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The balance equation prescription 
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Balance equations hierarchy 

 φ
p( ) = 1 electron continuity equation 

 φ
p( ) = p momentum balance equation 

 φ
p( ) = E p( ) energy balance equation 

 φ
p( ) =υ p( )E p( ) energy flux balance equation 
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Outline 

1)  Zeroth moment (continuity eqn.) 
2)  First moment (current eqn.) 
3)  Second moment (energy balance eqn.) 
4)  The third moment (energy flux eqn.) 
5)  Summary 
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Zeroth moment 
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!p( ) = p0 = 1
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Zeroth moment “recombination” term 

  
Rφ ≡

nφ − nφ
0

τφ

=
n− n0

τ n

?

Since we have included no recombination terms in our 
BTE, electrons much be conserved. 

How can we show this rigorously? 

  
Rφ = 0
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Zeroth moment “recombination” term 

 
Rφ ≡

1
Ω

φ !p( )
!p
∑ Ĉ f

 
Ĉ f ( !p) = S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦ − S

!p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦{ }
!′p
∑

 

Rφ ≡
1
Ω

φ !p( )Ĉ f
!p
∑ = 1

Ω
φ !p( )

!p
∑ S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦!′p

∑

− 1
Ω

φ !p( )
!p
∑ S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦!′p

∑

 φ
!p( ) = 1
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Zeroth moment “recombination” term 

 φ
!p( ) = 1

 

Rφ =
1
Ω !p
∑ S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦!′p

∑

− 1
Ω !p
∑ S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦!′p

∑

Work on the first term on the RHS: 

 

1
Ω !p
∑ S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦!′p

∑
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Zeroth moment “recombination” term 

 

1
Ω !p
∑ S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦!′p

∑ → 1
Ω !′p
∑ S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦!p

∑

We are integrating out p and p’ – they are dummy 
variables.  Let’s change their names. 

Now let’s interchange the order of summation (integration): 

 

1
Ω !p
∑ S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦!′p

∑
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Zeroth moment “recombination” term 

New term 1 on RHS: 
 

1
Ω !p
∑ S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦!′p

∑

 

Rφ =
1
Ω !p
∑ S !′p , !p( ) f !′p( ) 1− f !p( )⎡⎣ ⎤⎦!′p

∑

− 1
Ω !p
∑ S !p, !′p( ) f !p( ) 1− f !′p( )⎡⎣ ⎤⎦!′p

∑

Rφ = 0
Scattering 
conserves 
electrons. 
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Zeroth moment 

 φ
!p( ) = p0 = 1

  �

∂nφ
∂t

= −∇ �

Fφ +Gφ − Rφ

   
nφ (!r ,t) = 1

Ω
1( ) f !r , !p,t( )
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!
Fφ ≡

1
Ω

1( ) !υ f !r , !p,t( )
!p
∑ =

!
Jn

−q
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 → → ?
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!
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Zeroth moment summary 

 φ
!p( ) = p0 = 1

   
nφ (!r ,t) = n(!r ,t)

  �

∂n
∂t

= −∇ �
!
Jn

−q( )

 
!
Jn = ?

Write another moment equation! 
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Outline 

1)  Zeroth moment (continuity eqn.) 
2)  First moment (current eqn.) 
3)  Second moment (energy balance eqn.) 
4)  The third moment (energy flux eqn.) 
5)  Summary 
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First moment 
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 φ
!p( ) = px

 

∂nφ

∂t
= −

∂Fφx

∂x
+Gφ − Rφ  → → ?

   
nφ (!r ,t) = 1

Ω
px( ) f !r , !p,t( )

!p
∑ = Px (!r ,t)

   
Fφx ≡

1
Ω

px( )υx f !r , !p,t( )
!p
∑ ≡ 2Wxx

   
W ≡ 1

Ω
E !p( ) f

!p
∑ = 1

Ω
1
2

m*υ 2 f
!p
∑

   
Wxx =

1
Ω

1
2

m*υx
2 f

!p
∑ = 1

Ω
1
2

pxυx f
!p
∑

   
Fφx ≡

1
Ω

px( )υx f !r , !p,t( )
!p
∑



 → → ?
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First moment 

Lundstrom ECE-656 F17 

 φ
!p( ) = px

 

∂nφ

∂t
= −

∂Fφx

∂x
+Gφ − Rφ

   

∂Px

∂t
= −

∂ 2Wxx( )
∂x

− nqE x −
Px

τ m

   
nφ (!r ,t) = 1

Ω
px( ) f !r , !p,t( )

!p
∑ = Px (!r ,t)

   
Fφx ≡

1
Ω

px( )υx f !r , !p,t( )
!p
∑ ≡ 2Wxx

    
Gφ = −qE x

1
Ω

∂ px( )
∂px

f
!p
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= −nqE x

  
Rφ ≡

nφ − nφ
0

τφ

=
Px − Px0

τ m

=
Px

τ m
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Momentum balance equation 
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 φ
!p( ) = px

   

∂Px

∂t
= −

∂ 2Wxx( )
∂x

− nqE x −
Px

τ m

What is Wxx? 

