
PART I

THERMODYNAMICS OF SOLAR
CELLS





CHAPTER 2

A 2-LEVEL SOLAR CELL

2.1 Introduction: solar cell limits

In Chapter 1, we saw that solar energy is described by its intensity and its energy
distribution (spectrum). When sunlight falls onto a semiconductor of bandgap,
Eg), the below-bandgap photons is refracted, but not absorbed. The above bandgap
photons however excite electron-hole pairs at different energy levels, then relax to
the band-edge before being collected by the contacts. Assume an ideal system:
all the above-bandgap photons are absorbed, the semiconductor is so pure that
none of the electron-hole pairs recombine through impurities. What is the maxi-
mum light-to-electricity conversion efficiency (i.e. thermodynamic limit) of such
a system? Our effort to improve the practical cell efficiency will be guided by this
thermodynamic limit.

The calculation of thermodynamic is simplified if the sun were monochromatic
and the single frequency light (ω) falls on a collection of molecules each of which
has just two levels, ~ω = Eph = E1 −E2 (Ref. [1].) The calculation for the real sun
will involve a few simple integral over the blackbody radiation from the sun.

2.2 Thermodynamic performance limit of a 2-level solar cell

In this section we explain the fundamental limits of energy conversion when a
solar cell is viewed as a “photon engine” operating between two reservoirs, the
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Figure 2.1 (a) A collection of 2-level atoms; (b) a 2-level energy system illuminated by
photons; (c) the Bose-Einstein distribution.

sun and the environment. We discuss the physics of a photovoltaic operation of a
collection of two-level atoms. We find that the model anticipates—transparently
and intuitively—the fundamental issues of efficiency of a solar cell (many of these
issues have been derived in earlier literature from far more complicated arguments
[2, 3, 4]). The functional relationships derived for the two-level model correctly
anticipates the corresponding results for two- and three-dimensional bulk solar
cells, except for the numerical coefficients that depend on system dimensionality.

2.2.1 Physics of idealized 2-level systems

2.2.1.1 A 2-level system Consider a set of two-level “atoms” immersed in an
isotropic, three-dimensional field of photons (i.e., the atoms are illuminated from
all directions). An analogous problem arises when discussing the physics of pho-
tosynthesis in pigment molecules of marine diatoms immersed in a fluid, illu-
minated by multiply reflected, diffuse (isotropic) light [5]. We will consider dis-
crete levels, although as long as the widths of the bands are much narrower than
the energy of the photons, the same conclusions hold. Our goal in this section
is to show that if we could connect these atoms with weak probes to extract the
photo-generated electrons, we might be able to achieve or even exceed the Carnot
efficiency-the ultimate limit of energy conversion in any thermodynamic engine.

2.2.1.2 Two-level system illuminated by a monochromatic sun Typically, if the
atoms remain in equilibrium with their surrounding of phonons and photons, the
relative populations of atoms in the ground state E2 versus those in the excited
states E1 are governed by the Fermi-Dirac (FD) distribution

fi =
1

e(Ei−µi)/kBTD + 1
, (2.1)

where TD is the absolute temperature of the 2-level system, kB is the Boltzmann
constant, and µi is the electro-chemical potential (or quasi-Fermi levels) associated
with the energy level i (1 or 2). Note that (µ1 − µ2)D is not necessarily zero. Here,
the subscript D represents the “device” (i.e., the 2-level system).

Because the FD distribution is interpreted as the probability of occupation of a
state in a bulk semiconductor, one may wonder about the meaning of a FD distri-
bution of a two-level system, where the atoms can either be in the excited state or
in the ground state. Here the probability of occupation reflects the property of the
ensemble-the fraction of atoms in the up (or down) states are characterized by the
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FD distribution of those states, appropriately normalized so that the sum of the
atoms in the two levels gives the total number of atoms N .

The external isotropic, monochromatic illumination of these atoms (see Fig. 2.1)
changes the relative population by rebalancing the absorption and emission rates.
To obtain the fundamental limits we focus exclusively on radiative recombination
and exclude all other non-radiative processes. The absorption or “up” transition
is given by

U(E2 → E1) = Af2(1− f1)nph, (2.2)

while the emission or ”down” transition is given by

D(E1 → E2) = Af1(1− f2)(nph + 1). (2.3)

Here, A is a constant, the extra 1 on the right-hand-side of the down transition
describes the spontaneous emission (see Feynman, vol. 3, Chapter. 4 for more
detailed discussion [6]), and nph is the Bose-Einstein (BE) distribution for isotropic
photons given by

nph (TS) =
1

e[(E1−E2)−(µ1−µ2)S]/kBTS − 1
(2.4)

(see Fig. 2.1(c)). Here, the subscript S is a reminder that we are talking about
photons coming from a “monochromatic sun.” The form of eq. (2.4) may be un-
familiar but easily derived. Assume the sun to be an isolated box of atoms and
photons in equilibrium at absolute temperature TS ; equate equs. (2.2) and (2.3)
using eq. (2.1) as necessary, and solve for nph(TS). Although the sun is pow-
ered by internal nuclear reactions, measurement of the solar spectrum shows that
(µ1 − µ2)S ≡ ∆µS ≈ 0 [7, 8]. We will use this assumption for the following dis-
cussion.

Under an “open-circuit” condition-when electrons are not being extracted from
the system-for the two-level system kept at temperature TD [governed by eq. (2.1)]
illuminated by photons from a source at temperature TS [governed by eq. (2.4)],
the absorption (U) must be balanced by emission (D) so that

f1(1− f2)(nph + 1) = f2(1− f1)nph. (2.5)

Inserting Eqs. (2.1) and (2.4) into Eq. (2.5) we find that

E2 − µ2

TD
+
E1 − E2

TS
=
E1 − µ1

TD
, (2.6)

or equivalently

qVoc ≡ (µ1 − µ2)D = (E1 − E2)

[
1− TD

TS

]
. (2.7)

Here, Voc is the open circuit voltage of the system and q is the electron charge.
Notice the appearance of the Carnot factor involving the ratio of the “device” tem-
perature and the temperature of the sun.

Now if we could attach a pair of probes, one exchanging electrons exclusively
with E1, the other with E2 (see Fig. 2.2), to each of the atoms, and if the photon
flux R from the sun is small, then the energy input to the ensemble of atoms is



6 A 2-LEVEL SOLAR CELL

TS

TD

1 2( )phP E E Rω= = −ℏ

D
gLOST

S

T
P E R

T

 
=  
 

1 2( )µ µ−=W RE1

E2

µ1 µ2

TD

Q1

Q2

Qph(TS)

(a) (b)

Figure 2.2 (a) The energy band for the 2-level system; (b) the energy flux balance of a
“photon engine”.

(E1 − E2) × R × N , while the maximum energy output is ∼ Voc × qR × N =
(µ1 − µ2)D ×R×N , so that the efficiency η is given by

η =
(µ1 − µ2)DR×N
(E1 − E2)R×N

=

[
1− TD

TS

]
. (2.8)

We assumed that there is no additional loss introduced by the probes used for
carrier extraction. The input and output powers used to derive the efficiency of
the 2-level PV system [Eq. (2.8)] can be represented as a Carnot photon engine.
The schematic in Fig. 2.2(b) makes the analogy between a solar cell and photon
engine explicit, and details of entropy considerations are discussed in Appendix
A. In this limit, therefore, a photon engine is just another form of heat engine
connected between two reservoirs of temperature TS and TD, described by the
Carnot formula in Eq.(2.8).

Homework 2.1: Even a 2-level solar cell cannot be 100% efficient.

Assuming that the atoms are at room temperature (TD = 300 ◦K) and the
sun is a blackbody with TS = 6000 ◦ K, what is the efficiency of the 2-level
solar cell? What is the efficiency on Mars and Saturn? Does the cell get more
efficient away from the sun?

Solution. The cell efficiency on earth is

η =

[
1− 300

6000

]
= 0.95.

The Carnot’s engine is assumed to work between two reservoirs which are in
equilibrium. Interestingly, the efficiency of the system may exceed the Carnot limit
if the reservoirs are no longer in equilibrium - this point is discussed in Appendix
A.
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The conventional PV conversion efficiency limit is 33%, the so-called Shockley-
Queisser limit [9]. We will discuss the details of the factors contributing to the
losses in practical cells in Sec. 2.2.3.

Homework 2.2: A solar cell illuminated by LEDs

Lets look back into the derivation in this section, and assume that the source
is surrounding the solar cell device (i.e., no angle mismatch), however, the
source (e.g., LED) is emitting photons at energy (E1 −E2) at a nonzero chem-
ical potential (µ1 − µ2)S = (µ1 − µ2)LED.

1. Reformulate the expression for efficiency η as a function of
TD, TLED, (E1 − E2), and(µ1 − µ2).

2. Rearrange your equation in the form of Carnot’s equation η = (1 −
TD/T

∗
S) where T ∗S is the effective temperature of the source. Does the

source effectively seem hotter or cooler due to the nonzero chemical po-
tential?

2.2.1.3 Two-level atoms with multiple gaps Let us return to our original discus-
sion of two-level atoms illuminated by isotropic sunlight. In the previous dis-
cussions, the atoms had identical energy gaps and could absorb only at a single
energy, and the system achieved the Carnot efficiency. If we generalize the prob-
lem so that the ensemble includes N1 atoms with EG,1 ≡ (E

(1)
1 − E(1)

2 ), N2 atoms
with EG,2 ≡ (E

(2)
1 − E

(2)
2 ), etc., (see Fig. 2.3) can the ensemble as a whole still

achieve the Carnot efficiency?
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Figure 2.3 An ensemble of non-interacting 2-level systems having different energy gaps.

The total power input to the system is Pin =
∑M
i=1(E

(i)
1 − E

(i)
2 )NiR, while the

total power-output Pout =
∑M
i=1(µ

(i)
1 − µ

(i)
2 )NiR. As mentioned earlier, R is the

photon flux from the sun. The principle of detailed balance requires that each
group of atoms is in equilibrium with the corresponding set of incident photons,
i.e. (µ

(i)
1 − µ

(i)
2 ) = ηi(E

(i)
1 − E

(i)
2 ). Of course, each 2-level system operates at the
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Carnot efficiency (ηi = η1). Thus, taken together we have

ηS =
N1(µ

(1)
1 − µ

(1)
2 ) +N2(µ

(2)
1 − µ

(2)
2 ) + · · ·

N1(E
(1)
1 − E(1)

2 ) +N2(E
(2)
1 − E(2)

2 ) + · · ·

=
η1N1(E

(1)
1 − E(1)

2 ) + η1N2(E
(2)
1 − E(2)

2 ) + · · ·
N1(E

(1)
1 − E(1)

2 ) +N2(E
(2)
1 − E(2)

2 ) + · · ·
= η1 (2.9)

The ensemble of atoms absorbing at different frequencies can still achieve the
Carnot efficiency, provided the atoms are isolated and energy is independently
collected by weakly coupled probes attached to these “atoms”. In the PV literature,
solar cells based on such a “spectral splitting technique” have been discussed in
the context of very high efficiency cells [10].

2.2.2 Coupled 2-level solar cells in a system

2.2.2.1 A ‘bilayer’ system Consider a solar cell with two atoms (subsequently
referred to as material (1) and material (2), respectively) linked together as a com-
mon unit, as shown in Fig. 2.4. Example of such a solar cell is ‘bilayer’ organic
solar cell with the materials (1) and (2) called donor and acceptor respectively.
Photons are absorbed in material (1), generating electron-hole pair (process 1).
The electron transfers from energy E(1)

1 in material (1) to the energy level E(2)
1 in

material (2) (process 2). The free electron at E(2)
1 jumps down to an empty state

at E(1)
2 at the cross gap, giving away photons of energy (E1 − E2)D (process 3).

The cross-gap provides the lowest energy gap for recombination, and is therefore
more preferable. The up and down transitions are given by

U(E
(1)
2 → E

(1)
1 ) = Af

(1)
2 (1− f (1)

1 )nUph (2.10)

and
D(E

(2)
1 → E

(1)
2 ) = Af

(2)
1 (1− f (1)

2 )(nDph + 1) (2.11)

Here, nUph and nDph are the BE distributions corresponding to photons having

energies (E
(1)
1 −E(1)

2 ) and (E
(2)
1 −E(1)

2 ) respectively. We equate the up and down
transitions, Eqs. (2.10) and (2.17), to obtain

(µ
(2)
1 − µ

(1)
2 ) = (E

(2)
1 − E(1)

2 )−
(
TD
TS

)
(E

(1)
1 − E(1)

2 ) (2.12)

The corresponding bilayer cell efficiency is

ηb =
(µ

(2)
1 − µ

(1)
2 )

(E
(1)
1 − E(1)

2 )
=

(
(E

(2)
1 − E(1)

2 )

(E
(1)
1 − E(1)

2 )

)
−
(
TD
TS

)
(2.13)

<

(
1− TD

TS

)
Note that (E

(2)
1 − E(1)

2 ) < (E
(1)
1 − E(1)

2 ), so from Eq. (2.13) we find ηb < ηCarnot
and the energy lost can be viewed as a ‘thermalization loss’ discussed later in
section 2.2.3.1.
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Figure 2.4 Schematic diagram showing the operation of a ‘bilayer’ solar cell.

2.2.2.2 Multiple cells in series Consider two identical solar cells operating in se-
ries as shown in Fig. 2.5. The photosyntesis process works in a similar fashion.
Also, several solar cells are connected in series to form a module.

Now, in the series coupled cells in Fig. 2.5, both cells (1) and (2) absorb light
equally sharing the photon flux. The up transitions are

U (1)(E
(1)
2 → E

(1)
1 ) =

1

2
Af

(1)
2 (1− f (1)

1 )nUph, (2.14)

U (2)(E
(2)
2 → E

(2)
1 ) =

1

2
Af

(2)
2 (1− f (2)

1 )nUph. (2.15)

The factor 1/2 is due to the fact that each of the cells absorb half the photon flux.
The cells are identical; therefore, (E

(1)
1 −E

(1)
2 ) = (E

(2)
1 −E

(2)
2 ) = Eph. We can write

the total up transition as

U = U (1) + U (2) = Af
(1)
2 (1− f (1)

1 )nUph. (2.16)

The series coupling between the cell happens through the transition: E(1)
1 →

E
(2)
2 . As we will see in the final expression, there is a loss associated with ∆E =

E
(1)
1 − E(2)

2 . Next, the down transition in the coupled system is

D(E
(2)
1 → E

(1)
2 ) = Af

(2)
1 (1− f (1)

2 )(nDph + 1). (2.17)

Finally, by equating the up and down transitions, we obtain[
E

(1)
2 − µ(1)

2

kTD
+

Eph
kBTD

]
=
E

(2)
1 − µ(2)

1

kBTD
,

∴ (µ
(2)
1 − µ

(1)
2 ) = Eph −∆E −

(
TD
TS

)
Eph. (2.18)

The efficiency of the series coupled system is

ηs =
Eph −∆E

Eph
− TD
TS

. (2.19)

Obviously, this limits to Carnot’s value when ∆E = 0.
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Figure 2.5 Schematic diagram showing the operation of a series coupled solar cell.

Homework 2.3: Series coupled, multi-bandgap system

What would be the efficiency if the series coupled cells had different
bandgaps?

Homework 2.4: Difference between a bilayer vs. a series coupled system

What is the basic difference in operation between the bilayer and series
coupled system?

Hint: Realize that the bilayer system extracts electron through the lower E1,
and the efficiency is limited by the cross gap. However, the series coupled
system collects electrons through the higher E1.

2.2.3 Physics of somewhat real PVs: Ensemble of 2-level systems

Practical limits of solar cells are well known to be far lower than the Carnot limit.
Where does the energy go? This dramatic difference of the efficiency between the
two-level atomic PV [Eq. (2.8)] and that of the practical 3D solar cells lies in three
factors: the sun is far away and occupies (as a disk) a small fraction of the sky, the
dimensionality of the solar cell, and the specific definition of Shockley-Queisser
(S-Q) efficiency that includes the below bandgap (the gap between the highest oc-
cupied and the lowest unoccupied electronic energy states) light as a loss. We will
discuss the three sources of energy losses (see chap. 7 in Ref. [11]): thermaliza-
tion loss, irreversible generation of entropy due to angle mismatch, and the below
bandgap (or transmission) loss, all in the context of the two-level system so that we
can understand the gap between real and Carnot-efficient solar cells. For example,
a cell operating at the optimum bandgap (Eg ∼ 1.35eV) has a thermalization loss
of 30%, an angle mismatch loss of 9%, and a below bandgap loss of 25% of the
input solar spectrum [12].
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2.2.3.1 Thermalization Loss Let us return to the discussion (end of Sec. 2.2.1)
where we considered an ensemble of independent atoms illuminated by isotropic
sunlight. However, now we assume that the atoms are coupled as in a solid so
that electrons can transfer from one atom to the next (see Fig. 2.6). The transfer of
electrons from atoms with a larger gap to atoms with a smaller gap is accompa-
nied by the emission of phonons to the environment. We will assume that all the
atoms can absorb photons, but photon emission is only possible for atoms with
the smallest energy gap (E

(1)
1 − E(1)

2 ), and energy is only extracted at the smallest
gap. In this case we have

ηS =
(N1 +N2 +N3 + · · · )(µ(1)

1 − µ
(1)
2 )

N1(E
(1)
1 − E(1)

2 ) +N2(E
(2)
1 − E(2)

2 ) + · · ·
(2.20)

= η1
(N1 +N2 +N3 + · · · )(E(1)

1 − E(1)
2 )

N1(E
(1)
1 − E(1)

2 ) +N2(E
(2)
1 − E(2)

2 ) + · · ·
< η1.

