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3.  RELIABILITY AS A THRESHOLD PROBLEM 

3.1 Introduction 

In Chapter 2, we have discussed  three approaches to reliability modeling, namely, 

empirical, statistical, and physical. Empirical models require considerable historical data and is 

often appropriate for fields such as cancer medine that has considerable data available. Statistical 

models are based on combination of subsystem reliability – in principle, we could stress the 

components to collect the degradation data faster and extrapolate the component lifetime to 

operating condition to predict system reliability. In this chapter, we will explore – in the context 

of accelerated tests --  the difference between the empirical and the physical models. We will use 

a model that we will call  “ blind fish in the waterfall (BFWF)” to highlight the pitfalls of  

empirical modeling.  This chapter will connect the classical statistical mechanics of 

irreversibility based on random walks and irreversibility associated with a threshold process. At 

the end of the chapter, we will summarize the four elements of the theory of physical reliability. 

Over the rest of the book, we will look for these four elements in various examples of CMOS 

reliability physics.  

 

3.2 Accelerated Testing Differentiates Empirical vs. Physical Models 

3.2.1 Definition of accelerated testing  

Accelerated life testing (ALT) is a procedure where components are subjected to a more 

severe environment (increased stress levels) than the normal operating environment so that 

failures can be induced in a shortere period of time. The information extracted is then used in 

conjunction with a reliability prediction (inference) model to relate life to stress and to estimate 

the characteristics of life distributions at design conditions (normal operating conditions). 
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Fig. 3.1  Various types of stress patterns for accelerated testing 

 

 

Conducting an accelerated life test requires careful allocation of test units to different 

stress levels so that accurate estimation of reliability at normal conditions can be obtained using 

relatively small units and short test durations [3.1].  a test protocol is designed so as to obtain 

average lifetime and the statistical distribution of failure time. The average lifetime depends on 

type of stress (i.e. current, voltage, or temperature) and the stress level, methods of applying 

stress (e.g., constant, ramp, cyclic), while the statistical distribution dictates decisions regarding 

the number of units to be tested at each stress level. Fig. 3.1 shows various types of test protocols 

used in the practice  Finally, an appropriate model (statistical or physical) must be used to relate 

the failure times at accelerated conditions to those at normal conditions. . It is important to 

ensure that the stress levels do not exceed any threshold associated with unrelated/parasitic 

defect generation, otherwise the contaminated data will lead to incorrect projection. 

 

 

3.2.2 Typical Example of Accelerated Testing for Oxide Breakdown  
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The knowledge of the average time before breakdown is critical in the design of modern 

MOSFETs. The gate oxide is used to prevent any leakage current through the gate, however, if 

enough defect accumulate in the gate during operation, it may be shorted (reflected in a 

catastrophinc increase in gate current), and the transistor is destroyed. We will discuss the 

physical details of the dielectric breakdown in Chapter 17-20. For now, let us assume that you 

have a set of devices available for testing. You choose three voltages �� 	� 	�� 	� 	�� 	�� 	���, 

so that the devices degrade quickly and the tests are completed in a day or less, see Fig. 3.2. You 

assign 1/3 of the devics to each voltage, stress them until each device shows a jump in the 

leakage current, indicating oxide is broken. You take the average of the failure times at 

��, ��, 
nd	�� and plot  

Fig. 3.2   Empriical and physical models predict different time to breakdown, T_BD.  

the data as shown in Fig. 3.2 (b). You can then extrapolate to the desired lifetime (dashed line) to 

read off the safe operating voltage, ��� , from the x-axis. Or, for a given ���, you can read off the 

lifetime from the y-axis.  

