

π!
2m*

E − ε1( )Θ E − ε1( )

D3D 

E 

D2D 

E 

D1D 

E 

   
E k( ) = EC + !2k 2 2m*( )



M2D 

E 
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Number of modes (for parabolic energy bands) 
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M E( ) =W M2D E( ) =W

2m* E − EC( )
π!

   
E k( ) = EC + 2k 2 2m*( )

   
M E( ) = A M3D E( ) = A m*

2π!2 E − EC( ) M3D 

E 

  M E( ) = M1D E( ) = 1

M1D 

E 

1 
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M(E) vs. DOS (parabolic bands) 

M3D 

E 

M2D 

E 

M1D 

E 

1 

D3D 

E 

D2D 

E 

D1D 

E 

E

EE

1 E
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M(E) in 1D:  physical picture 

E

 BW  E

π a−π a
 E

 ε1

  ε1
top

 E

 
M E( )

 BW

 ε1

  ε1
top

 1
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M(E) for graphene 

( ) ( )
4 x
hM E W D Eυ+=

   
M (E) =W

2 E
πυF
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for graphene: 

   D(E) = 2 E π!2υF
2

2
x Fυ υ

π
+ =

 υ E( ) =υF
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M(E) vs. D(E) for graphene 

E

( )D E

( )D E E∝

   D(E) = 2 E π!2υF
2

FE

E

( )M E

( )M E E∝

FE

   M (E) =W 2 E π!υF
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M(E) for graphene: two definitions 

  
M (E) = gV

W
λB 2( )

DOS definition 
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Waveguide 
mode definition 

( ) ( )
4 x
hM E W D Eυ+=

   
M (E) =W

2 E
π!υF

Both give the same answer: 
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Aside: DOS and conductivity effective masses 

 n = NCF1/2 ηF( )

ηF = EF − EC
kbTL

   
NC =

2mD
* kBT( )3/ 2

4π 3/ 23

  
mD

* = 62/3 ml
*mt

*( )1/3

“density of states effective 
mass” (silicon) 

µ = qτ
mc
*

  

1
mC

* =
1
3

1
ml

* +
2

mt
*

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

“conductivity effective 
mass” (silicon) 
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DOM effective mass 

To see how to compute M(E) for an arbitrary E(k), and 
how to compute the “distribution of modes” effective 
mass, see: 
 
Changwook Jeong, Raseong Kim, Mathieu Luisier, 
Supriyo Datta, and Mark Lundstrom, “On Landauer vs. 
Boltzmann and Full Band vs. Effective Mass 
Evaluation of Thermoelectric Transport Coefficients,” 
J. Appl. Phys., 107, 023707, 2010. 
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Summary 

  
I = 2q

h
T E( )M E( ) f1 − f2( )dE∫

( ) ( )2 24D x D
hM E W W D Eυ+=

( ) ( )1 14D x D
hM E D Eυ+=

( ) ( )3 34D x D
hM E A A D Eυ+=

modes 
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Summary 
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1)  The density of states is used to compute carrier densities. 
 
2)  The number of modes (channels) is used to compute the 

current. 
 
3)  The number of modes at energy, E, is proportional to the 

average velocity (in the direction of transport) at energy, E 
times the DOS(E). 

 
4) M(E) depends on the bandstructure and on dimensionality. 
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Questions? 

To compute the current, 
simple use the correct M(E) 
for the material and for the 
dimension (1D, 2D, or 3D). 

   
I = 2q

h
T E( )∫ M E( ) f1 − f2( )dE