The loss of efficiency is expected as the energy absorbed in atoms with a larger
bandgap has been lost to thermalization (phonon emission). Moreover, one can
show by repeating the steps in Appendix A that the process generates entropy
and the system is no longer reversible. In PV parlance this is the called the ther-
malization loss; it arises from coupling among atoms.

Homework 2.5: Thermalization in the ‘bilayer’ solar cell

To confirm that Eq. (2.13) is consistent with Eq. (2.20), recall that for a pair of
donor and acceptor atoms we have

ηb =
(N1 +N2)(µ

(2)
1 − µ

(1)
2 )

N1(E
(1)
1 − E(1)

2 ) +N2(E
(2)
1 − E(2)

2 )
. (2.21)

In this particular case N2 = 0 as there is no absorption in material (2), i.e.,
there is no photon absorption involving (E

(2)
1 − E(2)

2 ). Thus we find from Eq.
(2.21) that

ηb =
(µ

(2)
1 − µ

(1)
2 )

(E
(1)
1 − E(1)

2 )
, (2.22)

which is precisely the term following the first equal sign in Eq. (2.13).

Reducing thermalization loss. Thermalization loss involves energy exchanged
to the environment as electrons hop from one atom to the next. Several schemes
have been suggested to reduce this loss.

One approach is based on the idea of multiple exciton generation (MEG) [13,
14]. In this scheme, the excess energy released as an electron jumps down from
one atomic energy level to the next is not lost to phonons, but transferred to the
acceptor atom itself, so as to thermally generate a new electron-hole pair. Thus a
fraction of the energy lost due to thermalization is revived for energy conversion.
Another method to decrease the thermalization loss involves extraction of carriers
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Figure 2.6 An ensemble of interacting 2-level systems having different energy gaps.

(a) (b) 

0.5 1.0 1.5 2.0
0.0

0.5

1.0

 E
g
  (eV)

 (


1
- 

2
) 

=
 q

V
O

C
 (

e
V

)

GaAs
CdTe

y=E
g
 Line

c-Si
InP

S


D


SUN 

Figure 2.7 (a) Angle mismatch between the sun and the solar cell; (b) the open-circuit
voltage limit of a PV as a function of bandgap. The blue solid line represents the relationship
given by eq. (2.26). The experimental results (circles) are taken from Ref. [18].

in excited states before they thermalize. An important consideration for the design
of these “hot carrier PVs” is that the thermalization time ( 10 − 100ps, see Ref.
[15]) and the carrier transport time to the contacts have to be comparable. This
constraint puts an upper limit on the thickness of the solar cells and leads to a
trade-off between absorption efficiency and the efficiency of hot-carrier collection.
The trade-off could be relaxed by increasing the thermalization time by phononic
confinement [15].

Another approach to reduce thermalization loss is based on a hybrid photo-
voltaic/thermal (PV/T) system [16]. In this scheme circulating fluid collects the
waste heat generated by the PV module and uses the heated fluid to run an en-
gine. (This approach should be distinguished from thermal PV (TPV) [17].) Such
integrated systems return the efficiency towards the Carnot limit for systems con-
taining multiple atoms with different bandgaps.

2.2.3.2 Angular anisotropy In the above calculation, multiply scattered, diffused
(i.e., isotropic) sunlight was used to illuminate the PV cell. Remarkably, a solar cell
illuminated directly by the sun has a lower efficiency, as we now explain.
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The sun is approximately 150 × 106 kilometers away; therefore, it appears as a
small disk in the sky. Hence, the solid angle subtended by the sun is only θS =
6 × 10−5 steradians as seen from the PV cell on the earth [see Fig. 2.7(a)]. The
angle is so small that the rays of sunlight can be considered parallel (and hence
the shadow behind an object). On the other hand, when the photons absorbed
by the atoms are re-emitted, they are radiated in all directions (radiation angle
θD ∼ 4π steradians). Therefore, Eq. (2.5) must be rewritten as

θD f1(1− f2)(nph + 1) = θS f2(1− f1)nph (2.23)

or

−ln
(
θD
θS

)
+

(
E2 − µ2

kBTD

)
+

(
E1 − E2

kBTS

)
=

(
E1 − µ1

kBTD

)
,

which leads to

η =
µ1 − µ2

E1 − E2
=

(
1− TD

TS

)
− kBTD
E1 − E2

ln
(
θD
θS

)
. (2.24)

This is a remarkable formula. It says that the efficiency of a photon engine working
with direct sunlight is always less than that of an engine operating in isotropic
light:

qVoc =

(
1− TD

TS

)
Eg − kBTDln

(
θD
θS

)
(2.25)

where Eg = E1 − E2(in eV).

Homework 2.6: Open-circuit voltage vs. the bandgap

Show that Open-circuit voltage, Voc, cannot exceed the bandgap, Eg .

Solution: To estimate the difference between Voc and Eg , recall that we have
assumed TS = 600◦ K and TD = 300◦ K, and estimate that

qVoc = 0.95× Eg − 0.31 eV

In other words, for a typical solar cell with a bandgap between 1 to 1.5 eV,
almost 30% of the open circuit voltage is lost due to the mismatch between θS
and θD. This corresponds to ∼9% loss in energy in practical cells operating at
the optimum bandgap of 1.35 eV.

For 3D solar cells the constants in the above equation are slightly different
[12, 19] The loss due to angular anisotropy is partially compensated by the con-
tribution from 3D photonic density of states. Thus the open circuit voltage (3D
solar cells) can be approximately represented as

qVoc = 0.95× Eg − 0.22 eV (2.26)

The best solar cells produced to date all follow Eq. (2.26), as shown in Fig. 2.7(b).
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Figure 2.8 (a) A single state occupied by a photon (approximately) normally incident
from the sun; (b) momentum scattering of the photon inside the solar cell. Note that the
photon incidence and re-emission problem is intrinsically three-dimensional, as the atoms
can absorb and re-radiate in 3D patterns; the 2D scheme shown above is used to illustrate
the concept of angle entropy.

(1) Isotropic vs. direct sunlight. What is the difference between isotropic vs.
direct sunlight that can change the PV efficiency so radically? An atom has cer-
tain directivity in the radiation pattern in vacuum [20]. In the derivation above,
however, we have assumed that the photons arrive and are absorbed in a narrow
(solid) angle θS , while they re-radiate in a broader angle of 4π. This can only hap-
pen if the phases of the atoms excited to level 1 are subsequently randomized by
the collision among the atoms so that the atoms eventually re-emit with random
angles. The entropy gain of a system is kTD ln(Nfinal/Ninitial). Here, the number of
radiating angular states is given by (Nfinal) ∼ 4π and the number of angular states
occupied by the incoming sunlight is given by (Ninitial) ∼ θS . We see that the extra
loss term can be viewed as an irreversible entropy gain due to angular mismatch
between incident and re-radiated photons. A complex derivation of this entropy
loss exists [12], but the use of two-level PV makes the physical interpretation intu-
itive and transparent.

What does it mean to “lose energy” due to angle anisotropy? Let us say that a
number of photons enter the solar cell at normal incidence; such photons occupy
a specific point in k-space [see Fig. 2.8(a)]. Such photons are absorbed and the
atoms excited. The atoms then go through a momentum scattering process and
subsequently, they collectively emit at random angles [shown in k-space in Fig.
2.8(b)]. Individually the photons have the same energy on emission as they did on
absorption and there should be no loss of energy. However, we should recognize
that it takes energy to create collimated photons (similar to incident sunlight) from
random photons emitted by the cell. When the collimated photons are scattered,
there is an increase in entropy indicating that some part of the energy cannot be
converted to work. This energy has been irreversibly lost in the process of mo-
mentum scattering or angle randomization.

(2) Recovery of entropy loss. The efficiency of the solar cell will improve if
we can reduce the entropy loss due to angle mismatch. We can either make the
absorption angle larger or the emission angle narrower, and both approaches are
in practical use today.
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(a) (b) 

Figure 2.9 (a) Angle broadening of incident photons using a solar concentrator; (b) a
scheme limiting the emission angle of the PV system.

1. Mirrors. Solar cells often use mirrors in the back surface, which reflect light
and reduces the emission angle from 4π to 2π. Inserting this new angle in Eq.
(2.24), we find that the open circuit voltage increases by (kTD/q) × ln(2) or
17mV at room temperature. This leads to a slight improvement in efficiency.

2. Solar concentrator. If the atoms are placed in a small sphere at the focus of
a concentric hemisphere, the atoms will be illuminated from all sides with
(2π/θS) ∼ 105 suns [see Fig. 2.9(a)]. The incident angle is now 2π, matching
exactly the angle of the radiated photons. In this case, the angular anisotropy
term disappears and Voc once again reaches the values corresponding to the
Carnot limit. Therefore, the essence of the concentrator solar cells lies in coun-
tering the angle entropy generated in a typical solar cell illuminated by direct
sunlight.

3. Narrow emission angle. It might be possible to create a set of optical structures
so that illumination and emission are possible only with a narrow solid angle
(see Fig. 2.9(b)). Depending on the narrowness of the angle, the efficiency
should approach the Carnot efficiency for a collection of two-level atoms.

2.2.3.3 Below-bandgap loss Traditionally, the Shockley-Queisser efficiency of a
solar cell is defined by the ratio of energy converted to electricity to total inci-
dent energy from the sun. If a photon with energy below (or above) the bandgap
passes right through the atoms, never interacting with the atoms themselves, the
solar cells will still be held responsible for not being able to convert it to electrical
energy. This below-bandgap loss is really not a loss at all, because the photons still
carry the memory of the sun and have the ability to do work. The definition pre-
sumes that the transmitted energy will be irretrievably lost, and therefore, should
be rightfully chalked up as a loss mechanism.

Recovery of below-bandgap loss. Consider, for example, that a quasi-transparent
PV has been integrated with the structure of a greenhouse. The below-bandgap
photons that escape through solar cells [e.g., large-bandgap organic photovoltaics
(OPVs) [17, 21]] can still be used to drive the photosynthesis of the plants placed
behind such quasi-transparent PV modules. For smaller bandgap PVs, such as c-
Si, the below-bandgap radiation can be used by smaller bandgap materials, such
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as PVs based on carbon nanotubes [22]. Finally, if the PV/T absorber is opaque
to below bandgap transmission, a fraction of the below-bandgap energy can also
be retrieved. All of these schemes involve interesting examples of a “tandem cell”
for high-efficiency energy conversion. We will discuss more on tandem cells in
chapter 5.

Another interesting scheme to utilize the below-bandgap loss involves thermal
PVs (TPVs) [17]. Here, the first layer absorbs sunlight directly to heat a fluid and
re-emits at a lower energy. The second selective emitter layer transmits photons
that are easily absorbed by the PV layer in the bottom, but reflects to the ab-
sorber the below and above bandgap photons that have previously been lost to
below-bandgap transmission and above-bandgap thermalization. These “return-
to-sender” photons keep the top absorber layer hot and allows for better conver-
sion efficiency of the PV layer at the bottom.

Homework 2.7: Phosynthesis is a collection of 2-level systems

Try to connect what you have learned so far with the following work:
R. T. Ross and M. Calvin, Thermodynamics of Light Emission and Free-
Energy Storage in Photosynthesis, Biophysical Journal, vol. 7, no. 5, pp.
595614, Sep. 1967.

2.3 Conclusions: 2-level picture of solar cells

In this chapter, we have discussed the fundamental limits in PV operation. Starting
from a 2-level model in Section 2.2, we provide insights and understandings on
basic solar cell operation and the loss mechanisms involved in ideal situations.
An idealized two-level solar cell working in isotropic light is shown to achieve
the thermodynamic Carnot efficiency of ∼95%. In practice, however, three loss
mechanisms reduce the efficiency of PV system far below the Carnot limit: (i)
thermalization loss from high energy photons, (ii) the angle mismatch loss, and
(iii) the unabsorbed below bandgap loss.

The thermalization loss involves asymmetry in energy of the absorption and
emission. Photons are absorbed in broad-band but emitted only in narrow band
with the rest of the energy lost to phonons. Hybrid PV/T or MEG systems that
recycle the waste heat improve efficiency. The second source of loss involves an-
gle mismatch between direct illumination and emission at random angles, the so-
called angle entropy loss. This loss can be reduced either by reducing the emission
angle using mirrors or waveguides, or increasing the incident angle using solar
concentrators. Finally, the “accounting” or below-bandgap loss can be improved
using tandem cells or the TPV approach. Considerations of these loss-mechanisms
within the context of a simple two-level PV system collectively explain the effi-
ciency degradation from the Carnot limit to the widely known Shockley-Queisser
limit.

Thus far, we have assumed that the solar cell completely absorbs the incident
sunlight (above bandgap). A practical, finite sized cell cannot have such perfect
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absorption. The analysis on light trapping mechanisms in chapter 3 will next ex-
plain the conventional limits to absorption enhancement. We will use simplified
formalism to explain light trapping limit in various structures. The same formula-
tion is extended to re-interpret the ‘4n2’ limit (or, Yablonovitch limit) and prospects
of breaking that limit.

Then in chapter4, a detailed particle balance approach will be used to more ac-
curately quantify the PV performance and the loss budget. As we will discuss, the
theory appropriately utilizes the photon statistics and density of states to balance
the absorption (sunlight) and emission rates to calculate the carrier collection of
the solar cell. Based on this formalism, we will explain limiting performances and
loss mechanisms in several PV technologies (e.g., single-junction, OPVs, bifacial
tandem).

References

[1] Muhammad A. Alam and M. Ryyan Khan. Fundamentals of PV efficiency
interpreted by a two-level model. American Journal of Physics, 81(9):655–662,
September 2013.

[2] C. H Henry. Limiting efficiencies of ideal single and multiple energy gap
terrestrial solar cells. Journal of Applied Physics, 51(8):4494–4500, August 1980.

[3] Antonio Luque and Steven Hegedus, editors. Handbook of Photovoltaic Science
and Engineering, Second Edition. March 2011.

[4] Jenny Nelson. The physics of solar cells. Imperial College Press, London, 2004.

[5] Joseph Noyes, Manfred Sumper, and Pete Vukusic. Light manipulation in a
marine diatom. Journal of Materials Research, 23(12):3229–3235, January 2011.

[6] Richard P. Feynman, Robert B. Leighton, and Matthew Sands. The Feynman
Lectures on Physics, Vol. 3. Addison Wesley, January 1971.

[7] Robert F Pierret. Advanced semiconductor fundamentals. Prentice Hall, Upper
Saddle River, N.J., 2003.

[8] F. Herrmann and P. Wurfel. Light with nonzero chemical potential. American
Journal of Physics, 73(8):717, 2005.

[9] William Shockley and Hans J. Queisser. Detailed Balance Limit of Efficiency
of p-n Junction Solar Cells. Journal of Applied Physics, 32(3):510, 1961.

[10] A. Barnett, C. Honsberg, D. Kirkpatrick, S. Kurtz, D. Moore, D. Salzman,
R. Schwartz, J. Gray, S. Bowden, K. Goossen, M. Haney, D. Aiken, M. Wan-
lass, and K. Emery. 50% Efficient Solar Cell Architectures and Designs. In
Photovoltaic Energy Conversion, Conference Record of the 2006 IEEE 4th World
Conference on, volume 2, pages 2560 –2564, May 2006.

[11] Prof Dr rer nat and emerit Peter Wrfel. Physics of Solar Cells: From Principles to
New Concepts. December 2007.



18 A 2-LEVEL SOLAR CELL

[12] Louise C. Hirst and Nicholas J. Ekins-Daukes. Fundamental losses in solar
cells. Progress in Photovoltaics: Research and Applications, 19(3):286–293, 2011.

[13] Stuart K. Stubbs, Samantha J. O. Hardman, Darren M. Graham, Ben F.
Spencer, Wendy R. Flavell, Paul Glarvey, Ombretta Masala, Nigel L. Pick-
ett, and David J. Binks. Efficient carrier multiplication in InP nanoparticles.
Physical Review B, 81(8):081303, February 2010.

[14] Sung Jin Kim, Won Jin Kim, Yudhisthira Sahoo, Alexander N Cartwright, and
Paras N Prasad. Multiple exciton generation and electrical extraction from
a PbSe quantum dot photoconductor. Applied Physics Letters, 92(3):031107–
031107–3, January 2008.

[15] D. Knig, K. Casalenuovo, Y. Takeda, G. Conibeer, J.F. Guillemoles, R. Pat-
terson, L.M. Huang, and M.A. Green. Hot carrier solar cells: Principles,
materials and design. Physica E: Low-dimensional Systems and Nanostructures,
42(10):2862–2866, September 2010.

[16] T.T. Chow. A review on photovoltaic/thermal hybrid solar technology. Ap-
plied Energy, 87(2):365–379, February 2010.

[17] W. Spirkl and H. Ries. Solar thermophotovoltaics: An assessment. Journal of
Applied Physics, 57(9):4409–4414, May 1985.

[18] Martin A Green, Keith Emery, Yoshihiro Hishikawa, Wilhelm Warta, and
Ewan D Dunlop. Solar cell efficiency tables (version 39). Progress in Photo-
voltaics: Research and Applications, 20(1):12–20, January 2012.

[19] William H. Press. Theoretical maximum for energy from direct and dif-
fuse sunlight. , Published online: 23 December 1976; | doi:10.1038/264734a0,
264(5588):734–735, December 1976.

[20] Jonathan P. Dowling, Marlan O. Scully, and Francesco DeMartini. Radiation
pattern of a classical dipole in a cavity. Optics Communications, 82(56):415–419,
May 1991.