 You can immediately sense trouble. More than likely, you will use the red-line to 

extrapolate to the operating conditions, after all the three datapoints indicates exponentially 

increasing lifetime. The danger of the use of an empirical model becomes apparent when a 

projection of the lifetime of a MOSFET is done with the observation of the response of a set of 

MOSFETs under exaggerated electrical stresses and limited time intervals, as it can be seen in 

fig. 3.2. The red line represents an linear extrapolation of the logarithm of the lifetime that might 

not reflect an accurate inference model. As we will see later that a physical reliability model 
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suggests the blue line, with considerably enhanced lifetime (of course, it could have gone the 

other way also). The challenge is that empirical based accelerated testing is based on the 

assumption that the mechanisms governing the device behavior under exaggerated and normal 

stresses are the same. This assumption, however, may not be correct.  As we will see in the next 

section that this dilemma between statistical and physical models is generic.  

 

3.3 A ”Blind Fish in a Waterfall” Illustrates The Essence of Accelerated 

Testing 

3.3.1 The model described  

Consider an infinitely long river with flow velocity �� that ends at a waterfall located a 

� � ��, see Fig. Fig. 3.3.  A set of blind fishes (that hops randomly to the left or the right at each 

time-step) is introduced at location � � 0 at time � � 0.  What should be the minimum ����, so 

that the on average, no more than �% the fishes go over the waterfall for a prespecified time 

�����? The fishes are independent: they do not interact with anything else, even among 

themselves.  

Empirically, you could just introduce the fishes at various point along the river, observe 

the time distribution as the fishes go over the waterfall. The process will however too time 

consuming. Therefore, you decide to create an artificial accelerated test system (a scaled version 

of the river for example), where you can control the flow velocity of water, , to shorten the test 

time. The lifetime of the fishes to the waterfall, ��, �; ���, could be extrapolated to operating 

conditions to solve the original problem.  

 

 

Fig. 3.3   “Blind Fish in a Waterfall” pictorial representation  
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We will do the math in a second, but the table below will help you translate between the 

reliability issue of the dielectric breakdown and the generic problem we area about to discuss.  

 

 Dielectric Breakdown Blind Fish in a Waterfall 

System Oxide River 

Stochastic process Defect formation Fish diffusion 

Threshold Breakdown Waterfall 

Acceleration variable Voltage Flow velocity 

 

3.3.2 Calculating the mean arrival Time by difference equation 

Assume that the fish is injected at node i at time �		 � 		0, and time taken – on average – 

for these fish to reach the waferfall is ��. Although the blind fish can not distinguish between left 

and right, and in the absence of riverflow would jump in both direction with equal probability of 

½. The flow of the rivers makes the transition asymmetric, i.e. at every node, a fraction � of the 

fishes goes the right, and 1 − � ≡ #  go the left. Consider the  fishes just injected at time t=0  

(which will eventually arrive at the waterfall after  �� ). After time \tau, a fraction p will be at 

node $ + 1 – starting from this point, it takes ��&� to reach the waterfall. The other fraction q 

have moved to $ − 1 – and starting from that point, it takes ��'� to reach the waferfall. Therefore,  

�� � ( + ���&� + #��'� 3.1 

Changing index i with a continuous variable �, and introducing δ as an infinitesimal position 

change, we have 

 ���� � ( + ���� + )� + #��� − )� 3.2 

Rewriting � ≡ 	½	 + Δ and # ≡ 	½	 − Δ  in terms of asymmetry parameter ,�� �  × �( )⁄ � ≡
/0�11, we have 

 

���� − 1
2 3��� + )� + ��� − )�4

)� − ,
2
3��� + )� − ��� − )�4

)�
− (
)� � 0 
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which in the continuum limit yields 

 
5�����
5�� + 2


5����
5� + 2

6 � 0 3.3 

Here,    � )/2, and 6 � )�/(.  If we name, 
 � 2/ and 8 � 2/6, the ordinary differential 

equation Eq.  3.3 has the general solution  

 ���� � −8

 � +

8

� +

9

 + 5:���−
�� 3.4 

We now apply two boundary conditions, the former being reflecting boundary condition far to 

the left and the latter being absorbing at � � ��, i.e., 	
 5�/5�	�� � −;� � 0, 
<5		��� � ��	� � 0 3.5 

The first boundary condition indicates that far away from the source, the difference of arrival 

times from two neighboring points are indistinguishable, and the second reflects that the fact that 

if you inject at the waterfall, it will get there in no time at all!  Using the reflecting boundary 

condition, we find 

 ���� � −8

 � +

8

� +

9

 3.6 

And the absorbing boundary conditions solves the equation,  

���� � (
)
��� − ��
=� − 1

2>
≡ �?

