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35. DESIGN OF EXPERIMENTS 

35.1 Review/Background:  

The goal of this lecture is to understand how to design a set of experiments in order to 
optimize a set of output parameters, which depend on multiple input parameters. The 
ideas behind this technique of doing so in an optimal manner are called “Design of 
Experiments” (DOE). DOE has revolutionized quality control / reliability in all fields of 
science and technology.  

� Foundations of DOE were laid by Sir. R. A. Fisher in early 1920s to analyze yield 
of various types of wheats / corns based on his farm data (fertilizer, weather 
condition, land type, and so on).  

� Concept of orthogonal arrays was first laid out by a Japanese engineer named 
Genichi Taguchi.  

� Toyota was one of the first few companies to adopt this method, and most 
semiconductor companies use the method these days.  

35.2 Introduction  

There is an example to understand factors behind DOE methods would be the 

problem of optimizing the drain current (ID) of a MOSFET. ID depends on a set of device 

and process parameters, which include oxide thickness, doping, anneal temperature, 

junction depth, gate overlap, halo implant and supply voltage among many others. Since 

there are seven input parameters in the problem, finding the optimal solution would 

require us to do 27, or 128 experiments. Semiconductor manufacturing is a costly affair, 

and doing 128 experiments is very hard.  

However, if we choose the right set of parameters based on DOE methods, it is 

possible to obtain the optimum solution in just 8 experiments. In other words, one can 

show that out of the set of 8 experiments, a particular set gives the statistically optimal 

solution. As to why only 8 experiments can give us the optimal solution which otherwise 
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would have required 128 experiments, we can think about a Sudoku puzzle as an analogy, 

where a small number of inputs enable us to determine the complete solution based on a 

set of given rules. Hence, nowadays it has become important for theorists, 

experimentalists and statisticians to work together and determine which experiments to 

perform and how to interpret the data obtained, which is a significant philosophical shift 

with DOE compared to the old methodology of experimentalists doing experiments, and 

theorists/statisticians doing theory and analysis.  

To understand this lecture three important definitions of terms must be 

understood: 1) input variables are defined factors. For an example, previous problem of 

MOSFET has 7 factors which are oxide thickness, doping, anneal temperature, junction 

depth, gate overlap, halo implant and supply voltage. 2) each factors has variances called 

levels. For example, the oxide thickness can be varied from 1 nm to 3 nm stepped by 1 

nm, and it gives 3 levels. 3) many combinations with the number of levels and factors can 

exist, and total runs / trials / replicates of experiments can be count by the number of 

levels power to the number of factors.  

35.3 Single Parameter Analysis  

Suppose we want to maximize the ID in the MOSFET problem introduced in section 35.1. 

The simplest and most intuitive approach would be to change one parameter at a time and 

observe how the output changes. For simplicity, we assume that each of the input 

parameters (A, B... G) has only two levels of values, named 1 and 2. We start from A, 

change the level. If the output increases, we keep the new level, else revert back to the 

old one, and perform this process for the remaining variables. This method is better 

explained with the help of the Table 35.1 below. 
 A B C D E F G Output 

Run 1 1 1 1 1 1 1 1 10 
Run 2 2 1 1 1 1 1 1 15 
Run 3 2 2 1 1 1 1 1 12 
Run 4 2 1 2 1 1 1 1 9 
Run 5 2 1 1 2 1 1 1 18 
Run 6 2 1 1 2 2 1 1 19 
Run 7 2 1 1 2 2 2 1 17 
Run 8 2 1 1 2 2 1 2 13 

 
Table 35.1: Experimental runs for the ID optimization problem based on single parameter 

analysis method. Run-6 is found to be the optimum solution. 
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In Run-1, all inputs are at level 1, and the output is observed (10). For Run-2, A 

is changed from level 1 to level 2, and the output is found to increase to 15. Hence A is 

kept at level 2 for subsequent runs. In Run-3, B is changed from level 1 to level 2, but the 

output decreases to 12. B is thus changed back to 1, and kept that way for subsequent 

runs. This process is repeated till Run-8, by when all the variables have been changed one 

by one. The run yielding the maximum output is claimed to be the optimum solution. 