[21] Biswajit Ray, Pradeep R. Nair, R. Edwin Garcia, and Muhammad A. Alam.
Modeling and optimization of polymer based bulk heterojunction (BH) solar
cell. pages 1–4. IEEE, December 2009.

[22] Nathaniel M. Gabor, Zhaohui Zhong, Ken Bosnick, Jiwoong Park, and Paul L.
McEuen. Extremely Efficient Multiple Electron-Hole Pair Generation in Car-
bon Nanotube Photodiodes. Science, 325(5946):1367–1371, September 2009.



CHAPTER 3

LIMITS FOR LIGHT ABSORPTION

3.1 Introduction: a solar cell cannot absorb all incident photons

Thus far, we have assumed, all the photons incident (with relevant energies) on
the solar cell will be absorbed. A simple thermodynamic argument related to a
(weakly absorbing) finite dielectric slab illuminated by sunlight, originally sug-
gested by Yablonovitch, leads to the conclusion that the absorption in a dielectric
can at best be increased by a factor 4n2. The absorption in these materials is always
imperfect; the Shockley-Queisser (S-Q) limit can be achieved only asymptotically
using a finite size PV absorber layer. In this chapter, we make the connection
between the degradation in efficiency and the Yablonovitch limit explicit and re-
derive the 4n2–limit by intuitive geometrical arguments based on Snell’s law and
elementary rules of probability. Remarkably, the re-derivation suggests strategies
of breaking the traditional absorption limit and improving PV efficiency (limiting
towards S-Q) by enhanced light absorption.

3.2 Absorption in a PV material: overview

The thermodynamic argument proposed by Shockley-Queisser (S-Q) [1] allows us
to calculate the maximum efficiency of solar cells. In the previous section (sec.
2.2.1) [2], we have shown that the essential features of the thermodynamic limit
(as well as various practical approaches proposed to approach or exceed it) can be
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Figure 3.1 (a) A system comprising of 2-level atoms, (b) A 2-level atom interacting with
incident light.

understood by shining sunlight onto a box of atoms characterized by two energy
levels, E1 and E2 , see Fig. 3.1.

At equilibrium, a system comprising of a collection of 2-level atoms can be de-
scribed by the Fermi-Dirac (F-D) statistics:

fi =
1

e(Ei−µi)/kBTD + 1
.

with Ei and µibeing the energy and chemical potential of the i-th state (i = 1, 2).
On the other hand, the photons follow Bose-Einstein (B-E) distribution given as
follows,

nph (T ) =
1

e[(E1−E2)−∆µ]/kBT − 1
.

For the sun, ∆µ ≈ 0. The open circuit voltage of the solar cell made out of the
system of atoms is given by the splitting of the chemical potentials, i.e., qVOC =
(µ1 − µ2).

The S-Q limit [1] can be theoretically achieved only if all the photons of right
energy (~ω = E1 − E2) entering the dielectric are absorbed with probability one.
Our previous derivation of the S-Q limit for the 2-level system presumed perfect
absorption (see sec. 2.2.1). For imperfect absorption, we should have written the
upward and downward transition rates as,

U = P × θS f2(1− f1)nph (3.1)
D = 1 × θD f1(1− f2)(nph + 1) (3.2)

allowing for the fact that some photons of the right energy may exit the solar cell
without being absorbed (P < 1). Here, nph is the B-E distributions related to the
radiation from the sun (with appropriate ∆µ and T ). θS and θD are the input and
output radiation angles. If we equate Eq. (3.1) and (3.2) and follow the procedure
in sec. 2.2.1 to recalculate the efficiency (η) of the simplified 2-level model, we find

η =

(
1− TD

TS

)
− kBTD

Eg
log

(
θD
θS

)
− kBTD

Eg
log

(
1

P

)
. (3.3)

A reduction in absorption (P ) reduces η below the thermodynamic limit, an intu-
itive result.
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In the following discussion of this section, we will show that absorption proba-
bility (absorptance) for the weakly absorbing material is given by

P =
fA × αL

(fA × αL) + 1
, (3.4)

where L is the thickness of the dielectric slab defined by the electrical design of
the cell, α is the absorption coefficient the material under consideration, and fA
is the absorption enhancement factor defined by optical design of the cell. For
weakly absorbing (α→ 0) material such as silicon (near band-edge), fA and/or L
must be enhanced somehow to make P → 1 and the efficiency approaches the 2-
level efficiency limit (analogous to S-Q limit), see Eq. (3.3). Unfortunately, the cell
cannot be made arbitrarily thick, because the photo-generated carriers in a thick
film will recombine before being collected by the contact, and the short-circuit cur-
rent JSC will be reduced. Instead, we should focus on increasing P by increasing
fA, with clever arrangement of mirrors, reflectors, concentrators, photonic crystals
and metamaterials.

In 1982, Yablonovich used the theory of detailed balance of photons to provide
a surprising answer [3, 4]: In essence, no matter how clever or sophisticated the
optical design, fA cannot exceed 4n2 (n is the refractive index of the solar cell),
and therefore, the absorption probability P of a finite cell of thickness L can never
be perfect. The theory suggests several practical ways to approach the limit. For a
poorly designed cell, fA → 1, fAαL� 1, so that P ∼ αL; a more thoughtful design
enhances fA → 4n2, so that even with fAαL < 1 we would expect P ∼ 4n2αL.
While P < 1, but at least a good design could increase P by a factor of 4n2 over a
poorly designed one.

Homework 3.1: Absorption in a weak absorber

The BeerLambert law says that, a dielectric layer would absorb P = (1 −
exp(αL)) in a layer of thickness L and absorption coefficient α. Show that for
a weakly absorbing layer (αL� 1), P → αL.

In Sec. 3.3, we re-derive Yablonovich limit by elementary geometrical argu-
ments based on Snell’s law. We explain the absorption enhancement factor fA(=
fI × fL). Here, fL is the average absorption path length enhancement factor per
trip through the dielectric (normalized to cell thickness) to account for the fact that
rays at an random angle θi has a higher probability of absorption compared to a
ray passing vertically through the cell, i.e., fL ≡

〈
Leffi (θi)

〉
/L. And, fI = 2β is

the intensity enhancement factor calculated from the average number of bounces
β a photon experiences before it escapes the cell. In turn, β depends on mate-
rial index n and the dimensionality of surfaces DS which defines the scattering of
photons. Therefore, fA in a weakly absorbing material is determined by determin-
ing by simple geometrical arguments the two parameters,

〈
Leffi (θi)

〉
and β. The

derivation of Eq. (3.4) will also suggest techniques to beat the Yablonovich limit,
i.e., fA > 4n2, by restricting the emission angle or changing the statistics of photon
scattering, see Sec. 3.5. Some of these have also been discussed in [5], however, we
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Figure 3.2 Input and extraction of photons to fill up a ‘container/photon-tank’.

offer intuitive interpretations and significant generalizations of the key results to
conventional structures and some recent light trapping configurations. Our con-
clusions are summarized in Sec. 3.7.

3.3 Statistics of light rays in a solar cell

The essence of the Yablonovitch’s argument in [3, 4] is understood by the follow-
ing scenario: Consider a dielectric with an inlet and an outlet for photons. At
steady state, the incoming and outgoing flow rates (# of photons/sec) are equal to
ensure there is no constant buildup of energy inside the dielectric. If the incom-
ing flux (# of photons/sec/area), Fi is fixed, the steady state number of photons
inside the layer can be controlled by changing the outgoing flux,Fo. In principle,
the arbitrary decrease in Fo would be assisted by a corresponding increase in the
photon density inside the dielectric layer. Generalizing Yablonovich’s argument,
we can show that when a solar cell is illuminated by sunlight of flux Fi (Fig. 3.2),
the emission (outgoing flux) cannot be reduced arbitrarily by optical design and
therefore, the ‘pressure’ of photon gas inside the cell (i.e., intensity enhancement)
cannot exceed

fI ∼ ĈDS × nDS ×
(
θC
θesc

)DS
.

This limit is dictated solely by the refractive index n of the dielectric, dimensional-
ityDS of the photon scattering surface and the maximum escape angle, θesc. Here,
θC is the critical angle for total internal reflection. For typical dielectrics, θesc = θC ,
but angle-selective photonic crystal can reduce θesc below θC to enhance the inten-
sity within the dielectric, as explained in Sec. 3.5. Here, ĈDS is a dimensionality
constant.

For a weak absorbing dielectric, the absorption only occurs as a small perturba-
tion to the intensity and fL. Hence the absorption enhancement differs from the
intensity enhancement by only a factor:

fA(n,DS) ∼ CDS × nDS ×
(
θC
θesc

)DS
. (3.5)

As we will see below that in a conventional 3D solar cells with a Lambertian
back mirror, DS = 2, CDS = 4 and θesc = θC , and hence fA(n,DS = 2) ∼ 4n2.
Eq. (3.5) can be inserted in Eq. (3.4) to calculate absorptance for different types of
optical configurations.
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Figure 3.3 (a) Definition of loss-cone (escape cone) and path lengths, (b) Illustration of
escape cone solid angle in a 3D case.

3.3.1 Absorption enhancement and absorption in classical solar cells

Consider the fate of a photon trapped within a finite dielectric slab as it tries to
escape the dielectric region by repeated bouncing between the two (one reflecting,
one random) surfaces, as in Fig. 3.3(a). Snell’s law (n1sinθ1 = n2sinθ2) dictates that
the maximum angle with which a photon incident onto dielectric/air interface can
escape the dielectric is given by θC = sin−1(1/n). The probability that a ray will
escape (Pesc) through the escape cone (0 < θ < θC) depends on the dimensionality
of the confining surfaces (Fig. 3.3).

If a ray is incident outside the escape cone, it will bounce back, for total internal
reflection, in a random angle defined by the local orientation of the top interface.
The average number of bounces a photon experiences before it escapes the dielec-
tric is defined by the escape probability per bounce as

β = Pesc
−1. (3.6)

Note that the number of bounces before escape equals the enhancement of pho-
ton intensity per round trip inside the dielectric layer. Figure 3.4 explains why:
if a photon bounces β times before it escapes, any arbitrary point ‘A’ within the
dielectric is visited by β (on average) number of photons, so that the intensity of
the point goes up by the same factor. Therefore, fI = 2β for a cell with a mirror in
the back; or, fI = β, if the mirror is absent.

It should be understood that intensity enhancement (fI = 2β) does not arise
from an enhanced emission rate from atoms within the cell. The emission rate of
photons depends only on the temperature of the dielectric (blackbody radiation).
By reducing the probability of escape (Pesc) with suitably designed structures, the
number of photons inside (Nph) is increased, as in Fig. 3.2, so that the number of
photons escaping the cell (Pesc ×Nph) remains independent of the escape angle.

Within a given bounce, the rays are scattered at different angles (0 < θi < π/2),
see Fig. 3.3(a). On average, the path length per pass (up or down),

〈
Leffi (θi)

〉
, is

greater than L, the thickness of the cell. Therefore, the absorption per round trip,
with a back mirror, is α× 2

〈
Leffi

〉
≡ 2fLαL where fL ≡

〈
Leffi

〉
/L.

Now to complete the derivation of Eq. (3.4), consider a solar cell in which pho-
tons bounce β times between top and bottom interfaces before exiting a dielectric
slab of length L and absorption coefficient α. The probability of absorption per
round trip is ∼ 2fLαL and in every round-trip, a fraction 1/β of the photons es-
cape through the top surface without being absorbed. Therefore, the absorption
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Figure 3.4 Angle statistics (c, d) of photons in a 1D object (a) without and (b) with a back
reflector.

probability or absorptance is,

P = A =
2fLαL

2fLαL+ β−1

=
2fLβαL

2fLβαL+ 1
≡ fLfIαL

(fLfIαL) + 1
≡ fA × αL

(fA × αL) + 1
.

Once the two parameters, β(= P−1
esc) and fL(Leff ), are determined for a given

optical configuration, η (of the 2-level solar cell system) is readily determined
through Eqs. (3.3) and (3.4). We now calculate β and fL(Leff ) for a few typical
optical configurations.

Homework 3.2: Absorption at the band-edge is weak

Most dielectrics have strong absorption at energies higher than the bandgap.
Close to the bandgap, the absorption is weak—therefore, light trapping
and absorption enhancement designs focus more on the effects close to the
bandgap. At higher energies, the absorption is high anyway. In general, ab-
sorption coefficient is wavelength/energy dependent: α(λ). So, we would
have P ≡ P (λ).

3.3.2 A Planar Bottom Mirror with no Randomness (DS = 0)

Consider a dielectric defined by two parallel, planar surfaces. If a ray of sunlight
refracts into the dielectric as in Fig. 3.4(a), it must enter the dielectric within the
‘escape cone’ (see arrow labeled ‘0’ in Fig. 3.4(c)). If the ray is neither decayed
(negligible perturbation due to absorption), nor scattered within the dielectric, the
ray will be incident on the bottom surface within the escape cone and will es-
cape to air (arrow ‘1’, Fig. 3.4(c)), with no further reflection. The path length en-
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hancement depends on the angle of the refracted ray (θD) inside the dielectric, i.e.,
fL = 1/ cos θD. The number of trips through the dielectric is just 1 (β = 1). Only
a single ray is associated with any point ‘A’, so that the density of photons at each
point inside the dielectric is exactly equal to that in air (fI = β = 1). Therefore, the
absorption enhancement is fA = fIfL = βfL = 1/ cos θD an intuitive result. Note
that if the photon is never absorbed or scattered within the dielectric, its angle can-
not change, and the dashed region in Fig. 3.4(c) remains forever inaccessible. For
practical dielectrics θD(< θC)→ 0 and cos θD → 1.

If we make the back-surface fully reflecting, as in Fig. 3.4(b), the ray still enters
the dielectric within θmax = θC (Fig. 3.4(d)), bounces once on the back mirror(red
dot, marked ‘1’), and then escapes through the top interface (arrow marked ‘2’)
never once leaving the escape cone. The photon makes two trips (fI = 2) through
the dielectric before it escapes, so that fA = 2/ cos θD = 2βfL = fIfL. By blocking
off the exit from the bottom, the internal photon density has been raised by a factor
of 2, because every point ‘A’ is traversed by two rays: one on its way down to the
mirror, the other after bouncing back, on its way to escape.

The results above are consistent with Eq. (3.5), with CDS = 1 (without mirror)
and CDS = 2 (with mirror). Since DS = 0 for both cases, Eq. (3.5) suggests that fA
is independent of the index of the dielectric, consistent with the results derived in
the preceding paragraph. Finally, using Eq. (3.4) we find

P = A =
2fLαL

2fLαL+ β−1
=

2αL/ cos θD
2αL/ cos θD + 1

≈ 2αL

2αL+ 1
. (3.7)

Because in the absence of any scattering, fL = 1/ cos θD ≈ 1. It is easy to see
that a dielectrics defined by parallel, planar surfaces make a poor absorber, i.e.,
P ∼ 2αL when αL is small. Absorption is enhanced considerably by roughening
the bottom reflector, as discussed below.

Homework 3.3: Absorption in a Si layer

Si has poor absorption close to the bandgap, e.g., α ≈ 0.5/cm just above the
bandedge. For a L = 200µm thick Si, what is the absorption with no mirror at
the back (CDS = 1). What about with a plane mirror at the back?

3.3.3 Bottom Mirror with 1D Randomness (DS = 1)

Fig. 3.5(a) shows a dielectric with a planar surface on the top and a roughened
(only along the x direction), fully reflective surface in the back. Let us assume that
the incident ray is restricted to planes parallel to xz-plane. The incident ray enters
into the dielectric through the top planar surface within the escape cone (θ ≤ θC)
of the top surface. This is represented as state-0 in Fig. 3.5(b). The ray is scattered
and reflected by the bottom rough surface. If the angle following the scattering is
outside the escape cone (θ > θC), the state of the ray is characterized by a point
within the blue region in Fig. 3.5(b). Since the ray is outside the escape cone, it will
be internally reflected from the top surface (total internal reflection). The bounc-
ing between the surfaces will continue and the photon will remain trapped within
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Figure 3.5 Angle statistics for photon scattering in (a) 1D and (c) 2D Lambertian reflector
at the back. The corresponding angle statistics are shown in (b) and (d).

the dielectric, as long as the ray occupies a state outside the escape cone (the blue
region in Fig. 3.5(b)). Statistically, on average, the photon will bounce β times (i.e.,
hop through β number of states in Fig. 3.5(b)) before it is randomly scattered into
the escape cone and finally exits the structure (arrow-β as shown in Fig. 3.5(b)).
Note that β should be understood as an average, because some photons may es-
cape only a single bounce, while others may be trapped for bounces much larger
than β.

The escape probability and β can be calculated as follows:

Pesc =

∫ θC
−θC cos θ dθ∫ π/2
−π/2 cos θ dθ

=
2 sin θC

2
=

1

n

β =
1

Pesc
= n.

The intensity enhancement is fI = 2β = 2n.
For a very weak absorbing dielectric, the absorption in a single pass by the

randomly scattered light is

Asingle−pass =

∫ (
1− e(−αL/ cos θ)

)
cos θ dθ∫

cos θ dθ

≈

∫ π/2
−π/2 αLdθ∫ π/2
−π/2 cos θ dθ

=
π

2
αL.

Therefore the absorption path enhancement is

fL =
Asingle−pass

αL
=
π

2
.

Also, the absorption enhancement factor is fA = fIfL = πn = C1n, again
consistent with Eq. (3.5). Of course, we still have θesc = θC .
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Therefore, by Eq. (3.4) we find

P = A =
2fLαL

2fLαL+ β−1
=

πnαL

πnαL+ 1
(3.8)

for reflective rough surface (in one direction). The appearance of π and n(> 1)
suggests improved absorption even for a poor absorber like silicon.