  3.7 

As shown in Fig. 3.3, the for when of  � �� → 0	AB	equivalently		� → 0, the mean arrival 

time diverges!  The nonlinear of projection should be reminiscent of the nonlinear acceleration in 

Fig. 3.2 for gate dielectric breakdown. In order to understand the origin of this nonlinear increase 

in ‘lifetime’ with reduced velocity, we will need to understand  not only the mean arrival time, 

the entire arrival time distribution, as discussed below.  
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3.3.3 Statistical distribution of arrival times can be calculated by summing 

over paths diffusion equation 

 In this section, we examine the statistical distribution of the blind fish that make it to the 

waterfall as a function of time. One way of approaching this problem is to inject fishes at some 

distance ‘m’ from the fall, and to measure the number of fish falling down as a function of time.  

 

If time taken to jump between neighboring point is (, The earliest possible time at 

which fish can appear at the waterfall is L(, when the (unlucky) fish hops only the the right. The 

probability of this happening is ��. The next group arrive at the waterfall at �L + 2�(, when the 

fishes have taken just one step towards the left, and the remaining L+ 1 steps towards the right. 

The corresponding probability is proportional to L × �# × ��&��, the first L accounts for the 

fact that the single turn to the left could occur at any time during the transit.  The group arriving 

at �L + 2�( has a weight of L�L − 1� × �#� × ��&��, Though this resembles the binomial 

series, the coefficients to be used here are not same as the binomial coefficients. This is because 

not all paths considered in a binomial series are not present because the water fall cuts short 

paths that contribute to bionodimal distribution [2].  This will turn out to be an important feature 

of these distribution, as we will see below. Using similar arguments, one can derive analytical 

expression for probability distribution, although it gets tiring in a hurry. At this point, you can let 

the computer sweat over the calculation, through a Monte Carlo simulation (see HW1), 

otherwise you can use an analytical approach discussed below.    

 

Fig. 3.4   (left) Mean arrival time distribution follows the blue line. Empirical (exponential) 
extrapolation based on the red line suggests lower limits. (right) The arrival time distribution has 

a long power-law tail, therefore, the average diverse at lower velocity limits. 
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3.3.4 A diffusion equation offers simpler derivation of arrival time 

distribution 

Instead, it is easier to calculate the distribution by using a diffusion equation when flow velocity 

is zero, as follows,  

MN
M� � 6 M�N

M��  3.8 

where P(x,t) is the probability of finding the fish at a given location at time t and position x. . 

The corresponding boundary conditions,   N��, � � 0� � )	�� − ���, and	N�� � 0, �� � 0, 
define the initial probability of the injection point, and the condition at the absorbing condition, 

respectively. Note that, the reference has been shifted so that the waterfall is now at x=0, with no 

loss of generality.  

 Had the absorbing boundary been absent, the solution of Eq. Eq.   3.8, is given in most 

textbooks, i.e., N��, �� � �1/√�4Q	��� × 	:���−�� − ����/46��. The requirement of N�� �
0, �� � 0 can be met by the method of images (e.g. introduce another specie of fish at � � −��, 

at � � 0 that eats the first type when they meet at � � 0!).  The combined solution is  

N��, �� � 1
√4Q	� 	:

R'�S'ST�U
VWX Y − 1

√4Q	� 	:
R'�S&ST�U

VWX Y
 3.9 

By principle of fish conservation, that they should either be in the river or be among those who 

are lost to the waterfall overtime, we find  

Z N��, ��
'[

?
5� + Z \���

X

?
5� � 1. 3.10 

Here \��� is the instantaneous arrival probability of fishes to the waterfall, which is obtained by  

integrating Eq.  3.9  for the first term and differentiating the result with respect to time(using 