However, single parameter method is a fractional non-optimal method based on 

two factors, and the drawbacks of this simple method can be explained with the help of 

Table 35.2. The experimental runs for the single parameter analysis method have been 

noted down. Once A2 is found to have a better output than A1, subsequent runs never visit 

any of the 64 cells with A1 in it. We have no way of knowing whether the optimum 

solution lies within those 64 cells. Also, the result we obtain based on this method will 

depend on the order in which the parameters are changed. Ideally, the old parameters 

should be re-evaluated after every change, but that would mean increasing the number of 

evaluations, which defeats the purpose of having a robust DOE method in the first place. 

The results obtained from this method need not be the most optimum solution for the 

given problem. 

 
A1 A2 

B1 B2 B1 B2 
C1 C2 C1 C2 C1 C2 C1 C2 

D1 

E1 
F1 

G1 R1(10)    R2(15)  R3(12)  
G2         

F2 
G1      R4(9)   
G2         

E2 
F1 

G1         
G2         

F2 
G1         
G2         

D2 

E1 
F1 

G1     R5(18)    
G2         

F2 
G1         
G2         

E2 
F1 

G1     R6(19)    
G2     R8(13)    

F2 
G1     R7(17)    
G2         

 

Table 35.2: Experimental runs for the ID optimization problem based on single parameter 
analysis method marked on the full-factorial table.  
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35.4 Uncorrelated main effect (forward and backward)   

The impact of one parameter alone on the output is called the “main effect” of 

that parameter. In order to determine the main effect of a parameter from the collective 

response of the system, it is necessary to ensure that all the other parameters are varied 

over their entire range, and their effects are cancelled out. Understanding the evaluation 

of main effect will help us understand the principle behind orthogonal array testing. 

The term uncorrelated means that all the parameters have independent 

contributions towards the output. On the other hand, if two parameters were to be 

correlated, then certain combinations of values of the two parameters would have a 

different effect than when they behave independently. The method described below 

works if the inputs are uncorrelated. It is possible to determine whether the inputs are 

correlated from the complete system response, and how to handle them with respect to 

the orthogonal array testing method. These will be discussed in the next few sections. 

For simplicity, assume that we have four uncorrelated input parameters – A, B, 

C and D, each of them takes two levels of values. These values are listed in Table 35.3 

below. The main effect of A, B, C and D is therefore 2, -6, 4 and 2 respectively (the 

difference L2-L1). Our goal is to extract these values from the collective experimental 

response of this system. 
 Level 1 Level 2 L2-L1 

A 0 2 2 
B 0 -6 -6 
C 0 4 4 
D 0 -2 -2 

 

Table 35.3: Main effect due to each uncorrelated input parameter on the system 
response. 

Table 35.4 shown below is the full factorial table for these four parameters. 

Each cell in this table takes as its value the sum of the impacts of the corresponding 

levels of the parameters. For example, the cell located in third row, second column 

corresponds to (A1, B2, C2, D1), and takes the value: 0-6+4+0=-2. We can verify this for 

all the other cells. 
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A1 A2 

B1 B2 B1 B2 

C1 
D1 0 -6 2 -4 
D2 -2 -8 0 -6 

C2 
D1 4 -2 6 0 
D2 2 -4 4 -2 

 

Table 35.4: Experimental results for all 16 possible combinations of input parameters on 
a full-factorial table. 

In order to extract back the main effects of any input parameter, we take the 

difference of the averages of the outputs keeping the input constant at the two levels. For 

example, to determine the main effect of A, we take the average of the values in the first 

and second column (where A is kept constant at A1), the average of the values in the third 

and fourth column (where A is kept constant at A2), and take their difference. Similarly, 

to determine the main effect of D, we take the average of the values in the first and third 

row (where D is kept constant at D1), the average of the values in the second and fourth 

column (where D is kept constant at D2), and take their difference. As a result of this 

exercise, we can fill up the main effects for each of the input parameters as shown in 

Table 35.5 below. It can be seen that the calculated values (last column of Table 35.5) 

match with the initial values we started out with (last column of Table 35.3). 

 
 Level 1 Level 2 L2-L1 

A -2 0 2 
B 2 -4 -6 
C -3 1 4 
D 0 -2 -2 

 

Table 35.5: Extracted Main effect due to each uncorrelated input parameter from the 
complete measured system response.  