Homework 3.4: Absorption in 1D textured Si cell

Lets assume α ≈ 0.5/cm and L = 200µm for the Si layer with a 1D textured
back mirror. The refractive index of Si is n = 3.5. Calculate escape probability
Pesc, absorption enhancement factor fA, and absorption.
You should expect to see that the 1D rough bottom reflector increases absorp-
tance in Si by a factor of 11. This means: a 200µm thick silicon layer will
appear optically as a 2mm thick film.

3.3.4 Random Surfaces (DS = 2)

It is possible to roughen the bottom reflector in both the x and y directions, see
Fig. 3.5(c). The light comes in through the top planar surface and gets scattered by
rough back reflector. The scattering of light and the trapping concept is the same
as explained in the previous section. The light cannot escape from the dielectric
if it is scattered into and then stays within the states in the blue region of Fig.
3.5(d). The light escapes after β bounces, when a random scattering by the bottom
interface scatters the ray into the escape cone.

To calculate Pesc and β, we will integrate over the solid angle (3D) with θesc =
θC , as follows:

Pesc =

∫
cos θ dΩ∫

half−sphere cos θdΩ

=

∫ 2π

0

∫ θC
0

cos θ sin θ dθ dφ∫ 2π

0

∫ π/2
0

cos θ sin θ dθ dφ

= sin2θC ≡ 1/n2. (3.9)

So that,

β =
1

Pesc
= n2.

And, the corresponding intensity enhancement is fI = 2β = 2n2. In silicon, on av-
erage, the ray travels an astonishing 25 times inside the layer before it can escape.
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For a very weak absorbing dielectric, the absorption in a single pass by the
randomly scattered light is

Asingle−pass =

∫ (
1− e(−αL/ cos θ)

)
cos θ dΩ∫

cos θ dΩ

≈
∫ π/2

0
αL sin θdθ∫ π/2

0
cos θ sin θ dθ

= 2αL.

Therefore the absorption path enhancement is

fL =
Asingle−pass

αL
= 2.

The absorption enhancement factor is fA = fIfL = 4n2, the Yablonovich result.
Note that fA = 4n2 = C2n

2 is consistent with Eq. (3.5).
For weakly absorbing material, absorptance is now given by

P = A =
2fLαL

2fLαL+ β−1
=

4n2αL

4n2αL+ 1
. (3.10)

The formula implies that the sunlight entering a 200µm thick silicon film will have
effectively 1cm optical thickness for absorption! Even for very weakly absorb-
ing light, P → 1; such is the power of a single roughed surface. However, for
improved electrical properties of the solar cells, a much thinner absorber layer is
desired for such cases, even higher absorption enhancement is required to reach
P → 1.

Homework 3.5: Absorption in a practical textured Si cell

Lets assume α ≈ 0.5/cm and L = 200µm for the Si layer with a 1D textured
back mirror. The refractive index of Si is n = 3.5. Calculate escape probability
Pesc, absorption enhancement factor fA, and absorption.
You should expect to see that the absorptance in Si is enhanced by a factor of
50. This means: a 200µm thick silicon layer will appear optically as a 10mm
thick film!
Also, fI tells you the number of times the rays bounce, on average, inside the
Si layer.

We have used a configuration with planar, refracting surface facing the sun,
and the roughened mirror at the back, because the ray tracing is intuitive and the
analysis easy to explain. The results are unchanged if the configuration is reversed
a roughened refracting surface on top and a planar, reflecting surface at the back.

Homework 3.6: Absorption in a textured solar cell
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Instead of the mirror being textured, consider a randomly textured interface
(with DS = 2) between the dielectric (e.g., Si) and air.

1. Explain how the escape probability of light from the dielectric through
the random surface into air is Pesc = 1/n2.

2. Now consider a dielectric layer with random surfaces on both sides. And,
we do not have a mirror at the back. Show that the absorption enhance-
ment now is fA1 = 2n2.

3. Now assume that there is a mirror at the back of the layer–however, the
reflectivity of the mirror isR. Recalculate fA2. At some value ofR < Rcrit
we can expect fA2 < fA1. For such low reflectivity, we are better off
without a back mirror!

Solution.

1. The escape probability of isotropic light through a planar surface is 1/n2.
The random surface essentially randomizes the angle between the light-
ray and the surface. Therefore, we can still expect the escape probability
to be (approximately) 1/n2.

2. We can still set fI = 2, fL = 2. The net escape probability is now 1/n2 +
1/n2 = 2/n2 (i.e., 1/n2 for each top and bottom surface). Then, fA1 =
2× 2× (n2/2) = 2n2.

3. Again, net escape or loss probability: 1/n2 + (1−R) = [1 +n2(1−R)]/n2.

And, fA2 = 4n2/[1 + n2(1−R)]. In the limit R = 1, we have fA2 = 4n2.

Obviously, 1 − Rcrit = 1/n2. For example with n = 3.5 for Si, we have
Rcrit ≈ 92%.

All these calculations assume low 1/n2 and high R under weak absorption
(αL small) condition.

Homework 3.7: Average number of bounces when absorption is strong

The formulation to find the escape probability, average number of bounces,
and net enhanced absorption assumed minor perturbation to the incident in-
tensity as the light travels through the absorber dielectric. This is, of course,
not correct if absorption becomes large.
Assume a structure with a random texture at the top and a perfect mirror at
the back. Remember that: the escape probability from the dielectric to air is
Pesc = 1/n2. Absorption per round trip is A0 = (1 − exp(4αL)). After each
round trip, we loose Pesc fraction of the rays intensity at the top surface.
Say,
f−i = intensity (normalized) remaining after i round-trips (before hitting top
surface),
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fi = intensity (normalized) remaining after i round-trips (after fractional es-
cape through top surface),
Ei = escaped ray at i-th round-trip,
Ai = net absorption after i round-trips,
We want to find, A∞ = 1−

∑
Ei.

Hint:
i f−i Ei fi

1 1−A0 f−1 Pesc f−1 (1− Pesc)
= (1−A0)(1− Pesc)

...
j (1−A0)j(1− Pesc)j−1 f−j Pesc f−j (1− Pesc)

= (1−A0)j(1− Pesc)j

3.4 Planar Surfaces and Photon recycling

The angle diagram (Fig. 3.5(d)) suggests that it is not necessary to have a ran-
dom surface to achieve high photon intensity. Any process that scatters the pho-
tons away from the escape cone can achieve similar amplification. For example,
if a photon is absorbed and immediately re-emitted at a random angle, Fig. 3.6
shows that the number of repeated bounces will be identical to those from scat-
tering by rough surfaces [6]. The randomization of the angles by a process called
photon-recycling has been used with great success in creating ultra high efficiency
cells that do not require rough surfaces [7]. Note that, photon recycling is rel-
evant and effective for materials with a high ratio of radiative to non-radiative
recombination. For example, radiative recombination dominates in a high quality
GaAs cell—this allows us to utilize photon recycling to improve PV performance.
However, Auger recombination (non-radiative) can dominate in indirect bandgap
materials such as Si—therefore, photon recycling is irrelevant in such cases.

C


Critical angle of 
refraction, 

Mirror 

Figure 3.6 Trapping of recycled photons.
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3.5 Intensity Enhancement: exceeding the conventional limit

One can increase fA(≡ fI × fL) > 4n2 by increasing fI as follows. The idea of
this approach is to reduce the escape angle θesc below θC , so that Pesc is reduced,
and the number of photons within the box is enhanced. The second approach
involves arranging the optics such that scattering among various angles are no
longer random. Rather, the probability of scattering outside the escape zone, i.e.,
within the ‘blue region’ in Fig. 3.5(d), is enhanced. In both cases, the Yablonovitch
limit is exceeded, as discussed below.

3.5.1 Reducing the escape cone

If the angle of the output emission angle is reduced by a factor Nout by an angle
selective layer so that light can be emitted with an angle of (θAir = 2π/Nout), as
in Fig. 3.7(a), the escape cone inside the dielectric will likewise be reduced by a
factor N (where θesc = θC/N ). Thus from Snell’s law,

sin

(
π/2

Nout

)
= n sin

(
θC
N

)
. (3.11)

We can simplify this relationship. For practical dielectrics we can approximate
the critical angle as (sin θC ≈ θC) = (1/n). Now if Nout is large enough, we can
re-write Eq. (3.11) as,(

π/2

Nout

)
≈ n

(
θC
N

)
≈ 1

θC

(
θC
N

)
=

1

N
.

Therefore,

N ≈ Nout
π/2

.

for Nout � 1. The roughened back reflector continues to randomize the light
angles inside the dielectric, so that the angle-space in Fig. 3.7(b) is populated with
equal probability. Following the derivation of Eq. (3.9), but now for the restricted
escape angle, we find,

Pesc = sin2(θesc)

= sin2(θC/N)

≈ (θC/N)
2

=
1

N2
θ2
C

=

(
π2/4

)
N2
out

1

n2
.

Recall that for a random surface with DS = 2, fL = 2. The absorption enhance-
ment:

fA = 2βfL =
2fL
Pesc

= N2 × 4n2 =
8N2

out

π2
× 4n2.

This expression is in the form of Eq. (3.5), where (θC/θesc) = N with DS = 2
and C2 = 4. The result is also similar to the absorption limit (4n2/sin2θ) for con-
centrator solar cells [8] or cells with restricted emission [9, 10? ]. Although the
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Figure 3.7 (a) Conventional structure with Lambertian back reflector yielding 4n2

absorption enhancement. An extra angle selective transmitter/reflector layer on the
structure of can yield > 4n2 absorption enhancement as well as reduction in angle entropy
loss. (b) The angle statistics shows that the suppressed escape angle allows for more states
for photons inside the dielectric.

absorption path length enhancement is the same as before (fL = 2), the intensity
enhancement is very high in this case

(
fI = (8N2

out/π
2)× 2n2

)
.

Homework 3.8: Maximum absorption gain from reduced escape angle

Ideally we would want to restrict the emission angle→ 0. However, sunlight
comes in at a finite solid angle. We would then block the sunlight and reduce
input to the cell if the emission (which is also the acceptance angle) is too
small. If we could restrict the emission solid angle from 2π to the incoming
solid angle of the sunlight (∼ 6×10−5rad), then we can estimate the maximum
possible absorption gain from reduced angle. Therefore, NOUT ∼ (2π/θD) =
105, and

fA = N2 × 4n2 ≈ (4× 109)× 4n2,

which is significantly higher than the Yablonovich limit. In this case, the
photons are virtually guaranteed to be absorbed with probability 1 (P → 1),
because even the weakest absorbing materials have absorption coefficient of
∼ 10−5/m.

Returning to Eq. (3.3), we find that suppressing θesc not only improves P (re-
duces the third term on right), but simultaneous suppresses the angle anisotropy
and increase the open circuit voltage close to the bandgap [2, 10]. In practice,
Nout → 105 may be both impractical and unnecessary for absorption enhance-
ment. The quadratic improvement of absorption with angle restriction ensures
that even for moderate angle restriction, the absorbance increase is significant.

3.5.2 Anisotropic Scattering by Generalized Snell’s Law

The second approach of to break the Yablonovitch limit involves anisotropic trap-
ping, by clever optical design, of the rays away from the escape cone (within the
blue region in Fig. 3.5(d)), as follows. See [11] for detailed analysis of this concept.
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Properly designed planer metallic layer have been shown to create phase dis-
continuities in the optical path [12, 13]. Let us consider a 2D geometry for simplic-
ity. The laws of refraction and reflection are modified as follows [12]

nt sin θt − ni sin θi = γ, (3.12)
ni sin θr − ni sin θi = γ. (3.13)

Here γ = (λ0/2π)(dΦ/dx) is a measure of the discontinuity introduced by the
new interface layer at wavelength λ0. The subscripts i, r, t in the above equation
denote the incident, reflected and transmitted (refracted) rays respectively. Re-
call that γ = 0 defines the commonly known laws of refraction and reflection.
Let us assume for now that the interface layer (see Fig. 3.8(a)) yields the ‘new’
laws of reflection and refraction for any polarization or wavelength of the incident
light. With this generalized Snell’s law, one can design simple structure that can
be analogous to a optical black hole [14]—trap an incident photon forever within
the dielectric structure (Fig. 3.8(a)), as described below.

For an illustrative example, Fig. 3.8(a,b), let us assume that nA = 1, nB = 3,
and γ = 1. Consider the case shown in the schematic of Fig. 3.8(a): The incident
ray refracts according to Eq.(3.12). Note that the escape angles (critical angle) are
not symmetric around zero, i.e., the escape cone has been skewed (illustrated in
Fig. 3.8(a)). The ray path shown in Fig.3.8(a) shows that light hits the top interface
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Figure 3.8 (a) Proposed scheme for perfect light trapping. The top interface introduces
phase discontinuities in the optical path. (b) Step-by-step study of light trapping in the
structure. Light gets trapped into evanescent modes after couple of bounces inside the
structure. (c) The black and red line present the reflection law for the mirror and the
top interface. The blue dashed line describes the refraction law for rays entering into the
dielectric layer—for this case the incident angle is along the y-axis. (d) The angle statistics
for the structure explain light trapping scheme.
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outside the escape cone after the first round trip inside the medium. This time the
ray follows Eq.(3.13) for the total internal reflection. The reflection angle is found
to increase at each bounce. In fact, in all consecutive bounces, the ray stays outside
the escape cone and eventually is entrapped into an evanescent mode.

In Fig. 3.8(c), the reflection laws for the mirror (black line) and the top interface
layer looking from the dielectric (red line) have been plotted. The shaded region
corresponds to the angles in the escape cone. The blue dashed line gives the re-
fraction rule for light going from air into the dielectric—note that the incidence
angle and transmitted angle are along the y and x-axis respectively.

For a better understanding of the operation of the light trapping scheme, con-
sider the case shown in Fig. 3.8(b). The angles assumed by the rays in consecutive
refraction and reflections are represented by the corresponding numbered arrows
in Fig. 3.8(c). The ray 1 (Fig. 3.8(b)) is incident at an angle −π/3,as shown in
Fig 3.8(c). The refracted ray 2 bounces off the mirror. The corresponding angle is
shown by arrow-2 on the black line (mirror reflection law). Ray 3 is outside the
escape cone and reflects off the top interface (arrow-3 onto the red line shows the
angle). The ray keeps on bouncing between the mirror and the top interface until
ray 7 is reflected to π/2 (see arrow-7 onto red line). The light is now trapped into
this mode forever.

Fig. 3.8(d) shows angle statistics for the structure for a more general case of
0 < γ < 1. If the ray stays inside the escape cone (green region in this diagram)
after the first bounce, the ray will not be trapped. On the other hand, rays going
outside the escape cone keep bouncing away to larger angles and eventually get
trapped.

Homework 3.9: Anisotropic ‘meta-mirror’

Focus on the structure in Fig. 3.8(b) where the back mirror has been modified
to follow generalized Snell’s Law following Eq. (3.13). Assume nA = 1 (air),
and nB = 3.5 (Si).

1. Find the escape cone angle θC fo Si.

2. Consider normal incidence from air—light will refract into Si and still be
at normal angle. Thus these rays will hit the back mirror at θi = 0. Now,
if the mirror is designed such that θr ≥ θC , then we can achieve perfect
light trapping. Find the critical value of γC so that θr = θC . This should
be the critical design for perfect light trapping for normally incident light.

3. For normally incident light, explain how (i) for γ < γC there is no light
trapping, and (ii) for γ > γC there is light trapping.
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3.6 Absorption enhancement: exceeding the conventional limit

3.6.1 ‘Intensity’ enhancement versus ‘absorption’ enhancement

The second approach to obtain fA(≡ fI × fL) > 4n2 is to increase fL � 2 by
preferential low-angle scattering of the rays. For these cases, fL is often reduced
below 2n2, but fA(= fI × fL) > 4n2. We will now discuss the theory and two
specific implementation that have been discussed in the literature [15, 16].

In all the preceding discussions, we have assumed the light to be scattered
isotropically inside the dielectric. The intensity enhancement was fI = 2β =
2n2 for 2D random scattering surface. Average absorption path enhancement
yields another factor of fL = 2. Note that, the effective path length for light is
much higher if it is scattered into large angles allowing the rays to get absorbed.
As shown in Fig. 3.9(a), rays with a smaller angle will require more number of
bounces before absorption, having higher probability of escaping. A ray with an
angle θ will undergo absorption of (1 − e−αL/ cos θ) for single pass through the
dielectric. Now, assume a surface scatters the rays according to a probability dis-
tribution of P (Ω). Therefore, the average absorption path length enhancement is:

fL =
1

αL

∫
(1− e−2αL/ cos θ)P (Ω)dΩ. (3.14)

If the surface is designed such that it preferentially scatters parallel (θ → π/2) to
the surface, the absorption path enhancement fL can be very high. The strong ab-
sorption implies fewer bounces (β < n2), however, the overall absorption exceeds
the Yablonovitch limit (fA = 2βfL > 4n2).

3.6.2 Beating the Limit by Anisotropic Scattering

Several recent works beat the 4n2-limit of light absorption by innovative optical
structures that scatters light predominantly into guided modes [15], as in Fig.
3.10(a). To understand this approach intuitively, we calculate the integral of fL
shown above Eq. (3.14) by partitioning the rays into two groups: one for ‘very
low angle’ evanescent wave absorption (Aev), the rest for bulk absorption (Abulk).
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Figure 3.9 (a) Absorption of scattered light in the dielectric. (b) Absorption enhancement
as a function of dielectric layer thickness L.
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Figure 3.10 (a) Coupling of light into evanescent modes to reduce the probability of photon
escape. (c) Thin active layer surrounded by high refractive index cladding for enhanced
evanescent mode absorption. (b) and (d) show the angle statistics for (a) and (c) respectively.

