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ECE 656: Transport physics 

Near-equilibrium: 
 

 ✓ ballistic to diffusive 
 ✓ electrons and phonons 
 ✓ coupled flows 
 ✓ magnetic fields 
 ✓ electrical characterization 
  

Far from equilibrium: 
 

 - diffusive high-field (hot carrier) transport in the bulk 
 - non-local transport in devices 

  - ballistic transport in devices under high bias 
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ECE 656: Analytical and numerical techniques 

Lundstrom ECE-656 F17 

1)  Landauer approach 
 
2)  Boltzmann Transport Equation 
 
3)  Moments of the BTE 
 
4)  Monte Carlo simulation 
 
5)  (Quantum transport) 

✓ 
✓ 
è 
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Boltzmann Transport Equation (BTE) 
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∂ f
∂t

+

υ•∇r f +


Fe •∇ p f = Ĉf

in general, very difficult to solve 
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Moments of the BTE 
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physical quantities are moments of  

 
nφ
r ,t( ) = φ p( ) f r , p,t( )

p
∑

 f
r , p,t( )

 

!
Jn
!r ,t( ) = 1

Ω
−q( ) !υ f !r , !p,t( )

!p
∑

e.g. 

 φ
!p( ) = −q( ) !υ
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More moments 

 φ
!p( ) = 1:

 φ
!p( ) = −q( ) !υ !p( ) : current density  nφ (

!r ,t) =
!
Jn (
!r ,t)

 nφ (
!r ,t) =W (!r ,t) K.E. density 

Can we bypass solving the BTE and solve directly for 
the physical quantities of interest? 

 φ
!p( ) = !υ !p( ) E !p( )− EC( )

electron density  nφ (
!r ,t) = n(!r ,t)

 φ
!p( ) = E !p( ) :

energy flux  nφ (
!r ,t) =

!
FE (
!r ,t)
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Outline 

1)  Introduction 
2)  The prescription 
3)  Summary 
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The continuity equation for holes 

A familiar balance equation: 
 

∂p
∂t

= −∇i


Jp
q

+Gp − Rp

in-flow 

out-flow 

∂p ∂t

in-flow - out-flow = - divergence of flux 

recombination generation 
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The continuity equation for nϕ 

in-flow 

out-flow 

∂nφ ∂t

in-flow -out-flow = - divergence of flux 

recombination generation 

 

∂nφ
∂t

= −∇i

Fφ +Gφ − Rφ
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Derivation 

 

∂ f
∂t

+υx
∂ f
∂x

− qE x
∂ f
∂px

= Ĉ f

no explicit generation-
recombination terms, 
but… 

We will find “generation” and “recombination” terms in 
the moment equations. 
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Derivation (II) 

 

∂ f
∂t

+υx
∂ f
∂x

− qE x
∂ f
∂px

= Ĉ f

  
φ !p( ) ∂ f

∂t
= −φ !p( )υx

∂ f
∂x

+φ !p( )qE x
∂ f
∂px

+φ !p( )Ĉ f

 
→ ∂ f

∂t
= −υx

∂ f
∂x

+ qE x
∂ f
∂px

+ Ĉ f

Multiply by a function of momentum: 
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Derivation (iiI) 

  

∂ φ !p( ) f( )
∂t

= −
∂ φ !p( )υx f( )

∂x
+ qE xφ

!p( ) ∂ f
∂px

+φ !p( )Ĉ f

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x φ !p( ) ∂ f

∂px!p
∑ + φ !p( )

!p
∑ Ĉ f

Sum (integrate) over momentum 

(1) (2) (3) (4) 
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Recap 

  

∂ f
∂t

+
!
υ i
!
∇r f − q

!
E i
!
∇ p f = Ĉ f

 ×φ
!p( )

 
( )

!p
∑

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x φ !p( ) ∂ f

∂px!p
∑ + φ !p( )

!p
∑ Ĉ f

(1) (2) (3) (4) 
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Term 1 

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x φ !p( ) ∂ f

∂px!p
∑ + φ !p( )

!p
∑ Ĉ f

(1) (2) (3) (4) 

 

∂ φ !p( ) f( )
∂t!p

∑ = ∂
∂t

φ !p( ) f !r , !p,t( ) = ∂nφ r,t( )
∂t!p

∑

 

∂ φ !p( ) f( )
∂t!p

∑ =
∂nφ r,t( )

∂t
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Term 2 

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x φ !p( ) ∂ f

∂px!p
∑ + φ !p( )

!p
∑ Ĉ f

(1) (2) (3) (4) 

 

∂ φ !p( )υx f( )
∂x!p

∑ = ∂
∂x

φ !p( )υx f =
!p
∑ ∂Fφx

∂x

 