 

35.5 Taguchi Orthogonal Array Method 

In previous section, we understood how to extract the impacts of each input 
variable over the output, it is now possible to understand the principle behind the 
Orthogonal Array testing method, first advocated by Taguchi. It is the smallest fractional 
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factorial based DOE which enables us to determine the main effects of the input 
parameters and to find out an optimum solution. Apart from its simplicity, efficiency and 
ease of use, it also enables us to take into account correlations between input parameters, 
and it can also help us study the impact of noise factors on the output. 

Orthogonality ensures that for every input, other factors are fully randomized, and 
every run is balanced (orthogonal) with respect to each other. This helps us isolate the 
main effects for the factor under investigation. There are standard orthogonal testing 
tables depending upon how many input parameters we have, and how many levels the 
inputs can take. In our case, we have 7 inputs, each taking 2 levels. The corresponding 
orthogonal array table is called the L8 array, which given in Table 35.6. For four input 
parameters and three levels, we use the L9 array, given in Table 35.7. A list of other 
Taguchi orthogonal array designs for different combinations of number of inputs and 
levels can be obtained from the following website: 
http://www.york.ac.uk/depts/maths/tables/taguchi_table.htm.  

Experiment 
Number 

A B C D E F G 

1 1 1 1 1 1 1 1 
2 1 1 1 2 2 2 2 
3 1 2 2 1 1 2 2 
4 1 2 2 2 2 1 1 
5 2 1 2 1 2 1 2 
6 2 1 2 2 1 2 1 
7 2 2 1 1 2 2 1 
8 2 2 1 2 1 1 2 

 

Table 35.6: L8 orthogonal array for 7 inputs and 2 levels. 

 

Experiment 
Number 

A B C D 

1 1 1 1 1 
2 1 2 2 2 
3 1 3 3 3 
4 2 1 2 3 
5 2 2 3 1 
6 2 3 1 2 
7 3 1 3 2 
8 3 2 1 3 
9 3 3 2 1 

Table 35.7: L9 orthogonal array for 4 inputs and 3 levels. 
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For the 7 inputs, 2 level case, assume for now that all the seven input parameters 
are uncorrelated. The full factorial table for these inputs for the L8 test design is given in 
Table 35.8. We can see that the runs are now symmetrically placed over this table. 

 
A1 A2 

B1 B2 B1 B2 
C1 C2 C1 C2 C1 C2 C1 C2 

D1 

E1 
F1 

G1 R-1        
G2         

F2 
G1         
G2    R-3     

E2 
F1 

G1         
G2      R-5   

F2 
G1       R-7  
G2         

D2 

E1 
F1 

G1         
G2       R-8  

F2 
G1      R-6   
G2         

E2 
F1 

G1    R-4     
G2         

F2 
G1         
G2 R-2        

 

Table 35.8: Experimental runs for L8 orthogonal array design for 7 input parameters and 
2 levels on the full factorial table. 

The main effects for each of the input parameters for a particular level can be 
found out by averaging the outputs of all the runs containing that level for that particular 
input. For instance, the main effect of A1 is found out by: 

��1 =
�1 +�2 +�3 +�4

4
 

35.1 

Similarly the main effect of C2 is found out using the following: 

�
2 =
�3 +�4 +�5 +�6

4
 

35.2 

After determining these values, we can predict the output for any experiment we 
have not performed. For instance, the output value for the input set (A1 B2 C2 D2 E2 F1 
G2) is given by: 

� = � + ���� − �� + ���� − �� + ���� − �� + ���� − �� 

 +���� − �� + ���� − �� + ���� − ��   35.3 
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where, 

 

�� =
��1 + ��2 + ��1 + ��2 +⋯+��1 + ��2

14
 

35.4 

 

In this manner, we can fill up all the 27 (=128) cells on the full factorial table, and 
determine the optimum set of input parameters. Another experimental run should be 
performed on the optimum set of input parameters to confirm this result.  

35.6 Correlated Main Effect (forward and backward)   

In the previous sections, we discussed the impact of each input parameter on the overall 
system response if each of them were independent of one another. In most physical 
systems, however, this is not the case. Certain combinations of inputs can have a different 
impact, than when they are considered separately. A simple example to demonstrate this 
is to consider the case when B2 has different values depending upon the value of A. In 
that case, the equivalent of Table 35.3 for the main effects of the parameters will look 
like Table 35.9 shown below. In this case, the experimental full-factorial table will be 
different from the one in Table 35.4, and will be the one shown in Table 35.10. 