Taken together:

fL =
Aev +Abulk

αL
≡ fL(ev) + fL(bulk). (3.15)

Here, fL(ev) and fL(bulk) are path length enhancement due to evanescent mode and
bulk absorption, respectively. We have already shown that for a 2D Lambertian
surface, fL(bulk) ≈ 2. The Aev does not depend on dielectric thickness, therefore,
fL(ev) ∼ 1/L. For a moderately low absorption coefficient of α = 103m−1, and low
evanescent mode absorptionAev = 10−5, Fig. 3.9(b) shows that we can obtain very
high fL as L→ 0, highlighting the importance of evanescent mode absorption.

The intensity enhancement fI is calculated by turning off absorption. Now the
ray of light goes into the dielectric (arrow ‘0’ in Fig. 3.10(b)), bounces at the back
(states shown by set of dots marked ‘1’) and then goes out (arrow ‘2’). Therefore,
fI = 2β = 2. In summary, while fI does not increase, fL does, so that overall fA
exceeds the Yablonovitch limit.

Another form of such slot waveguide structure has been proposed by Green
[16], see Fig. 3.10(c). The cladding layers with higher refractive index increases the
evanescent mode coupling to the active layer with lower refractive index (see Fig.
3.10(c)), and increase Aev . As the active layer is made thinner L→ 0, Aev � Abulk.
As in Ref. [15], the increase in fL compensates for the decrease in fI to beat the
Yablonovitch limit. The rays enter into the active layer form the two cladding lay-
ers through the escape cones of the cladding-active layer interface as shown in the
angle statistics diagram of Fig. 3.10(d). The escaped rays into the active layer are
distributed such that evanescent modes are increased. Note that the evanescent
mode coupling in Ref. [16] is purely a wave optics phenomenon and there Aev can
only be calculated by solving Maxwell’s equations.
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It is important to realize that the absolute value of absorptance of these arrange-
ments may not be high (i.e., not close to unity), although the absorption enhance-
ment appears to be even orders of magnitude larger than the 4n2 limit.

Homework 3.10: Beating the Yavlonovitch limit

The Yablonovitch limit assumes that light will uniformly occupy all the pho-
tonic states. A dielectric has factor of n2 higher density of states compared to
air–this immediately contributes to n2 intensity enhancement. Another factor
of 4 from ray path yields in the net enhancement of ‘4n2’. However, uniform
occupation of the DOS is not required—in fact equation (3.12) explains the
occupation probability P (Ω) which can help us maximize absorption.
One extreme example is given in the following paper where a concept of per-
fect, 100% absorption is shown. This breaks the Yablonovitch limit–however,
maybe difficult to implement in practice.
M. R. Khan, X. Wang, P. Bermel, and M. A. Alam, “Enhanced light trapping in solar
cells with a meta-mirror following generalized Snells law,” Opt. Express, vol. 22, no.
S3, pp. A973A985, May 2014.

3.7 Conclusions: absorption limit in PV

For weakly absorbing layer with a back mirror, the intensity enhancement limit
is found to be in the form fA = CDS × nDS × (θC/θesc)

DS , where n, CDS and
θesc are the refractive index, proportionality constant and the maximum escape
angle, respectively, as defined by the dimensionality DS of the scattering surface.
The derivation provides an intuitively simple explanation of the Yablonovich limit
of fA = 4n2, as an special case with random refracting surface. Additional gain
beyond this limit is possible if we observe the following: The essence of light trap-
ping and intensity enhancement is related to the reduction of escape probability of
the photons. This can be achieved either by increasing the number of states occu-
pied by the photons inside the dielectric, or by decreasing the number of available
states that allow photon escape. The example discussed in Sec. 3.5 suggest that
angle restriction provides significant additional gain because it not only improves
absorption, but also the open circuit voltage/efficiency of a solar cell. It is impor-
tant to remember that this additional gain is achieved only for normal incidence
of sunlight obtained by orienting the cell towards the sun throughout the day.

References

[1] William Shockley and Hans J. Queisser. Detailed Balance Limit of Efficiency
of p-n Junction Solar Cells. Journal of Applied Physics, 32(3):510, 1961.

[2] Muhammad A. Alam and M. Ryyan Khan. Fundamentals of PV efficiency
interpreted by a two-level model. American Journal of Physics, 81(9):655–662,
September 2013.



38 LIMITS FOR LIGHT ABSORPTION

[3] E. Yablonovitch and G.D. Cody. Intensity enhancement in textured optical
sheets for solar cells. Electron Devices, IEEE Transactions on, 29(2):300–305,
1982.

[4] Eli Yablonovitch. Statistical ray optics. Journal of the Optical Society of America,
72(7):899–907, July 1982.

[5] Antonio Luque. The confinement of light in solar cells. Solar Energy Materials,
23(24):152–163, December 1991.

[6] Owen D Miller, Eli Yablonovitch, and Sarah R Kurtz. Intense Internal and Ex-
ternal Fluorescence as Solar Cells Approach the Shockley-Queisser Efficiency
Limit. arXiv:1106.1603v3, June 2011.

[7] Xufeng Wang, M.R. Khan, M.A. Alam, and M. Lundstrom. Approaching the
Shockley-Queisser limit in GaAs solar cells. In 2012 38th IEEE Photovoltaic
Specialists Conference (PVSC), pages 002117 –002121, June 2012.

[8] P. Campbell and M.A. Green. The limiting efficiency of silicon solar cells
under concentrated sunlight. Electron Devices, IEEE Transactions on, 33(2):234
– 239, February 1986.

[9] Marius Peters, Jan Christoph Goldschmidt, and Benedikt Blsi. Angular con-
finement and concentration in photovoltaic converters. Solar Energy Materials
and Solar Cells, 94(8):1393–1398, August 2010.

[10] Jeremy N Munday. The effect of photonic bandgap materials on the Shockley-
Queisser limit. Journal of Applied Physics, 112(6):064501–064501–6, September
2012.

[11] M. Ryyan Khan, Xufeng Wang, Peter Bermel, and Muhammad A. Alam. En-
hanced light trapping in solar cells with a meta-mirror following generalized
Snells law. Optics Express, 22(S3):A973–A985, May 2014.

[12] Nanfang Yu, Patrice Genevet, Mikhail A Kats, Francesco Aieta, Jean-Philippe
Tetienne, Federico Capasso, and Zeno Gaburro. Light Propagation with
Phase Discontinuities: Generalized Laws of Reflection and Refraction. Sci-
ence, 334(6054):333–337, October 2011.

[13] Francesco Aieta, Patrice Genevet, Nanfang Yu, Mikhail A. Kats, Zeno
Gaburro, and Federico Capasso. Out-of-Plane Reflection and Refraction of
Light by Anisotropic Optical Antenna Metasurfaces with Phase Discontinu-
ities. Nano Lett., 12(3):1702–1706, 2012.

[14] Evgenii E. Narimanov and Alexander V. Kildishev. Optical black hole: Broad-
band omnidirectional light absorber. Applied Physics Letters, 95(4):041106,
2009.

[15] Zongfu Yu, Aaswath Raman, and Shanhui Fan. Fundamental limit of
nanophotonic light trapping in solar cells. Proceedings of the National Academy
of Sciences, 107(41):17491–17496, October 2010.

[16] Martin A. Green. Enhanced evanescent mode light trapping in organic solar
cells and other low index optoelectronic devices. Progress in Photovoltaics:
Research and Applications, 19(4):473–477, 2011.



CHAPTER 4

THERMODYNAMIC LIMITS OF 3D SOLAR
CELLS

4.1 Introduction: real solar cells have more than 2-levels

In the previous chapter, we explained the loss mechanisms involved in an ideal
solar cell. The ‘2-level system’ model only qualitatively explained the output limit
and loss components–a more rigorous approach is required to quantify the per-
formance. In this chapter, we will quantitatively explain the thermodynamic limit
of a ‘single-junction’ solar cell. We will discuss ‘multi-junction’ solar cells in the
following chapter.

We describe the ‘detailed particle balance’ for calculating solar cell limits in sec-
tion 4.2. Starting from the radiation of the Sun and that from the PV, we derive
the J − V relation. These would allow us to appreciate the power-budget of var-
ious loss components in conventional PV-operation. Later, we will also discuss
schemes for suppressing these losses. This analysis corroborates the PV operation
principles learnt from the 2-level model in chapter 2, and expands the qualitative
understandings to quantitative results.

In section 4.3, we will explain classical diode equations (typically found in text-
books) and bridge it to the thermodynamic J-V relationship. Finally, section 4.4 is
focused more towards OPVs discussing the effect of HJ-limited recombination [1].

Physics of Solar Cells.
By M. A. Alam and M. R. Khan
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4.2 Solar cell thermodynamics: detailed balance

In the previous chapter (Ch. 2), we have discussed solar cell operation using a
2-level model. The approach provides considerable insights on photovoltaics, and
many features of cell operation can be understood intuitively. However, neither
the Sun nor the photovoltaic system can be simplified to individual 2-level sys-
tems. Therefore, in this section, we will generalize the 2-level model so that we
can understand the operation of practical solar cells. Using a detailed particle bal-
ance model, we will estimate the PV-output and loss mechanisms. These analyses
are still somewhat idealized as we assume perfect absorption, only radiative re-
combination, and loss-less carrier-transport. The effect of imperfect absorption
and non-radiative recombination will be discussed later in chapter ??.

Before we move into technical details, let us clarify the term ‘detailed balance’.
The ‘detailed balance limit’ term was originally coined in the Shockley-Queisser
(SQ) paper [2]. Strictly speaking, the principle of detailed balance, namely, that
every process and its inverse must balance in every point in space and for every
pair of energies, holds only in equilibrium. In the context of the SQ paper, at the
open-circuit condition, fluxes generated by photons and lost due to radiative re-
combination are balanced in the ‘device’. In this sense, one could suggest that the
notion of detailed balance holds, even though fluxes do not balance between ev-
ery pair of energy states. At non-open-circuit conditions when current is extracted,
the element of photon flux balance is lost and, the system cannot be described by
the principle of detailed balance. Therefore, subsequent use of the term ‘detailed
balance model’ to describe the operation of the cells under all bias conditions is a
misnomer and should be treated as such.

4.2.1 Blackbody radiation

The number of carriers extracted from a solar cell can be thought to be equal to
the number of solar-photons absorbed offset by the number of photons radiated
by the solar cell. We will explain the incoming (solar) and outgoing (PV emission)
radiation assuming the Sun and the device to be blackbodies.

4.2.1.1 Photonic density of states Consider a blackbody box with sides (ax, ay, az).
We would like to count the number of photonic modes or states inside the box,
within wave-vector range of [0, k]. Now, this mode-count can be calculated as
follows:

Nph,V = 2× (volume in k-space)× (no. of modes per k-space vol.). (4.1)

The factor of 2 here accounts for both the TE and TM polarizations of light. Volume
in k-space is of course (4/3)πk3. Number of relevant modes per-k in each axis are
ax/2π, ay/2π, and az/2π (see chapter-4 in [3]). The number of modes Nph,V is
essentially the mode-count inside the sphere in the first quadrant in k−space (of
course there is a factor of 2 for TE, TM) as shown in Fig. 4.1 Finally, we find the
mode-count per unit volume of the blackbody:

Nph =
Nph,V
V

=
2× 4

3πk
3 × ax

2π
az
2π

az
2π

V
=

1

3π2
k3. (4.2)
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Figure 4.1 The k−space diagram is shown here. The relevant modes are inside the sphere
of radius k in the first quadrant.

The dispersion relationship of light is ω = (c/ñ)k, or E = (c/ñ)~k. Here, E (or
ω) is the photon energy (or angular frequency), and ñ is the refractive index of the
medium where we measure the radiation (not necessarily inside the blackbody
itself). Also, c is the speed of light in free space, and h = 2π~ is the Planck’s
constant. Therefore, we can now find Nph as a function of energy (E):

Nph(E) =
1

3π2
((ñ/c)E/~)3 =

8π

3

ñ3

(hc)3
E3. (4.3)

All these modes create a combined isotropic (i.e., 4π sr.) radiation. Finally, the
photonic density of states, defined as the number of photonic modes per energy
and per solid angle can be calculated as follows:

Dph(E) =
1

4π

dNph
dE

=
2ñ3

(hc)3
E2. (4.4)

4.2.1.2 Photon flux density and Planck’s Law We have determined the number of
states at various energies; however, we still need to find the occupancy probability
of photons at each state. Photons being Bosons, the occupancy will be determined
by the Bose-Einstein (BE) distribution. The generalized BE-distribution can be
written as follows:

fBE(E, T ) =
1

exp((E − µ)/kBT )− 1
. (4.5)

Here, kB is the Boltzmann constant, µ is the chemical potential of photons, and T
is the temperature of the blackbody. Now, the total photon emission flux in solid
angle Ω, per energy interval is given by,

nph(E, T, µ,Ω) = Ω×Dph(E)fBE(E, T )× (c/ñ) (4.6)

= ñ2 2Ω

c2h3

E2

exp((E − µ)/kBT )− 1
(4.7)
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Figure 4.2 (a) Blackbody spectrums have been compared here. The blue line indicates
Earth’s radiation, i.e., radiation from a blackbody (BB) at 300K through ΩD = 2π sr. The red
(marked ∼ AM0) is 6000K–BB radiation through ΩS ≈ 6.8 × 10−5. (b) Any material with
a bandgap would radiate only above its band-edge. Therefore, the PV radiation (see at 0
bias) has exponentially lower emission than an ideal 300K–BB (red dashed line). However,
PV radiation Iemi(V ) = E × nD(V ) exponentially rises with voltage.

This is a generalized form of Planck’s Law [4]. The photon fluxes in most cases are
calculated and compared in free-space. Otherwise, unless explicitly mentioned,
we will set ñ = 1.

The sun can be estimated as a blackbody at TS ≈ 6000K. The sunlight is incident
on Earth with a very small solid angle ΩS ≈ 6.8 × 10−5. On the other hand, a
solar cell would operate at TD ≈ 300K. The emission angle ΩD of the solar cell is
conventionally 4π (or, 2π for a cell with a back mirror). Therefore, we can define:

nS ≡ nph(E, TS , µ = 0,ΩS) (4.8)
nD(V ) ≡ nph(E, TD, µ = qV,ΩD) (4.9)

Here, V is the operating voltage of the solar cell. Note that, E × nph gives the
intensity spectrum. The incident solar intensity spectrum (I0 = E × nS) and PV
radiation spectrum (Iemi = E × nD) are shown in Fig. 4.2. The spectrum I0 ap-
proximates AM0 (air-mass 0) which is the solar spectrum outside the earth’s at-
mosphere. The solar spectrum on earth’s surface is more accurately represented
by Am1.5G [? ]. AM1.5G has a lower intensity than AM0 due to absorption and
scattering in the atmosphere.

Homework 4.1: Energy flux from the sun

The temperature of the sun is 6000K. Had it cooled down by a factor of 2, the
integrated energy arriving on the surface of the earth would be reduced by a
factor of?

Hint. The blackbody radiation follows the Stephan-Boltzmann relationship
I ∼ T 4.
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nS  nD(𝑉)  J/q 

Figure 4.3 PV operation scheme: solar photons (nS) above the absorber bandgap are
absorbed to generate carriers. A fraction of the carriers are collected (J/q). The rest of the
carriers recombine and contribute to emission nD(V ).

4.2.2 Solar cell operation

4.2.2.1 Absorption and emission The incident solar photon flux nS is absorbed
in the solar cell to generate electron-hole pairs. However, PV materials have a
bandgap (Eg), therefore the absorption would happen only above the band-edge.
Besides the sunlight, solar cells can also absorb radiation from the ambient (natm =
nph(E, Tatm ∼ 300K, 0,ΩD)). We can write the absorption in terms of equivalent
current as,

Jabs = JSun + Jatm

= q

∫ ∞
Eg

nSdE + q

∫ ∞
Eg

natmdE

≈ q

∫ ∞
Eg

nSdE. (4.10)

Equation (4.10) suggests that compared to the solar photon flux (i.e., 1-Sun), the
contribution from the ambient can easily be neglected. However, under dark con-
ditions, we would need to set Jabs = Jatm. Note that, we have assumed perfect
absorption above the band-edge to estimate the limiting performance of the cell.

Now, the emission from the PV device can be represented as the following re-
combination current:

Jemi(V ) = q

∫ ∞
Eg

nD(V )dE (4.11)

Again, the lower limit of the integral here signifies that the cell can emit only above
its band-edge. These calculations are very different from the 2-level model de-
scribed in Chapter 2. The 2-level model assumed monochromatic radiations—in
practice the 3D density of states, however, causes a spread in the spectrum. Thus,
unlike the 2-level model, the practical PV discussed here can only absorb a part of
the spectrum (i.e., above Eg).

