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The BTE 

  

df
dt coll

= Ĉf = in-scattering - out-scattering
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∂ f
∂t

+

υ•∇r f +


Fe •∇ p f = Ĉf

  δ f = f !p( )− fS
!p( )

   
Ĉf = −

δ f !p( )
τ m

Relaxation Time Approximation 
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1.   Solution without B-field 
2.  Transport tensors 
3.  B-fields 
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Steady-state BTE with no B-fields 
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∂ f
∂t

+
!
υ i∇r f +

!
Fe i∇ p f = Ĉf →

!
υ i∇r f − q

!
E i∇ p f = Ĉf

We have previously solved this equation for no spatial 
gradients and found an expression for the mobility. 

We also previously solved this equation for no electric 
field and found an expression for the diffusion 
coefficient. 

What if there is both an electric field and a spatial 
gradient (and a temperature gradient)? 
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Steady-state BTE with no B-fields 
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RTA  f
!p( ) = fS

!p( ) +δ f !p( )

 fS
!p( ) >> δ f !p( )

“near-equilibrium” 

no B-fields for now 

  
!
Fe = −q

!
E

  

!
υ i∇r f − q

!
E i∇ p f = −δ f

τ m
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Solving the near eq., s.s BTE 

  


υ i∇r f − q


E i∇ p f = −

δ f p( )
τ m

∇r f ≈ ∇r fS ∇ p f ≈ ∇ p fS

  

!
υ i∇r fS − q

!
E i∇ p fS = −

δ f !p( )
τ m

  δ f
!p( ) = −τ m

!
υ i∇r fS + qτ m

!
E i∇ p fS
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BTE solution 

  δ f = −τ m
!
υ i∇r fS + qτ m

!
E i∇ p fS

 

Θ r , p( ) = E r , p( )− Fn
r( )⎡⎣ ⎤⎦ kBT

= EC
r( ) + E p( )− Fn

r( )⎡⎣ ⎤⎦ kBT

  
δ f = τ m kBT − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ i∇rΘ− q

!
E i∇ pΘ⎡⎣ ⎤⎦

∇r fS =
∂ fS
∂Θ

∇rΘ

∇ p fS =
∂ fS
∂Θ

∇ pΘ

∂ fS
∂Θ

= kBT
∂ fS
∂E

 
fS
!p( ) = 1

1+ eΘ
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BTE solution 

 Θ
r , p( ) = EC

r( ) + E p( )− Fn
r( )⎡⎣ ⎤⎦ kBT

 
∇rΘ = 1

kBT
∇rEC −∇rFn[ ]+ EC + E

p( )− Fn⎡⎣ ⎤⎦∇r
1
kBT

⎛
⎝⎜

⎞
⎠⎟  

∇ pΘ =

υ p( )
kBT

  
δ f = τ m kBT − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ i∇rΘ− q

!
E i∇ pΘ⎡⎣ ⎤⎦
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δ f = τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ i −∇rFn +T EC + E

!p( )− Fn⎡⎣ ⎤⎦∇r
1
T

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭
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Generalized force 

  


F = −∇rFn +T EC + E k( )− Fn⎡⎣ ⎤⎦∇r

1
T

⎛
⎝⎜

⎞
⎠⎟

  
δ f = τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ •
!

F
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The two forces driving currents are: 
 

 1)  gradients in the QFL 
 2)  gradients in (inverse) temperature.   

According to the Landauer Approach (f1 – f2) produces 
currents. Differences in Fermi level and temperature cause 
differences in f. 
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What next? 
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δ f = τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ •
!

F
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Moments 

 
n !r( ) = 1

Ω
fS
!r ,
!
k( )!

k
∑ +δ f !r ,

!
k( ) ≈ 1Ω fS

!r ,
!
k( )!

k
∑

 


Jn
r( ) = 1

Ω
−q( ) υ


k( )δ f r , k( )

k
∑

 


JQ
r( ) = 1

Ω
E − Fn( ) υ


k( )δ f r , k( )

k
∑

Lundstrom ECE-656 F17 

 
f !r ,
!
k( ) = fS

!r ,
!
k( ) +δ f !r , !k( )
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2.  Transport tensors 
3.  B-fields 
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Current (symbolic notation) 

 


Jn
r( ) = 1

Ω
−q( ) υδ f r ,


k( )

k
∑

  
δ f = τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ i
!