 Level 1 Level 2 L2-L1 
A 0 2 2 

B (if !A) 0 6 6 
B (if A) 0 -6 -6 

C 0 4 4 
D 0 -2 -2 

Table 35.9: Main effect for each input parameter on the overall system response if A and 
B are correlated. 

 
A1 A2 

B1 B2 B1 B2 

C1 
D1 0 6 2 -4 
D2 -2 4 0 -6 

C2 
D1 4 10 6 0 
D2 2 8 4 -2 

 

Table 35.10: Experimental results for all 16 possible combinations of input parameters 
on a full-factorial table for the case when A and B are correlated. 

In this case, if we try to back-extract the main effects of the inputs, we would end 
up with incorrect answers, as can be seen from Table 35.11 given below. 
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 Level 1 Level 2 L2-L1 
A 4 0 4 
B 2 2 0 
C 0 4 4 
D 3 1 -2 

 

Table 35.11: Extracted Main effect due to each input parameter from the complete 
measured system response when A and B have correlation. 

So, it becomes necessary to first identify correlations if any, and fix them accordingly. 
The pair-wise correlation term for A and B - CorrAB is defined as following,  


����� = ∑ �!�"�−1�
!#"

!,"%�,�           35.5 
 

 

Similarly, the third order correlation term for A, B and C – CorrABC and the fourth order 
correlation term for A, B, C and D – CorrABCD are defined as followings,  


������ = ∑ �!�"
&�−1�
!#"#&

!,",&%�,�   35.6 


������� = ∑ �!�"
&'(�−1�
!#"#&#(

!,",&,(%�,�   35.7 

  
Input parameters A and B are correlated if CorrAB is non-zero. Similarly, A, B and C 
would be correlated if CorrABC is non zero. 


����� = ���� − ���� − ���� + ���� = −12   35.8 

Hence, we can say that A and B are correlated input parameters for this case. We 
can similarly verify that all other pairs are uncorrelated, and the higher order correlations 
are also absent. 

The next step is to make appropriate corrections to the values obtained in Table 
35.9, in order to obtain the correct main effects. The corrected impact for A is given by 
the following formulas,  

�)���*)+*, = �2 −�1 −

�����
2

 
35.9 

 

�)���*)+*, = �2 −�1 −

�����
2

 
35.10 
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Thus, the corrected main effects for A and B can be calculated to be 2 and 6 
respectively, which matches the values we started out with (Table 35.9). 
 

35.7 Aside: Correlation Linear Graph    

In the preceding analysis, we assumed that the input parameters are 

uncorrelated. If we suspect two parameters are correlated based on physical reasons, we 

should introduce dummy variables in the orthogonal design table to account for the 

correlation. For simplicity, suppose that we have 4 input parameters (A, B, C, and D). If 

there is a (AB) pair correlation found. The positions of these dummy variables have to be 

fixed according to a certain numbering rule. The best way to set up correct ordering of 

these variables is by using linear graphs, which are made up of numbers, dots and lines.  

The linear graph describing the case is shown in Figure 35.1. In the numbering 

process, we give priorities to the correlated parameters. So in this case, since A and B are 

correlated, they are drawn first with numbers 1 and 2 assigned to them. The correlation 

between A and B is represented by a line, labeled A×B, and is given the number 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

By setting up a linear graph for this case as shown in Figure 35.1, we can see 

that the correct order for the columns in our orthogonal array table would be A, B, A×B, 

C and D. Note that the correlation (AB) variable creates a dummy column, A×B as 

shown in table 35.12. A×B is not really independent experiments. When A and B are in 

Figure 35.1: Linear graph for the case where there are four variables (A, B, C and 
D), and (AB) is correlated.  
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the same level, A×B becomes 1. Otherwise, A×B becomes 2. Since there are 5 variables, 

each taking 2 levels, we would now design our experiments according to the L8 array.  
 