Homework 4.2: Abosrption in ‘ideal’ solar cells

How much absorption (in %) does the SQ limit assume?
Solution. 100%
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4.2.2.2 Detailed balance and PV efficiency We can now finally determine the J −
V relation for the solar cell. As mentioned earlier, according to detailed balance
[2, 4]: the number of carriers extracted from a solar cell is equal to the number of
photons absorbed offset by the number of photons radiated by the solar cell (Fig.
4.3). Thus,

J(V ) = Jabs − Jemi(V ) (4.12)

= q

∫ ∞
Eg

(nS − nD(V ))dE (4.13)

The efficiency can be calculated as,

η =
J × V
Pin

, (4.14)

where, the net solar incidence is,

Pin =

∫ ∞
0

nSE dE (4.15)

The optimum power point can be found by maximizing η at each Eg by solving
(∂η/∂Eg)V = 0 or, (∂η/∂V )Eg = 0 [4]:

Vopt =
Eg
q

(
1− TD

TS

)
− kBTD

q
ln

(
ΩD(Eg)

ΩS(Eg)

)
(4.16)

The fraction (Eg/q)(TD/TS) in the first term is called the Carnot’s loss, and the
second term is the Boltzmann loss or angle-anisotropy loss. The corresponding
optimum current can be calculated by setting Jopt = J(V = Vopt); and we find

Jopt = qΩS [γS(Eg)− γD(Eg)] e
−Eg/kBTS (4.17)

where, γi(Eg) = (2kBTi/c
2h3)(E2

g + 2kBTiEg + 2k2
BT

2
i ) originates from the 3D

density of states (DOS). We can now find optimum power point efficiency ηopt =
(JV )opt/Pin as a function of Eg (see shaded region marked as Pout in Fig. 4.4(a)).
We see that the efficiency ηopt reaches a maximum of ∼ 30% at Eg ≈ 1.4eV—this
is the well know Shockley-Quiesser (SQ) limit [2]. Of course ηopt shows slightly
different values when the illumination is AM1.5G instead of the 6000K-blackbody
used here.

Homework 4.3: Solar cells are more efficient on earth than in outer-space

A cell is tested at AM0 and AM1.5—these are essentially the extra-terrestrial
and terrestrial spectrum respectively. How would the efficiencies compare?

Solution. AM1.5-illuminated cells will be more efficient. The absorption of
high energy photons by moisture in the air reduces above bandgap energy
loss as well as the short circuit current. The reduction in the energy loss (in
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the denominator) is larger than the loss of output power (current × voltage).

The open circuit voltage and short circuit current can be shown [4] to be as
follows:

VOC =
Eg
q

(
1− TD

TS

)
− kBTD

q
ln

(
ΩD
ΩS

)
+
kBTD
q

ln

(
γS
γD

)
, (4.18)

JSC = qΩSγS(Eg)e
−Eg/kBTS − qΩDγD(Eg)e

−Eg/kBTS

≈ qΩSγS(Eg)e
−Eg/kBTS . (4.19)

The last term in the VOC expressions, therefore, is a compensation term due to
DOS. If we look back into the VOC expression derived for the 2-level model in
Chapter 2, it is similar to the above equation (4.18) except for the DOS term. The 2-
level system lacks DOS, therefore, the DOS term is zero in the expression for VOC .
In fact, in the 2-level system, we had VOC = Vopt given exactly by eq. (4.16). The
2-level system results can also be re-derived using the detailed balance formalism
starting with a DOS represented by a delta-function at Eg .

Homework 4.4: Maximum short circuit current

If you could collect all the photons of the AM1.5G spectrum, what would be
the short circuit current? How about under AM0 illumination?

Solution. From the JSC vs. Eg plot (google short-circuit current, pveduca-
tion), choose the maximum current corresponding to the smallest bandgap.
You should expect 70 mA/cm2.

Homework 4.5: Solar cell is a n-D world

Imagine the solar cell in a n-dimensional world (n = 1, 2, 3). We have al-
ready explained the solar cell for n = 3-D case. Assume refractive index of
surrounding medium =1. Recalculate the following for n = 1 and 2-D cases:

1. Show that Dph = (2/(hc)n)En−1 in n-D.

2. What is the emission and acceptance angle in n-D? [Hint: in a mirror-less
case ΩD = 1, π, 2π in 1, 2, 3-D respectively].

3. Now find the J(V ) in n-D case.

4. Numerically find efficiency vs. Eg for n-D.
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Table 4.1 Power budget for solar cell operation.

Incident
power Pin =

∫ ∞
0

nSE dE (4.20)

The total incident power (TS = 6000K) is ∼ 1500 W/m2. However, in
practice, AM1.5G integrates to 1000 W/m2.

Power Out
Pout = J × V (4.21)

The output power varies with V and maximizes at Vopt.

Below
Bandgap P<Eg =

∫ Eg

0

nSE dE (4.22)

The photons with E < Eg cannot be absorbed by the solar cell.

Thermalization
loss Ptherm =

∫ ∞
Eg

((E − Eg)nS)dE (4.23)

Carriers generated by high energy (E > Eg) photons thermalize to the
band-edge giving out energy to phonons.

Emission loss
Pemi = Eg ×

∫ ∞
Eg

nD(V )dE (4.24)

This counts for the power lost to the unavoidable radiative recombina-
tion.

Angle
anisotropy PAngle = kTS log

(
ΩD
ΩS

)
×
(
J

q

)
(4.25)

The mismatch in solid angle of the incident and emitted light (ΩS and
ΩD) increases entropy.

Carnot loss
PCarnot = Eg(

TD
TS

)(
J

q
) (4.26)

This is the fraction of power that cannot be converted to work due to
finite different in temperatures of TS and TD .

Thermalization
at band-
bending

PB−therm = J × (Vopt − V ) (4.27)

This is the extra thermalization of carriers due to band bending away
from Vopt.

4.2.3 Power budget

The loss components and power budget of a solar cell are summarized in Table
4.1. For a given material (i.e., given Eg) at any operating voltage, we have,

Pin = Pout + P<Eg + Ptherm + Pemi + PAngle + PCarnot + PB−therm. (4.28)

All these power components are unavoidable for a conventional PV configuration
even with ideal (perfectly absorbing, infinite mobility) materials.
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Figure 4.4 (a) PV operation power components at optimum output for different Eg . (b)
The power budget for Eg = 1.1eV for varying bias conditions.

At optimum operating point, the below band-gap loss P<Eg and emission loss
Pemi restrict the number of carriers collected (i.e., limit the current). And, Ptherm,
PAngle, and PCarnot restrict the average energy of the collected carriers (i.e., re-
duces the voltage). At the optimum point, PB−therm = 0. The power budget at
optimum power point is shown in Fig. 4.4(a) (see also [4]).

Now, PB−therm occurs when V < Vopt (see Fig. 4.4(b)). In this case the extra
carrier relaxation in the band-bending reflects into PB−therm. For V > Vopt, the
current reduces quickly, and recombination (i.e., emission) increases. Therefore,
we would expect high contribution from Pemi. Note that, the band-bending is
in the opposite direction for V > Vopt—thus carriers gain energy as they ‘climb-
up’ the band before extraction, which in turn give a (small) negative value for
PB−therm. The reduced net thermalization Ptherm + PB−therm (at V > Vopt) is of
course positive.

Homework 4.6: PVlimits: a thermodynamic limit calculator for solar cells
in nanoHUB

Using PVlimits To calculate Thermodynamic Limits Of Solar Cells.

1. Login to nanohub.org . Go to the link: https://nanohub.org/
resources/pvlimits

2. Download the user manual posted at https://nanohub.org/
resources/24377/download/Documentation_pvlimits-v2.
pdf

3. Read Sections 1 and 2 to understand the operation of the simulator and
the meaning of various symbols.

4. Work out the examples in Section 3.

nanohub.org
https://nanohub.org/resources/pvlimits
https://nanohub.org/resources/pvlimits
https://nanohub.org/resources/24377/download/Documentation_pvlimits-v2.pdf
https://nanohub.org/resources/24377/download/Documentation_pvlimits-v2.pdf
https://nanohub.org/resources/24377/download/Documentation_pvlimits-v2.pdf
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5. How would the numbers change if you were trying to operate a Mars
Rover using a solar cell? Hint: You will need to change the Spectrum
(see Fig. 1 of the manual) from AM1.5G to “Distance from the Sun (227.9
million km).” You will also need to specify the “Device Temperature”.
Mars can be 20◦C during midday near the equator, but plummets to -
73◦C during night.

Homework 4.7: Solar cells at night

Assume that the full moon uniformly reflects the AM1.5 solar spectrum onto
the earth with an intensity of 2.5 W/m2. What is the maximum theoretical
efficiency of a solar cell powered exclusively by this light?

Solution. η = 25%. The drop in efficiency with respect to SQ limit comes from
two pieces: Most importantly, VOC drops by kT × ln(Isun/Imoon) = 0.335V.
Also, FF drops slightly because of the decreased Voc (roughly from 0.89 to
0.845).

4.2.4 Effect of temperature and input-output radiation angles

4.2.4.1 Effect of TD It is well know that the solar cell performance would de-
grade at higher operating temperature TD due to degraded material properties.
However, there is a more fundamental reason for lowered efficiency even with a
perfect active material. This can be simply understood by the following: the solar
cell is a power conversion system or engine, with a source at TS = 6000K and
the engine itself is operating at TD. Therefore, we expect the highest output when
TS/TD is maximum—increase in TD will reduce the efficiency. The reduction in
efficiency is shown in Fig. 4.5(a). The efficiency decreases almost linearly with
increased temperature. As shown in the inset, for a cell with Eg = 1.1eV (e.g., Si),
efficiency (absolute) decreases by ∼ 4.75% for every 100K rise in temperature—
and, this is without any degradation in material properties.

The redistribution of power-budget (for Eg = 1.1eV, at optimum power point)
as a function of the solar cell temperature TD is shown in Fig. 4.5(b). It is clear
that PCarnot and PAngle increases almost linearly with TD (also obvious from the
formulas in Table 4.1). Pemi also increases, although its contribution is negligible.

Homework 4.8: Solar cell in a cold planet may not work

Pluto is very cold (T=50 K). How efficient would a Si solar cell deployed in
Pluto would be compared to that in the Earth?
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Figure 4.5 (a) Effect of cell temperature TD on optimum efficiency. The three curves
are shown for 300K, 350K, and 400K respectively. (b) Power budget of Eg = 1.1 cell as a
function of TD . Contributions of PCarnot and PAngle increase linearly with TD .
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Figure 4.6 Improvement in efficiency by reducing the incidence and emission angle
mismatch by a solid angle scaling factor of fC .

Solution. The efficiency will be zero. All three terms of VOC , namely Carnot,
angle-entropy, and DOS improve at low temperature. In particular, the an-
gle entropy term, kT ln(ΩD/ΩS)-the kT term compensates increases associ-
ated with reduced ΩS . (The earth is 8 light-minute away, while 4.5 light-hour
away.) But all these are irrelevant-Si solar cell cannot operate at 50K due to
carrier freeze out.

4.2.4.2 Effect of ΩS and ΩD We have already qualitatively explained the effect
of varying ΩS and ΩD on solar cell efficiency (see section 2.2.3). Now we have the
proper formulation to quantify these effects.

If we look into the formula for Vopt or VOC (see eq.s (4.16) and (4.18)), and the
power components in Table 4.1, we see that only the ratio ΩD/ΩS is important
to define the angle entropy loss. The entropy would be reduced as we reduce
the mismatch between the incident angular states (ΩD) and emitted angular states
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(ΩS). There are two ways to reduce the angle mismatch [5, 6, 7]: (i) increase in-
cidence angle ΩS onto the cell in a concentrator PV configuration , or (ii) reduce
the allowed emission angle ΩD from the device itself. The latter is a less explored
technology called ‘angle restricted’ solar cell. In an ideal case with only radiative
recombination, both the schemes are equivalent. Increasing the incidence angle
by factor of fC(= ΩnewS /ΩS0) will have the same effect as restricting the emission
angle by fC(= ΩD0/Ω

new
D ). Or, the two schemes can be combined to get net solid

angle scaling of fC = fSfD, where, fS(= ΩnewS /ΩS0) and fD(= ΩD0/Ω
new
D ). Re-

member that, in conventional cell configuration, ΩS0 ≈ 6.8× 10−5 and ΩD0 = 2π.
The estimated boost in efficiency with increased fC is shown in Fig. 4.6. As

shown in the inset, efficiency scales logarithmically with fC . This was expected, as
from eq. (4.16), Vopt would increase as (kBTD/q) ln fC . Now, the angle anisotropy
would be completely eliminated once ΩS = ΩD—which yields in the maximum
angle scaling of fC ≈ 9.23 × 104 (assuming we set the base to be a back mirrored
cell with ΩD = 2π).

Homework 4.9: Efficiency of concentrated solar cells

Compare two different solar cells A and B. Cell A is 28% efficient under 1-sun.
Cell B is also 28% efficient, but under 10 sun. Under 1-sun, which cell is more
efficient?

Solution. Cell-A. Efficiency increases with increased concentration due to re-
duced angle entropy. Of-course a concentrated cell has higher output due to
the higher (concentrated) input.

4.2.5 Carnot loss and the ‘ultimate’ PV efficiency

Thus far, in the ‘ideal’ single-junction solar cell formulation, we have found the
Carnot loss to be PCarnot = Eg(TD/TS)(J/q). Quantitatively, this is 2-3% of the
solar energy for Eg = 1 to 2 eV. We can eliminate angle anisotropy loss by concen-
tration or angle restriction. And, using spectral splitting [8, 9] to create, essentially,
an ensemble of 2-level systems, we would eliminate P<Eg and Ptherm. The emis-
sion loss is negligible. Therefore, for such a system we are only left with the Carnot
loss. Would such combined-design allow us to reach the ‘ultimate’ efficiency of
(1− TD/TS) ≈ 95%?

In order to answer the above question, we need to understand the ‘Carnot’ ef-
ficiency. Now, this concept is better know from the heat engine where the source
supplies ‘heat’ (QS) at temperature TS and the engine operates at TD (see Fig.
4.7(b)). Work done by the engine is W and the unused energy in form of heat is
QD. The unused energy QD dumped as heat allows for the entropy to balance
between the source and reservoir:

S =
QS
TS

=
QD
TD

.
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(a) Assuming a heat source (b) Assuming a radiative source 

Figure 4.7 Energy and entropy balance of: (a) a heat engine, (b) a ‘photon’ engine.

This conserves the net entropy to yield maximum output. Thus we find well know
‘Carnot’ efficiency for ‘heat engine’ as follows,

ηH =
W

QS
=
QS −QD

QS
= 1− QD

QS
= 1− TD

TS
(4.29)

All these ideas are fine, except for the fact that for solar cell operation, the Sun
is a radiative source, not a heat source. Therefore, the change in entropy of the
radiating-Sun cannot be estimated by QS/TS . The radiation from the Sun onto the
PV device can be written as:

US = σ∗T 4
S .

Here, σ∗ is a scaled Stefan-Boltzmann constant accounting for the distance be-
tween the Sun and the solar cell. Thus change in entropy of the Sun is (see Chapter
4 in [10]):

S =

∫
dUS
T

=

∫
σ∗(T 3/4)dT

T
=

4

3

US
TS

. (4.30)

Now, for entropy balance:

S =
4

3

US
TS

=
QD
TD

. (4.31)

Note that, the solar cell is still losing the unused energy as heatQD (see Fig. 4.7(b)).
Finally, the ‘Carnot’ efficiency for the more appropriate ‘photon engine’ is:

ηph =
W

US
=
US −QD

US
= 1− QD

US
= 1− 4

3

TD
TS

(4.32)

Therefore, the ‘ultimate’ efficiency of the solar cell can reach ηph = (1 − 4
3
TD
TS

) ≈
93%. The fraction lost ( 4

3
TD
TS

) is the accumulation of the ‘Carnot’ losses of all the en-
semble of spectrally split sub-systems. It is important to note here that a different
‘Carnot’ limit of η = (1−TD/TS) was anticipated from the 2-level ensemble system
analyzed in Section 2.2.3. This is because, the solar spectrum was not considered
as a whole—instead, each of the 2-level PV in the ensemble system was assumed
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to be interacting with a corresponding monochromatic source. Such analysis un-
derestimates the Carnot loss in a broad-band photon-engine. Of course, the calcu-
lations presented in this section accurately estimate the Carnot loss.

4.2.6 Effciency, JSC , VOC , and FF

Before we move onto further discussions, let us recap and summarize the solar cell
parameters:

Vopt =
Eg
q

(
1− TD

TS

)
− kBTD

q
ln

(
ΩD(Eg)

ΩS(Eg)

)
,

VOC =
Eg
q

(
1− TD

TS

)
− kBTD

q
ln

(
ΩD
ΩS

)
+
kBTD
q

ln

(
γS
γD

)
,

Jopt = qΩS [γS(Eg)− γD(Eg)] e
−Eg/kBTS ,

JSC = qΩSγS(Eg)e
−Eg/kBTS ,

ηopt =
JoptVopt
Pin

.

Another important parameter analyzed in solar cell literature is the fill-factor
(FF ):

FF ≡ JoptVopt
JSCVOC

(4.33)

≈
[
1− γD(Eg)

γS(Eg)

] [
Vopt

Vopt + (kBTD/q) ln (γS/γD)

]
(4.34)

Homework 4.10: Solar cell parameters can be further simplified

Consider bandgaps between 1 and 2eV. In this range γS/γD varies from in the
range ∼ 50 − 30 with an average of 40 (remember: TS ≈ 6000K, TD = 300K).
Therefore, within these Eg range we can write (kBTD/q) ln (γS/γD) ≈ 0.095V.
Once you insert the values of ΩD(= 2π) and ΩS , you should find:

Vopt = 0.95
Eg
q
− 0.296

VOC = 0.95
Eg
q
− 0.201

FF ≈ 0.975× Vopt
Vopt + 0.095

Remember that ΩD = 2π corresponds to a case where there is a back mir-
ror. If the solar cell is emitting from all sides with ΩD = 4π redo the above
calculations and compare to the result found in chapter 2.
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Homework 4.11: Intermediate band solar cells: catching more light

The maximum JSC of a silicon cell is 46 mA/cm2. Midgap defects are intro-
duced in the bandgap to catch the subbandgap photons. What is the maxi-
mum current of the new cell?