F

  


F = −∇rFn +T EC + E k( )− Fn⎡⎣ ⎤⎦∇r

1
T

⎛
⎝⎜

⎞
⎠⎟

  

!
Jn
!r( ) = −q( )

Ω
τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ
!
υ i
!

F⎡⎣ ⎤⎦!
k
∑

  

!
Jn
!r( ) = −q( )

Ω
τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ
!
υ( )i

!
F

!
k
∑ tensor 
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Current (indicial notation) 

 


Jn
r( ) = 1

Ω
−q( ) υδ f r ,


k( )

k
∑

  
δ f = τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟
!
υ i
!

F
  


F = −∇rFn +T EC + E k( )− Fn⎡⎣ ⎤⎦∇r

1
T

⎛
⎝⎜

⎞
⎠⎟
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Ji
!r( ) = 1

Ω
−q( )υiδ f

!r ,
!
k( )!

k
∑

 
δ f = τ m − ∂ fS

∂E
⎛
⎝⎜

⎞
⎠⎟υ jF j

 
Fi = −∂i Fn +T EC + E k( )− Fn⎡⎣ ⎤⎦∂i

1
T

⎛
⎝⎜

⎞
⎠⎟
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Current (indicial notation) 
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!
Ji
!r( ) = 1

Ω
−q( )υiδ f

!r ,
!
k( )!

k
∑

 
δ f = τ m − ∂ f0

∂E
⎛
⎝⎜

⎞
⎠⎟υ jF j  Fi = −∂i Fn

  
Ji
!r( ) = 1

Ω
−q( )υiτ m − ∂ f0

∂E
⎛
⎝⎜

⎞
⎠⎟υ jF j!

k
∑

 
Ji
!r( ) = 1

Ω
−q( )υiτ m − ∂ f0

∂E
⎛
⎝⎜

⎞
⎠⎟υ j ∂ j!

k
∑ Fn

 
Ji
!r( ) = 1

Ω
−q( )υiτ m − ∂ f0

∂E
⎛
⎝⎜

⎞
⎠⎟υ j!

k
∑⎧

⎨
⎩

⎫
⎬
⎭
∂ j Fn  Ji

!r( ) =σ ij ∂ j Fn
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Conductivity tensor 
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σ ij =

1
Ω

−q( )υiυ jτ m − ∂ fS
∂E

⎛
⎝⎜

⎞
⎠⎟!

k
∑

 Ji
!r( ) =σ ij ∂ j Fn



Coupled charge and heat current equations 

 
qx = −κ L

dT
dx

⎛
⎝⎜

⎞
⎠⎟

  
E = ρJ + S

dT
dx

electrical current: 

heat current (lattice): 

heat current (electronic): 

 
JQ = π J −κ e

dT
dx

17 

  
E i = ρij J j + Sij

∂T
∂x j

 
JQi = π ij J j −κ ij

e ∂T
∂x j

 
qi = −κ ij

L ∂T
∂x j

⎛

⎝
⎜

⎞

⎠
⎟
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1.  Solution without B-field 
2.  Transport tensors 
3.  B-fields 
4.  Example 
5.  Summary 



B-field dependent transport 
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E i = ρij

!
B( ) J j + Sij

!
B( ) ∂T

∂x j

  
JQi = π ij

!
B( ) J j −κ ij

e
!
B( ) ∂T

∂x j

   
ρij

!
B( ) = ρij

!
B = 0( ) + ∂ρij

!
B( )

∂Bk

Bk +

   
ρij

!
B( ) = ρij

!
B = 0( ) + ρijk Bk +

 
ρij
!
B( ) = ρ0δ ij + ρ0µHε ijkBk + ...

Cubic semiconductors: 

Lundstrom ECE-656 F17 



Form of the tensors (cubic semiconductors) 
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E i = ρij


B( )J j + Sij


B( )∂ jT

 
Ji
Q = π ij


B( )J j −κ ij

e B( )∂ jT

See Smith, Janek, and Adler, Chapter 9, for expressions for the B-field 
dependent transport tensors. 