∂ φ !p( )υx f( )
∂x!p

∑ =
∂Fφx
∂x
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Term 3 

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x

∂φ !p( )
∂px

f
!p
∑ + φ !p( )

!p
∑ Ĉ f

(1) (2) (3) (4) 

  
qE x φ !p( ) ∂ f

∂px!p
∑ = qE x

∂ φ !p( ) f( )
∂px!p

∑ − qE x
∂φ !p( )
∂px!p

∑ f

  
qE x φ !p( ) ∂ f

∂px!p
∑ = 0 − qE x

∂φ !p( )
∂px!p

∑ f

  
qE x φ !p( ) ∂ f

∂px!p
∑ = −qE x

∂φ !p( )
∂px!p

∑ f ≡ Gφ
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“Generation” of nϕ 

  
Gφ ≡ −qE x

1
Ω

∂φ
∂px

f
!p
∑⎧

⎨
⎩⎪

⎫
⎬
⎭⎪

why? 

 

∂nφ
∂t

= −∇ i
!
Fφ +Gφ − 0→

∂nφ
∂t

= Gφ

Spatially uniform, no scattering 

Example: 

 φ
!p( ) = E !p( )

  
Gφ = −qE x

1
Ω

υx f
!p
∑⎧

⎨
⎩⎪

⎫
⎬
⎭⎪
= JnxE x

∂W
∂t

= GW

 

∂W
∂t

= JnxE x ✓ 
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Term 4 

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x φ !p( ) ∂ f

∂px!p
∑ + φ !p( )

!p
∑ Ĉ f

(1) (2) (3) (4) 

Ĉf ≡ ∂ f
∂t coll

 
φ !p( )

!p
∑ Ĉ f = ?
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Term 4 

(4) 

 
φ !p( )

!p
∑ Ĉ f = ?

 
Ĉ f ( !p) = S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦ − S

!p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦{ }
!′p
∑

 

1
Ω

φ !p( )Ĉ f
!p
∑ = 1

L
φ !p( )

!p
∑

S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦
− S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
!′p
∑

To see how to evaluate this expression, for non-
degenerate conditions ([1-f(p)] = 0),see FCT, pp. 215-216 
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Term 4: Simpler approach 

  

∂ φ !p( ) f( )
∂t!p

∑ = −
∂ φ !p( )υx f( )

∂x!p
∑ + qE x

∂φ !p( )
∂px

f
!p
∑ + φ !p( )

!p
∑ Ĉ f

(1) (2) (3) (4) 

Ĉf ≡ ∂ f
∂t coll

 
φ !p( )

!p
∑ Ĉ f ≡ −Rφ
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“Recombination” of nϕ 

why? 
 
Rφ = φ !p( )

!p
∑ Ĉ f = −

nφ − nφ
0

τφ

 
φ !p( )

!p
∑ Ĉ f = − φ !p( )

!p
∑ f − f0

τ m
= −

nφ − nφ
0

τφ

Ĉ f = − f − f0
τ m

RTA 

Rφ = −
nφ − nφ

0

τφ

“recombination” due to scattering 
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About the Relaxation Time Approximation 
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∂f
∂t

+υx
∂f
∂x

−
qE x


∂f
∂kx

= Ĉ f

 
Ĉ f p( ) = −

f p( )− fS
p( )

τ m
p( )

“Microscopic RTA” 

 

∂nφ
∂t

= −∇i

Fφ +Gφ − Rφ

Rφ ≡
nφ − nφ

0

τφ

“Macroscopic RTA” 
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Summary: Balance equation prescription 

    

1
Ω

φ !p( ) ∂ f
∂t

+
!
υ i∇r f − q

!
E i∇ p f = Ĉ f

⎧
⎨
⎩

⎫
⎬
⎭!p

∑

  �

∂nφ
∂t

= −∇ �

Fφ +Gφ − Rφ

  
Rφ ≡

nφ − nφ
0

τφ

    
Gφ = −q

!
E i

1
Ω

!
∇ pφ f

!p
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

   

!
Fφ ≡

1
Ω

φ !p( ) !υ f !r , !p,t( )
!p
∑

   
nφ (!r ,t) = 1

Ω
φ( !p) f !r , !p,t( )

!p
∑
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Balance equations hierarchy 

 φ
p( ) = 1 electron continuity equation 

 φ
p( ) = p momentum balance equation 

 φ
p( ) = E p( ) energy balance equation 

 φ
p( ) =υ p( )E p( ) energy flux balance equation 
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Questions 

1)  Introduction 
2)  The prescription 
3)  Summary 