Solution. Here, the below bandgap photons could in principle produce (70-
46)=24 mA/cm2 of current. However, since we need 2-photons for a single
free carrier, there may be a maximum of 12 mA/cm2 current produced. Ob-
viously, some of the photons can be absorbed even at half the bandgap, there-
fore, the current is limited to (46+12) =58 mA/cm2 .

Homework 4.12: Bandgap determines the maximum open-circuit voltage of
a solar cell

If the bandgap of a single junction solar cell is 1eV, what is the maximum VOC
and maximum Vmp?

Solution. VOC = 0.95Eg − 0.232 and Vmp = 0.95Eg − 0.31.

4.2.7 Summary: PV limits

In this section, we have formulated the J − V relationship of solar cells based on
detailed balance. The PV performance in the radiative limit has been re-explained.
The power budget explains how the ‘single-junction’ solar cell efficiency is funda-
mentally expected to be restricted to the SQ-limit of ∼ 30% (or, ∼ 33% under
AM1.5G).

Next, we will extend the discussed detailed balance formulation to predict the
limiting performance of some solar cell technologies, specifically: HJ-limited or-
ganic photovoltaics (HJ-OPVs) and tandem solar cells.

4.3 Classical vs. thermodynamic emission current

Thus far, in order to calculate the emission from the solar cell, we calculated the
photon flux observed from ‘outside’ the device. This emission-value directly indi-
cates the net recombination in the solar cell. Now, if we observe the recombination
and radiation from within the absorber layer, we would know that the photons
radiated within the escape cone will escape from the device. Photons with larger
angles will undergo total internal reflection and eventually be reabsorbed (i.e.,
recycled)—this process is called photon recycling. This overall process is already
implicitly taken into account while we calculate the photon flux observed from
outside the device.
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Figure 4.8 (a) Schematic of photon recycling. (b) Classical and thermodynamic reverse
saturation current (J0 and J∗0 ) as a function of effective re-absorption length αgW

The classical recombination current formulation does not consider photon recy-
cling. In this section, we will briefly explain the difference in formulation and the
error introduced in classical versus thermodynamic recombination current (emis-
sion) formulation.

4.3.1 Revisiting the J − V relationship

We have discussed in this chapter that, the incoming and outgoing photon flux
balance yield the J − V relation for the solar cell as follows:

J(V ) = Jabs − Jemi(V )

= JSun + Jatm − Jemi(V ). (4.35)

In conventional PV literature, the current in absence of sunlight (i.e., under dark
conditions) is called the diode-current or dark-current. We have assumed perfect
absorption in the device so far in this chapter. Assume that the solar cell absorber is
characterized by an emittance spectrumAemi(E). The dark current then is defined
as follows:

Jdark(V ) = Jemi(V )− Jatm

= q

∫ ∞
Eg

[nD(V )− natm]Aemi(E)dE

≈ q
∫ ∞
Eg

[nD(0) exp(qV/kBTD)− natm]Aemi(E)dE

=

[
q

∫ ∞
Eg

nD(0)Aemi(E)dE

]
(exp(qV/kBTD)− 1)

= J0 (exp(qV/kBTD)− 1) . (4.36)

Here, we have assumed TD = Tatm which results in: nD(0) = natm. The parameter
J0 is called the reverse saturation current density. The photon recycling effect is
essentially captured within J0 value. We will compare the classically derived J0

with the thermodynamic values in the next set of discussions.
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4.3.2 Classical picture of dark-current

Assume an absorber layer with thickness W , intrinsic carrier density ni, and re-
fractive index n̂. The classical model describes the reverse saturation current den-
sity as,

J∗0 = qn2
iBW, (4.37)

where B is the radiative recombination constant: defined by n̂, ni, absorption
coefficient of the absorber α(E), and the emission rate from the device b(E) =
(2E2/h3c2)fBE(E, TD) (rate per solid angle per energy). The relationship is as
follows:

B =
4πn̂2

n2
i

∫ ∞
Eg

α(E)b(E)dE.

≈ 4πn̂2

n2
i

αgbg∆Eg (4.38)

Note that, α(E)b(E) is sharply peaked close to Eg . That is why we can approxi-
mate the above integral by α(Eg)b(Eg)∆Eg = αgbg∆Eg . Here, ∆Eg is the effective
width of the sharply peaked α(E)b(E) function.

Finally, we can write,

J∗0 = q × 4πn̂2αgWbg∆Eg. (4.39)

4.3.3 Photon recycling and dark-current

From the thermodynamic radiation formula, we can find J0 from equ. (4.36).
Given the absorption coefficient α(E), we need to estimate Aemi.

Radiative recombination inside the solar cell isotropically (on an average) spreads
out. The generated ray traveling inside the device layer at an angle θi will have
the following re-absorption:

a(θ,E) = 1− exp(−α(E)W/ cos θi). (4.40)

Remember that the propagation angle θ outside the device is found by Snell’s Law:
sin θ = n̂ sin θi. Next, the reverse saturation current density can be written as,

J0 = 2πq

∫ π/2

−π/2

∫ ∞
Eg

a(θ, E)b(E) cos θ sin θdθdE

= 4πq

∫ π/2

0

a(θ,Eg)bg∆Eg cos θ sin θdθ. (4.41)

In the last step of the calculation, we have used that fact that a(θ,E)b(E) is a
sharply peaked function of E. Let us now make a conversion of variable θ → θi so
that sin θ = n̂ sin θi, and cos θdθ = n̂ cos θidθi. The integral then should be limited
to the critical angle of refraction θC = sin−1(1/n̂). The physical reasoning for this
limit is as follows: The internal radiation isotropically spreads out and reaches the
absorber/air interface. The rays within θi < θC will escape outside and contribute
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to recombination and J0; the rest of the photons are re-absorbed or recycled. Fi-
nally,

J0 = 4πq

∫ θC

0

(1− exp(−α(Eg)W/ cos θi))bg∆Egn̂
2 cos θi sin θidθi

= 4πq

∫ θC

0

(1− exp(−αgW ))bg∆Egn̂
2 sin θidθi

= q × 4πn̂2(1− exp(−αgW ))bg∆Eg(1− cos θC). (4.42)

Now, we can compare the classical and the thermodynamic value of the reverse
saturation current density:

J0

J∗0
=

1− exp(−αgW )

αgW
(1− cos θC). (4.43)

The key differences between J∗0 and J0 are:

When αgW � 1: J0/J
∗
0 = (1 − cos θC) which essentially is a measure of

fraction of photons that are not recycled.

When αgW is large: J∗0 keeps linearly increasing. This is physically unreason-
able. With higher αgW , emission increases and eventually should saturate to
a perfect blackbody case—this is correctly captured by the expression for J0.

Clearly, J0 < J∗0 ; which means that the recombination predicted by the thermody-
namic model (by considering photon recycling) is lower than that predicted from
the classical model. This also indicates that the classical model will underestimate
VOC .

4.4 Effects of HJ (in OPV)

In this section we will use the detailed balance approach to evaluate the ‘HJ-
limited’ solar cell. By ‘HJ-limited’, we indicate that the recombination occur at the
‘cross-gap’ of the heterojunction, e.g., in the case of bulk heterojunction organic
photovoltaics (BHJ-OPVs). We will explain in the following discussion how the
higher recombination due to lower energy-gap (at cross-gap) increases emission
and reduces VOC .

4.4.1 Why have heterojunction in OPVs?

A bulk heterojunction organic solar cell (BHJ-OPV) [11? ] consists of two demixed,
phase-segregated, bi-continuous, donor-acceptor organic semiconductors capped
by a transparent anode and a metallic cathode. The operation of BHJ-OPV is of-
ten explained as follows [12, 13]: excitons generated by sunlight in such organic
semiconductor composite are localized in single conjugated unit of few nm and
held together by undiluted Coulomb attraction between the charges, typical of
low dielectric-constant materials. Therefore, if the excitons are not dissociated into
free electrons and holes by atomically-sharp quasi-electric field of donor (D) /ac-
ceptor (A) interface, they would be lost to self-recombination. Once dissociated,
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electrons and holes are spatially separated in their respective polymer channels
and remain isolated from each other by the D-A heterojunction (which is typi-
cally a type-II heterobarrier) with staggered bandgaps (see Fig. 4.9(a)). The lack of
minority carriers in the electron-transporting and hole-transporting regions sup-
presses bulk recombination, and the high internal field created by the electrode
work-function difference sweeps the free carriers out before they can recombine at
the interface. This efficient exciton dissociation, spatial free carrier isolation, and
drift-dominated transport of photo-generated carriers explain the exceptionally
high quantum efficiency of a BHJ-OPV. Here, we will discuss the thermodynamic
efficiency limits of organic solar cells. This calculation would be relevant to low-
mobility PV device in BHJ configuration where the donor and acceptor regions are
comparable to the carrier diffusion length (i.e., transport is not the bottleneck).

4.4.2 Understanding the constrain in HJ-limited PV

For a material with bandgap EG,the efficiency is calculated as the ratio of power
output Pout, from the solar cells to the power-input over the entire solar spectrum
Pin. The net carriers flux J(V ) collected is the difference between the absorbed
flus JSC and the carriers lost to blackbody spontaneous emission Jemi(V ). The
output power is then determined by also the potential at which the net carrier flux
is extracted. Thus the efficiency is:

ηSQ =
Pout
Pin

=
V × (JSC − Jemi(V ))

Pin
(4.44)

where,

JSC = q

∫ ∞
EG

nSdE (4.45)

Jemi = q

∫ ∞
EG

nD(V )dE (4.46)

Pin =

∫ ∞
EG

nSEdE (4.47)

In such limiting conditions, the open circuit voltage can be shown to have the
following relation (see Sec. 4.2),

V max
OC =

(
1− TD

TS

)
EG − kBTD ln

(
ΩD
ΩS

)
+ ∆DOS

≈ 0.95EG − 0.22, (4.48)

where the first term is the Carnot loss factor. The second and third terms are
the angle entropy loss and photonic density of state contribution (∆DOS) . The
right hand side expression shows an simplification of the open circuit voltage; the
result is correct within ∼ 2% of those obtained from the numerical solutions. The
calculation also shows that FFmax < 0.92 for solar materials with EG ≤ 2eV . We
emphasize that there is nothing anomalous regarding this VOC being less thanEG,
or FF being less than 1, nor is this specific to excitonic PV. In addition, VOC can
be further degraded (i.e., VOC < V max

OC ) through non-radiative recombination and
other loss mechanisms.
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Figure 4.9 (a) A schematic band-diagram of HJ-OPV. Absorption starts beyond EG (step-
1), the carrier separates at D/A interface (step-2), and emission happens at the crossgap
(step-3). The SQ-efficiency limit for an OPV in (b, c). (b) When the band-discontinuity is
small, classical SQ-analysis suggests that peak efficiency is obtained close to the bandgap of
∼ 1.45 eV. The band-discontinuity between the organic semiconductors reduces efficiency
(primarily through a loss in Voc) and shifts the peak-efficiency curve to higher bandgap.
For ∆E = 0.5eV , maximum efficiency occurs at ∼ 1.7eV. (c) The relationship between Voc
and EG. Here EG is either bandgap for semiconductor PV or the crossgap for OPV. The blue
solid line represents the calculated (theoretical) approximation for Voc at different EG . The
symbols are experimental values obtained from literature [14, 15] (see Table 4.9).

As already discussed, a BHJ-OPV differs from a classical solar cell because the
discontinuity at the heterojunction, i.e., ∆E(≡ LUMOD − LUMOA), is deemed
essential for cell operation; and therefore, the classical thermodynamics formula
must be adapted accordingly for BJH-OPV. The photons are still absorbed atEG(≡
LUMOD −HOMOD), but they recombine at primarily at the D/A interface with
cross-gap EHL ≡ LUMOA−HOMOD ≡ EG−∆E, see Fig. 4.9(a). This reduction
in emission bandgap increases the dark current and reduces efficiency. In other
words, Eq. 4.46 should now be rewritten as

JBHJemi = q

∫ ∞
EHL

nD(V )dE (4.49)

Figure 4.9(b) shows the OPV-specific thermodynamic efficiency limit for donor/ac-
ceptor OPV obtained by solving for the J − V relationship, and the blue solid line
of Fig. 4.9(c) shows the corresponding thermodynamic limit of VOC (Eq. 4.48),
with EG replaced by the cross-gap EHL for organic semiconductors. Therefore,
the appropriate or general form of VOC ’s expression should be:

V max
OC ≈ 0.95Eemi − 0.22, (4.50)

where, Eemi is the emission edge: for inorganic PV Eemi = EG, and for OPVs
Eemi = EHL = EG −∆E.

Remarkably, the measured VOC (filled square symbols) in OPV is close to its
thermodynamic limit. The gap between red and the blue lines is attributed to
fundamental angle entropy of the system (last term in Eq. 4.50) that cannot be
reduced by exciton engineering. In this regard, VOC in OPVs, despite its morpho-
logical complexity, is no different from those of inorganic semiconductors, such as
Si, GaAs, CIGS, etc. (filled circles, Fig. 4.9(b)). This fact is clear from the general
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form of VOC in equ. (4.50). As mentioned previously, VOC in a real device is lower
than V max

OC due to non-radiative recombination losses. Note that, the analysis for
the BHJ-OPV holds for any HJ-limited solar cell where most of the recombination
occur at the HJ. A structure where the bulk dominates the recombination rather
than the HJ (e.g., in HIT cells), the VOC is not limited by the HJ cross-gap.

The key to improving VOC (as well as the efficiency) of OPV is to increase the
cross-gap EHL ≡ EG − ∆E. Note that for a discontinuity of ∆E(≡ LUMOD −
LUMOA) ∼ 0.7eV, efficiency at 2eV (bandgap of light-absorbing P3HT layers) is
reduced from ∼ 25% to ∼ 15%, see Fig. 4.9(a). This result should be viewed as
an upper limit, because we have assumed that the thermalization loss and the free
energy gain from the band-discontinuity (∆E) are sufficient to dissociate excitons
into free electron hole pairs. The argument and implication of such assumption
will be further explored in the following section.

Table 4.2 Measured open circuit voltage for organic and inorganic solar cells.

Inorganic
Cell

Eg(eV),
VOC (V)

Organic BHJ Cell [14] Eg(eV),
VOC (V)

Organic
Bilayer
cell
[15]

Eg(eV),
VOC (V)

S1 c-Si 1.12,
0.706

OP1 Poly-[(1’dodecyl)-3,4-
ethylenoxythiophene]

0.52646,
0.17015

OP11 Ru(acac)3
/PTCDA

0.84951,
0.19424

S2 InP 1.344,
0.878

OP2 Poly(3-butylthiophene) 0.75293,
0.35192

OP12 Ru(acac)3
/C60

0.71003,
0.33803

S3 GaAs 1.44,
0.845

OP3 Poly(3-hexylthiophene) 0.80239,
0.58187

OP13 CuPc
/C60

1.08,
0.7992

S4 CdTe 1.424,
1.145

OP4 Poly[2,7-9,9-
dioctylfluorene)-
alt-2,6-
cyclopentadithiophene]

0.94816,
0.67385

OP14 SubPc
/C60

1.4108,
1.0195

OP5 Poly(3-hexyl-4-
nitroxythiophene)

1.1512,
0.75145

OP6 Poly[2,7-(9,9-
dioctylfluorene)-
alt-5,5”-(4’,7’-di-
2-thienyl-2’,1’,3’-
benzothiadiazole]

1.4505,
1.0303

4.5 Conclusions

In this chapter, a detailed particle balance approach has been used to quantify
the PV performance and the loss budget. We first revisited the single-junction
PV limits in section 4.2. We connected the understandings from detailed balance
to classical picture of solar cells, and described the limiting performance of some
specific PV technologies (HJ-limited PV, and OPVs), identifying the limitations
and prospects for higher efficiencies. Studies on HJ-limited PV operation indicate,
recombination at the HJ tend to lower the VOC , and the overall output. However,
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as discussed in Sec. 4.4, the HJ has been assumed to dictate the efficacy in exciton
dissociation. Also, BHJ structure can spatially separate the electron and holes in
two different materials and thereby reduce bulk recombination. Then with organic
semiconductors with better transport properties, the obvious question would be:
“would the excitons be dissociated with small or no HJ?”—the debate associated
with this questions is beyond the scope of this book.

The performance limits of practical solar cells are studied through detailed nu-
merical modeling and experiments. The PV materials are not perfect: there are
optical and electronic losses that degrade the efficiency below the thermodynamic
limit discussed in this chapter. We will analyze the loss mechanisms in chapters 7
and 8.

In the following chapter, we introduce the concept of ‘tandem’ and ‘bifacial tan-
dem’. The multi-junction ‘tandem’ solar cell collects a part of the below bandgap
photons lost in a single-junction cell by combining multiple bandgap subcells. The
solar panel output can be further enhanced by ‘bifacial’ solar cells which partially
utilizes the unused light in-between panels in a larger system. The bifacial tandem
is a promising concept, which shows prospects for integrating with the current
technology for much improved output.

Homework 4.13:

A filter is placed in front of an AM1.5 source, but the short circuit remains
unchanged. How could this have happened?

Solution. The below bandgap light was cut-off. Any change in the ‘above
bandgap’ absorption or radiative emission would have changed the short cir-
cuit current.

Homework 4.14:

The maximum fill-factor of a single material solar cell with bandgap between
0.5 to 2 eV is approximately?