 A B A×B C D 
R-1 1 1 1 1 1 
R-2 1 1 1 2 2 
R-3 1 2 2 1 1 
R-4 1 2 2 2 2 
R-5 2 1 2 1 2 
R-6 2 1 2 2 1 
R-7 2 2 1 1 2 
R-8 2 2 1 2 1 

 

Correlation between input parameters can affect interpretation of experiments, 

and they need to be taken care by using dummy variables in the design of experiments. If 

correlation is not taken into consideration, then the analysis may lead to faulty 

conclusions.  

 

35.8 Conclusion 

DOE is a very powerful technique universally used in industry and in large scale 

field trials for better quality control and reliability testing of products, more critically so 

where performing measurements is a costly affair. The simple and more intuitive one-

factor-at-a-time method of optimization was found to yield incorrect results. The 

orthogonal array method, first introduced by Taguchi, is a more powerful method, and 

could effectively predict the complete experimental response of the system based on a 

small fraction of the total number of all possible experiments. In orthogonal arrays, for 

each input parameter, the effect of the other inputs is cancelled so that the impact of a 

single input level on the output can be found out. Understanding and analyzing 

correlation is important in design of experiments. Unless the correlation is well 

understood and incorporated through dummy variables, the analysis may lead to faulty 

conclusions.  
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35.9 Online and General References  

[1] The essence of the problem of randomization can be understood from the book “Nets, 
Puzzle, and Postman”, by Peter Higgins, Oxford University Press.  

[2] A wonderful set of lectures by Stuart Hunter is available in youtube, 
http://www.youtube.com/watch?v=AVUAt0Qly60&list=PLWQ-
BDMTHPQVH3IUGF7EM_3XHJWFD2EIP 

[3] For DOE based on Taguchi method, there is a good book written by Lloyd W Condra, 
“Reliability Improvement with design of experiments”, Marcel Dekker Inc., 1993. 
Another good book is by Ranjith Roy, “A primer on the Taguchi Method”, Van Nostrand 
Reinhold International Co. Ltd., 1990. Some of the examples are taken fromAT&T, 
“Statistical Quality Control Handbook”. Also, see the lectures on DOE by Hunter in 
youtube, 1) http:// www.youtube.com/watch?v=NoVlRAq0Uxs 2) 
http://www.youtube.com/watch?v=hTviHGsl5ag 

[4] The analysis of variance (ANOVA) is the most widely used method of statistical 
analysis of quantitative data. The ANOVA partitions the total variation into a number of 
parts depending on the design of the experiment. ANOVA can be used both for 
comparing several means and in more complex situations. The classical AVONA method 
is discussed in great detail in Chapter 13 and 14 of “Applied Statstics and Proability for 

Engineers, 3
rd Edition, D.C. Montgomery and G. C. Runger, Wiley, 2003. Also, Hunter’s 

lectures on AVONA is also very enjoyable in youtube. 1) 
http://www.youtube.com/watch?v=k3n9iSB6Cns 2) 
http://www.youtube.com/watch?v=F05zZL3uyRo 

[5] A slightly different approach that also reduces the number of experiments greatly is 
based on the response surface approach. It uses Newton- like algorithm to find the 
peaks/valleys of the response surface, see R. H. Myers and D.C. Montgomery, “Response 
Surface Methodology”, Wiley Interscience, 2002. This book discusses design of 
experiment in great detail. 

[6] Joan Fisher Box, “R. A. Fisher and the Design of Experiments, 1922-1926”, The 
American Statistician, vol. 34, no. 1, pp. 1-7, Feb. 1980.  

[7] F. Yates, “Sir Ronald Fisher and the Design of Experiments”, Biometrics, vol. 20, no. 
2, In Memoriam: Ronald Aylmer Fisher, 1890-1962., pp. 307-321, Jun. 1964.  
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35.10 Review Questions 

 [Q1] What role did Fisher play in developing the design of experiment?  

 [Q2] If you have 3 variables at two levels, what Taguchi array would you  choose?  

 [Q3] How does one find correlation among variables in full factorial method?  

 [Q4] What is the role of linear graphs in Taguchi method?  

 [Q5] In what ways Fisher philosophy of change the ways experiments are done? Is 
there a down side of such analysis?  

 [Q6] What is dummy variable? What does dummy variable to do in DOE?  

 [Q7] Can you have 3rd or higher order correlation, if you do not have second order 
correlation?  

 

 