Answer:  Write another balance equation to find out. 

   
nφ (!r ,t) = 1

Ω
φ( !p) f !r , !p,t( )

!p
∑

   
Wxx =

1
Ω

1
2

pxυx

⎛
⎝⎜

⎞
⎠⎟

f !r , !p,t( )
!p
∑

   
φ !p( ) = 1

2
pxυx
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Momentum balance equation 
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 φ
!p( ) = px

   

∂Px

∂t
= −

∂ 2Wxx( )
∂x

− nqE x −
Px

τ m

   
Wxx =

1
Ω

1
2

m*υx
2⎛

⎝⎜
⎞
⎠⎟

f !r , !p,t( )
!p
∑

   
Wxx =

1
Ω

1
2

pxυx

⎛
⎝⎜

⎞
⎠⎟

f !r , !p,t( )
!p
∑

   
W = 1

Ω
1
2

m*υ 2⎛
⎝⎜

⎞
⎠⎟

f !r , !p,t( )
!p
∑

Assume an isotropic distribution of velocities:   Wxx =W 3
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Momentum balance equation 
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 φ
!p( ) = px

   

∂Px

∂t
= − 2

3
∂W
∂x

− nqE x −
Px

τ m

Next, we need to write a balance equation for the 
kinetic energy density, W. 
 
But first, let’s re-cap. 
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Re-cap 
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!
P = nm* !υ   

!
Jn = n −q( ) !υ

   
−q( )

!
P
m* =

!
Jn

 φ
!p( ) = p0 = 1

  

∂n
∂t

= −∇ i

!
Jn

−q( )

 φ
!p( ) = !p

    

∂
!
P
∂t

= − 2
3
∇W − nq

!
E −

!
P
τ m

    

∂
!
Jn

∂t
= 2q

3m* ∇W + nq2

m*

!
E −

!
Jn

τ m
 φ
!p( ) = !p
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Outline 

1)  Zeroth moment (continuity eqn.) 
2)  First moment (current eqn.) 
3)  Second moment (energy balance eqn.) 
4)  The third moment (energy flux eqn.) 
5)  Summary 



 → → ?
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Second moment 
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 φ
!p( ) = E p( )

 

∂nφ

∂t
= −

∂Fφx

∂x
+Gφ − Rφ

   
nφ (!r ,t) = 1

Ω
E !p( )( ) f !r , !p,t( )

!p
∑ =W (!r ,t)

   
Fφx ≡

1
Ω

E !p( )( )υx f !r , !p,t( )
!p
∑ ≡ FWx

    

Gφ = −qE x

1
Ω

∂ E !p( )( )
∂px

f
!p
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= JnxE x

  
Rφ ≡

nφ − nφ
0

τφ

=
W −W0

τ E

   

∂W
∂t

= −
∂FWx

∂x
− JnxE x −

W −W0

τ E
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The balance equations 
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 φ
!p( ) = E !p( )

 φ
!p( ) = p0 = 1

 φ
!p( ) = px

  

∂n
∂t

= −∇ i

!
Jn

−q( )

    

∂
!
Jn

∂t
= 2q

3m* ∇W + nq2

m*

!
E −

!
Jn

τ m

    

∂W
∂t

= −∇
!
FW −

!
Jn

!
E −

W −W0

τ E
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Outline 

1)  Zeroth moment (continuity eqn.) 
2)  First moment (current eqn.) 
3)  Second moment (energy balance eqn.) 
4)  Third moment (energy flux eqn.) 
5)  Summary 



 → → ?
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Third moment 

Lundstrom ECE-656 F17 

 

∂nφ

∂t
= −

∂Fφx

∂x
+Gφ − Rφ

   
nφ (!r ,t) = 1

Ω
υx E !p( )( ) f !r , !p,t( )

!p
∑ = FWx (!r ,t)

   
Fφx ≡

1
Ω

υx E !p( )( )υx f !r , !p,t( )
!p
∑ ≡ X xx

    

Gφ = −qE x

1
Ω

∂ υx E !p( )( )
∂px

f
!p
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= ?

  

Rφ ≡
nφ − nφ

0

τφ

=
FWx

τ FW

  

∂FWx

∂t
= ?

 φ
!p( ) = E p( )υx
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The balance equations 
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 �

∂n
∂t

= −∇ � Jnx

−q( )

    

∂
!
Jn

∂t
= 2q

3m* ∇W + nq2

m*

!
E −

!
Jn

τ m

    

∂W
∂t

= −∇
!
FW −

!
Jn

!
E −

W −W0

τ E

   

∂
!
FW

∂t
= ...

We need to terminate 
the hierarchy of 
moment equations. 
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The balance equations 

  
∂n
∂t

= −∇ i
!
Jn −q( )⎡⎣ ⎤⎦

    

∂
!
Jn

∂t
= 2q

3m* ∇W + nq2

m*

!
E −

!
Jn

τ m

    

∂W
∂t

= −∇
!
FW −

!
Jn

!
E −

W −W0

τ E

   

∂
!
FW

∂t
= ...

ß Terminate here and 
get the DD equations. 

ß Terminate here and 
get the energy transport 
equations. 
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Questions 

1)  Zeroth moment (continuity eqn.) 
2)  First moment (current eqn.) 
3)  Second moment (energy balance eqn.) 
4)  The third moment (energy flux eqn.) 
5)  Summary 