 
ρij
!
B( ) = ρ0δ ij + ρ0µHε ijkBk + ...

 
Sij
!
B( ) = S0δ ij + S1ε ijkBk + ...

 
π ij

!
B( ) = π 0δ ij +π1ε ijkBk + ...

 
κ ij

e !B( ) =κ 0δ ij +κ1ε ijkBk + ...
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1.   Solution without B-field 
2.  Transport tensors 
3.  B-fields 
4.  Example 
5.  Summary 



B-field dependent Seebeck coefficient 
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n-type semiconductor 
  T1   T2 > T1

  I = 0

− +

  ΔV = SΔT ?

 y

 x

 z

  Bz ẑ

  ∂TL ∂y = 0

isothermal in 
the y-direction 
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Magneto-Seebeck effect (isothermal in y) 
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E i = ρij


B( )J j + Sij


B( )∂ jT

 
Ji
Q = π ij


B( )J j −κ ij

e B( )∂ jT

  
E x = ρij


B( )J j + Sxx


B( )∂xT

  
E x = Sxx


B( )∂xT

 
Sxx

B( ) = S0 + S1ε xxzBz

 
Sij
!
B( ) = S0δ ij + S1ε ijkBk

 
Sxx

B( ) = S0

 E x = S0∂xT

B-field has no 
effect (to first 

order) 
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Magneto-Seebeck effect (adiabatic in y) 
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E i = ρij


B( )J j + Sij


B( )∂ jT

 
Ji
Q = π ij


B( )J j −κ ij

e B( )∂ jT

  
E x = Sxj


B( )∂ jT

κ ij
e =κ 0

eδ ij +κ1
eεijkBk

 
Sij

B( ) = S0δ ij + S1εijkBk

 E x = S0∂xT + S1Bz∂yT

 
Jy
Q = 0 =−κ yj

e B( )∂ jT

∂yT =
κ1

e

κ 0
e Bz∂xT

 
E x = S0 +

S1κ1
e

κ 0
e Bz

2⎛
⎝⎜

⎞
⎠⎟
∂xT

 E x = Sapp∂xT
0 =−κ 0

e ∂yT −κ1
eε yxz ∂xT Bz



Comments 
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See Lundstrom, p. 179 for table listing other effects 
involving a transverse B-field. 
 
(Also includes effects to second order in B-field)  
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1.  Solution without B-field 
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5.  Summary 



Summary 
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1)  Under near-equilibrium conditions with the RTA, 
the  BTE can be solved to find the probability that 
states in the device are occupied. 

 
2)  From the solution, we can determine the electric 

and heat currents.  For diffusive transport, the 
results are equivalent to the Landauer approach. 

 
3)  The BTE is convenient for anisotropic transport, 

for including B-fields, for resolving transport in 
space, and for off-equilibrium transport,  but 
ballistic transport is hard.  

Lundstrom ECE-656 F17 



Summary 
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4)  When the RTA cannot be used, the near-equilibrium 
transport equations still have the same form, but to 
evaluate the transport coefficients, numerical methods 
are necessary. 

 
 See: 

 
 D.L. Rode, “Low-field electron transport,” in 
Semiconductors and Semimetals, Vol. 10, pp. 1-89, 
ed. by R.K. Willardson and A.C. Beer, Academic 
Press, NY, 1975. 
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∂ f
∂t

+

υ•∇r f +


Fe •∇ p f = Ĉf

   f
r , p,t( )

This is a six-dimensional integro-differential equation 
for f(r, p, t).   

For near-equilibrium conditions in bulk semiconductors, 
analytical solutions are (sometimes) possible. 
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Summary 
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∂ f
∂t

+

υ•∇r f +


Fe •∇ p f = Ĉf   f

r , p,t( )

Far from equilibrium, solving the BTE becomes even 
more difficult.  The RTA cannot be used, and devices 
have complicated structures with rapidly varying fields. 

Some problems can be solved by special techniques 
(e.g. Monte Carlo simulation), but solving the BTE in 3D 
(or even 2D) is usually not possible. 
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Is there a better way? 
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Questions 

1.  Solution without B-field 
2.  Transport tensors 
3.  B-fields 
4.  Example 
5.  Summary 