Libnitz rule for differentiation under integral sign), i.e.,  

\��� � ��
√4Q	�� 	:

R'STUVWXY. 3.11 

We wish call this probability ‘BFWF’ distribution. This distribution which arose from physical 

consideration of the problem can be described by any classical distribution such as Gauassian, 

Weibull, etc. More importantly, it does not obey the central limit theorem, because the 
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distribution does not converge to an average value even if waited for a long time. To see how the 

mean diverges with arrival time with   → 	0, note that  

 

����� � Z 5�
XT→[

?
× �\��� → ∞. 3.12 

This divergence reflects that the tail of the distribution is given by a power law, i.e., \�� ≫
46/��� � � ��/√�4Q	���. Such a power-law tail reflects the fact that the fishes taking long 

detours upstream will keep arriving at a rate that does not fall fast enough so make the future 

arrivals irrelevant for calculating the mean.  

 As we will repeatedly see in the discussion to follow that such long-tailed distribution is 

a characteristic feature of ‘stochastic processes terminated by a threshold’. We will see them in 

different forms and different terminology – but with the understanding of the BFWF distribution, 

they should no longer be a mystery.  

 One final thing – Eq. 3.7 suggests that the mean arrival time is finite for all nonzero 

flow velocity (i.e.  � 0, so that � � 	0.5).  With flow, the probability distribution (Eq. 3.9) 

could be rewritten as (following Shockley-Hynes solution)  

 

`��, �� � �1/√4Q	6	�	�[	:'�S'Sb'cX�
U

VWX −	:cSbW :'�S&Sb	'	cX�
U

VWX 	] 3.13 

 
Note that the solution is almost similar to Eq. 3.9, except the extra factor :����?/6� on the 

second term on the right hand side is necessary to ensure the boundary condition that 

concentration at the waterfall is always zero, i.e., 9�0, �� � 0. By using the condition that 

\��� � �9 − 6 0e
0S	� at x=0,  we can compute the arrival time distribution  

\��� � �?
f�4	Q	6	���		:

�Sb'c×X	�UVWX  3.14 

The distribution vanishes  at �ghi � ��/, the long tail is absent, the mean time < � ��
∫ 3�\���45� � �?/ is the same as Eq. 3.7, as expected. You should plot out the distribution to 

see how the full distribution with velocity to observe that the moments of the distribution 
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depends on velocity, therefore an often used decomposition of meantime as a function of 

velocity and a velocity-independent statistics is clearly not valid.  

 
 

3.4 Conclusions 

In this section we review the four elements of Physical Reliability, summarizing the 

conclusions of this chapter. That is, the four elements are 

A) The theory of stress acceleration always involves the model for prediction of lifetime 

at operating condition. 

B) Extrapolation based on physical models are generally more reliable. A precisely 

defined physical model explains the stress-dependence of the key metrics (e.g. mean arrival 

time) of the probability distribution.  

C) A complete failure distribution provides a complete solution of the reliability 

problem.  If the higher moments of the distributions can be shown to be independent.  

D) Finally, the characterization experiments must be carefully designed so as to extract 

the key parameters of the model, such as ,, 6, (, for the BFWF model described above. 

 

We will repeatedly return to these four elements of failure time distribution  throughout 

the book.  

 

REVIEW QUESTIONS: 

1. For the problem of BFRW, why is physical model absolutely essential? Why can I not use 

statistical or empirical modeling?  

 

The BFRW is, on its own, a generic analogy to a physical model of a stochastic process with 

threshold. 

 

2. What do we mean by accelerated testing? What is the danger of accelerated testing?  
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Accelerated testing is a procedure where units are subjected to a more severe environment 

(increased stress levels) than the normal operating environment so that failures can be 

induced in a short period of test time. The main danger of accelerated testing is a wrong time 

projection due to wrong inference model. 

 

3. Why is the left boundary condition reflective? 
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