Solution. 90%

Homework 4.15: Solar cell in another solar system

What would be the ideal bandgap if one were to use the spectrum from a red
dwarf (assume a blackbody at TS =3000 K) with an intensity of 1 kW/m2?
TD = 300K.
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Solution. The relation Eg = 2.55kTs applies over a fairly broad range of
source temperatures Ts. Here, I conveniently choose an absolute tempera-
ture 10x higher than room temperature, such that kBTs = 0.26eV, and so
Eg = 0.66eV. The numerical solution from ‘PVLimits’ (reduce the tempera-
ture from 6000 to 3000) finds the optimum bandgap at 0.7eV, almost the same
value.

Homework 4.16:

The increase in efficiency of a concentrator solar cell arises from the suppres-
sion of which loss component?

Solution. Suppression of loss due to angle entropy. The cell thinks sunlight
is coming from everywhere, not just one little disk in the sky. The absorption
angle is better matched to emission angle, hence the improvement.
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CHAPTER 5

THERMODYNAMIC LIMITS OF TANDEM
CELLS

5.1 Introduction

The optimum single junction (SJ) solar cell fails to convert 2/3 of the incident sun-
light into useful energy [1, 2]. In fact, these unconverted sub-bandgap (sub-BG)
and above-bandgap (above-BG) photons further degrade the performance and re-
liability through self-heating [3, 4]. Moreover, the panels in a solar farm must
be spatially separated to avoid shadowing; as a result, ∼50% of the photons are
wasted in the space in between (space-loss) [5]. With this ‘space-loss’ accounted
for, ∼83% of the sunlight incident on a solar farm will never be converted to elec-
tricity.

A bifacial multi-junction tandem cell (B-MJT) promises to stem these three fun-
damental losses as follows: photons of various energies are converted by the
sequence of absorbers with decreasing bandgaps so that sub-BG and above-BG
losses are reduced in half [6]. In addition, bifacial cells partially recover (∼30% in
practice) the space-loss by converting the albedo light [7, 8, 9, 10], see Fig. 5.1(a).
Therefore, in principle, a B-MJT solar farm may be 250% more efficient than a SJ
solar farm.

Since the 1960s, many groups have analyzed the physics and optimized the de-
sign of MJTs with finite number of cells [6, 11, 12, 13, 14]. Although the concept of
bifacial cells [15, 16, 17] is not new, their high efficiency and reduced temperature
sensitivity have sparked recent commercial interest. The thermodynamics and the
optimization of two-junction bifacial cells have been reported recently [9, 10]. The
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Figure 5.1 (a) A bifacial panel collects both the direct sunlight and the light scattered
from ground (albedo reflectance, R). The figure is reproduced from Appl. Phys. Lett. 106,
243902 (2015), with the permission of AIP Publishing. (b) A bifacial multi-junction tandem
(B-MJT) is shown. The cell receives 1-Sun and R-Sun illuminations from the top and the
bottom, respectively. (c) The B-MJT shown in (b) can be viewed as a bubble chain. The cells
with Eg > E0 absorb direct sunlight from the top, while those with Eg < E0 absorb albedo
light from the bottom. The absorber with the smallest bandgap (E0) absorbs light from both
sides.

results show that the optimization is nontrivial: In a classical MJT, the need for
current-matching dictates a sequential decrease in bandgap from the top to the
bottom. In a B-MJT, the bottom cell is illuminated by albedo light, therefore, we
need not maintain the bandgap sequence; a partial inversion of bandgaps is pos-
sible and desirable.

Even in the idealized thermodynamic limit, however, many questions remain
unanswered: What is the optimum bandgap sequence of a B-MJT and how does it
compare to a classical MJT? How would the configuration change when the solar
farm is installed on a grass vs. a concrete surface? At what point is the marginal
gain in power output offset by the cost of the additional junction?

A numerical simulation can answer these questions, but the essential physics
is sometimes lost in the fog of numerical modeling. Instead, we use a simple ap-
proximation for bandgap-dependent photocurrent, within a chained-form system
[18], to show that the choice of bandgap in classical vs. B-MJT is described by
an elegantly simple formulation. We assume a 2-terminal tandem with all of the
subcells connected electrically in series. The optimum efficiency predicted by the
model matches the numerical results within ∼ 2%. Away from the optimum BG,
the luminescence coupling [19, 20] is essential and numerical modeling cannot be
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avoided. Even in those cases, the results of the calculation provide excellent initial
guesses regarding the potential of the bifacial cell technology.

Homework 5.1: Tandem cell vs. cells in module

What electrical characteristics does a tandem cell and a module with two cell
in series have in common?

Solution. A tandem cell and a module both are essentially series connected
sub-cells having the same current. A parallel connection would give a higher
current at the sub-cell voltage.

1. Both increase the output voltage at the expense of output current.

2. Both are affected by series resistance.

3. The cell currents must be matched in both cases.

4. Self-heating will affect the performance of both types of cells

5.2 The Modeling Framework

Fig. 5.1(b) represents the typical configuration of a bifacial cell. Conceptually a B-
MJT may be represented, as in Fig. 5.1(c), by a chain of bubbles (each representing
a material with bandgap, Eg , and short-circuit current, JSC(Eg)), illuminated by
1-sun on the top and R-sun at the bottom. The cell with the smallest bandgap
(E0 ≡ Eg,min) is located at {0}, which need not be at the bottom. The segment
of the chain illuminated by the direct incident light from the top is marked {i+},
with the top cell at {P}. Similarly, the cells illuminated by the albedo light from
the bottom is marked {i−}, with the bottom cell at {Q}. Thus, the total number of
cells is N ≡ P +Q+ 1.

Assuming complete absorption above the bandgap, the current in the individ-
ual bubbles is related to the short circuit current JSC(Eg) of isolated absorbers as
follows:

J{i±} = JSC,i± − JSC,(i+1)±, except that (5.1)
JP = JSC,P (top cell) (5.2)
JQ = RJSC,Q (bottom cell). (5.3)

Since the current through the series connected cells must be identical, the equa-
tions above are numerically equal.

Despite the complexity of the AM1.5G spectrum, the short-circuit current, JSC(Eg),
scales almost linearly within the bandgap range (0.5 eV< Eg < 1.9 eV). In general
we can always map Eg to Xg , so that

JSC(Xg) = JSUN (1− βXg) (5.4)
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Figure 5.2 The short circuit current (JSC ) versus solar cell bandgap (Eg) is shown by the
blue line. The JSC is found by assuming perfect absorption above bandgap under AM1.5G.
The linear relation of JSC vs. Xg is shown by red line. Xg is a mapped version of Eg .

where β is a constant, and JSUN depends on intensity, I . Unlike the ‘actual bandgap’
Eg , the ‘mapped bandgap’ Xg is always linear with JSC . This mapping greatly
simplifies the analysis for MJTs and B-MJTs.

The JSC vs. Xg and JSC vs. Eg relations for AM1.5G are shown in Fig. B.1
by red and blue lines respectively. The linear fitting of the blue curve (i.e., JSC =
JSUN (1 − βXg)) yields JSUN = 83.75 mA/cm2 and β = 0.428 eV−1. These pa-
rameters would be different for other solar spectrums (e.g., AM1.5D, AM0). The
analytical equations discussed later in this chapter will solve for points on the red
line (Xg), which must be mapped back to the true band-gaps (blue curve, Eg).

Homework 5.2: Easy way to check JSC limit

An experimental group reports Jsc=35 mA/cm2 for an organic cells with 1.8
eV bandgap, illuminated by AM1.5G solar spectrum. Is this current reason-
able?

Solution. The relation Jsc ∼ 83.75(1−0.425Eg) approximates the current well
for 0.5eV < Eg < 2.0eV. For 1.8 eV, the Jsc=19 mA/cm2. You can also check
from JSC vs Eg curve.

Inserting Eq. (5.4) into Eqs. (5.1-5.3) and dictating that the current must be con-
tinuous through the tandem cells, we find that the bandgap optimization problem
can be solved as follows,

[X] = [M ]−1[Z] (5.5)
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where [X] = [XP , . . . Xi+, . . . , Xj−, . . . , XQ] is the bandgap vector of size N − 1
(excluding X0), and the residual vector, [Z], of the same size is given by

[Z] =


−[1, 0, 0, . . . ..β(1 +R)X0, β(1 +R)X0,

. . . 0, 0, R];P,Q > 0

−[1, 0, 0, . . . ..β(1 +R)X0 −R];P > 0, Q = 0

−[1 + β(1 +R)X0 −R];P = 1, Q = 0

(5.6)

and, [M ] ≡

[
βO2

P BR

B RβO2
Q

]
where, R is the effective albedo reflectance, and,

[O2] ≡


−2 1 . . . . . .

1 −2 1 . . .

. . . . . .
. . . . . .

. . . . . . 1 −2

, [B] ≡


0 · · · −β
...

. . .
...

0 · · · 0

, [BR] ≡


0 · · · 0
...

. . .
...

−βR · · · 0

.

Note that, [O2
P ] is a P × P matrix. Once Eq. (5.5) is solved for [X], the actual

bandgap set [E] can be obtained by inverse mapping as discussed earlier (also see
Fig. S1).

Once the vector [E] is specified, the full J − V characteristics

J(V ) = Jph − Jdark(V ) (5.7)

can be determined as follows (see supplementary materials for details). The pho-
tocurrent, Jph, of the tandem device is proportional to the number of solar photons
absorbed in a subcell, with this optical process being independent of bias V . The
photocurrents of the subcells are matched, therefore can be replaced by a single
source, evaluated Jph = JP , for example. The dark current is

Jdark(V ) ≡ JD,i = Ai(Ei)(e
qVi/kBTD − 1). (5.8)

HereAi(Eg) = qΩD,i γ(Eg, T )e−Eg/kBTD , and γ(Eg, T ) ≡ (2kBT/c
2h3)(E2

g+2kBT
2Eg+

2k2
BT

2) (see ref. [2]). We define Ai(Ei) such that it accounts for photon recycling
within each subcell. Here TD is the device temperature, and ΩD,i is the emission
angle from each subcell. If the luminescent coupling among the subcells is negigi-
ble, ΩD,i = 4π (or 2π) for the bifacial (or conventional) device.

Using Eq. (5.8), we can write:

V =
∑
N

Vi =
∑
N

kBTD
q

ln

(
Jdark
Ai

+ 1

)
=
kBTD
q

ln

(
JNdark∏
Ai

)
∴ Jdark(V ) ≈ qΩ∗D{γi}e−(〈Eg〉/kBTD)e(qV /NkBTD). (5.9)

Here 〈Eg〉 is the arithmetic mean of [E]. Ω∗D and {γi} are the geometric means
of ΩD,i and γ(Ei, TD), respectively. In this remarkable result, Eq. (5.9) suggests that
the terminal response of the complex B-MJT can be represented by a string of identical cells
repeated N-times, making the vast literature on the SJ physics available to MJT analysis.

To summarize, once X0, N , Q (or, P ), and R are specified, Eq. (5.5) is solved to
obtain the bandgap-set [X]. The values [X] do not represent the final bandgaps,



68 THERMODYNAMIC LIMITS OF TANDEM CELLS

and are required to be mapped into the ‘actual bandgaps’ [E]. Then Eq. (5.1-5.3),
(5.7), and (5.9) can be used to construct the J −V characteristics and the efficiency,
η∗T (E0, N,Q,R), of the cells. This is how we calculate the contour plot shown in
Fig. B.3(a), for the specific case of (Q = 0, and R = 0), to be discussed below. To
calculate the optimum output power, Pmax ≡ J(Vopt)Vopt, we must first calculate
the voltage Vopt at maximum power output. To do so, we solve Eq. (5.9) (by using
the technique in Ref. [2]) to obtain

qVopt
N
≈ 〈Eg〉

(
1− TD
〈Eg〉

Eg,P
TS

)
− kBTD ln

(
Ω∗D
ΩS

)
. (5.10)

Here Eg,P = EP is the bandgap of the topmost subcell, and TS is the tempera-
ture of the Sun. Eq. (5.10) is a generalization of Vopt found in SJ literature. The
expression reduces to the well-known SJ formula [21, 2, 22] with 〈Eg〉 = Eg,P , as
expected. A tool implementing this modeling framework is available online [23].

Homework 5.3: JSC of N -junction tandem

Explain how JSC(N) = 2JSC,SJ/(N + 1). (set R = 0)

Solution. We can relate Xg (or Eg) to Vopt for a single-cell as follows:

Vopt = 0.95Eg − angle Loss ≈ 0.95Eg − 0.29

∴ V ∗opt = 0.95Xg − 0.29

After some algenra, we can write:

JSC = J∗SUN (1− β∗V ∗opt).

The highest current possible from AM1.5G is JSC(Vopt∗ = 0) = J∗SUN ≈
72.8mA/cm2. Now, a N -junction tandem divides this current into (N + 1)
parts so that the number of photons (i.e., current) in the subcells (N ) and
the number of photons below bandgap (+1) are equal. Thus JSC(N) =
J∗SUN/(N + 1). And, JSC(N = 1) = JSC,SJ = J∗SUN/2. Finally: JSC(N) =
2JSC,SJ/(N + 1).

𝐽𝑆𝑈𝑁
∗

𝐽𝑆𝐶

𝑉𝑜𝑝𝑡
∗ (𝑋𝑔)

1

𝑁
𝐽𝑆𝑈𝑁
∗

𝑋𝑔𝑋0 𝑋𝑁−1
(top)

𝐽𝑆𝐶 𝑋𝑔 = 𝐽𝑆𝑈𝑁 1 − 𝛽𝑋𝑔
𝐽𝑆𝑈𝑁 83.75 mA/cm2

𝛽 0.428 eV−1

𝐽𝑆𝑈𝑁
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𝛽∗ 0.5182 V−1
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Figure 5.3 (a) The normalized B-MJT output η∗T is for Q = 0 found as functions of
N and E0 at R = 0. The optimum E0 is marked as white squares. (b) shows the
corresponding optimum B-MJT bandgaps (red-filled squares). Results are compared to
theoretical predictions in literature for conventional tandem (+) [13, 14]. (c) The optimum
B-MJT bandgaps for R = 0.3 are shown. The squares (�) show the E0-values. The M and
O markers represent the bandgaps for the front {i+} and back {j−} subcells respectively.
The results are compared to bifacial tandem (×) literature [10].

Homework 5.4: Calculation of current in two-terminal multijunction PV

What is the JSC for a optimized three junction tandem cells under AM1.5
illumination (find the closest approximate value. Set R = 0).

Solution. The highest current possible from AM1.5G is JSC(Eg = 0) ∼
70mA/cm2. Now, a N -junction tandem divides this current into (N +1) parts
so that the current in the subcells are equal. Therefore, for N -Junction tan-
dem, JSC ∼ 70/(N + 1) and thus JSC(N) = 2JSC,SJ/(N + 1) = 70/(3 + 1) =
17.5mV/cm2 (N=number of junctions). PVLimits gives 16.8 mA/cm2.
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5.3 B-MJT thermodynamic limit: Q = 0 case

5.3.1 Bandgap Sequence

Let us first consider a special case whenQ = 0 (i.e., the bottom cell has the smallest
bandgap), to illustrate the power of the technique. For arbitrary P and R, we have
[Z] ≡ −[1, 0, . . . , β(1 +R)X0 −R]. Eq. (5.5) is now easily solved:

Xi =

(
i

βN

)
+

(N − i)[β(1 +R)X0 −R]

βN
, (5.11)

where i = 1, . . . , N − 1. With R = 0, the equation reduces to the conventional
tandem structure. As explained earlier, Xi is required to be mapped back to the
‘actual bandgap’ Ei.

Interestingly, Eq. (5.11) offers a number of insights regarding the optimization
of B-MTJ cells. First, B-MJTs have smaller Xi than classical MJTs (i.e., ∆Xi =
−(N− i)(1−βX0)R/βN ), because, given the albedo illumination, the bottom cells
need not depend exclusively on the filtered light from the top; therefore, improved
current matching is possible even with reduced bandgap difference. Second, unlike
standard MJT cells (R = 0), the bottom cell of an optimized B-MJT (with R > 0)
need not have the smallest bandgap. Specifically, the condition that the bottom
cell has the smallest bandgap implies X1−X0 ≥ 0 for stacks with Q = 0. Inserting
the expression for X1 from Eq. (5.11) (derived for Q = 0) into this condition, we
find:

[(N − 1)R− 1](βX0 − 1) ≥ 0.

For AM1.5G β = 0.428 eV −1, and Eq. (B.1) will show that Xopt
0 ≤ ESJ(= 1.33)

for an optimized B-MJT, therefore (βXopt
0 − 1) < 0. Thus, an optimized tandem

design (with Q = 0) is simply characterized by the constraint,

N ≤ (1 +R−1). (5.12)

For the (N,R) combination satisfying Eq. (5.12), the bottom cell has the smallest
bandgap (i.e., Q = 0), and thus we can use Eq. (5.11) to calculate the B-MJT cell
design. This includes all conventional tandem cells because with R = 0, Eq. (5.12)
holds for arbitrary N . The condition also holds for a subset of B-MJT cells, with
shorter stacks. For example, for symmetric illumination from top and bottom faces
(R = 1), Eq. (5.12) is satisfied only for N ≤ 2. The result is easily interpreted: With
R = 1 and N > 2, symmetric illumination dictates that that B-MJT cells have
symmetric bandgap sequence, decreasing from the top to the middle, and then
increasing again towards the bottom, so that Q = 0 is satisfied only with N ≤ 2.

Homework 5.5: Tandem cell bandgap calculations

Assume the bottom cell to have E0 = 1.1eV. Find the bandgap sequence for
(i) N = 2, and (ii) N = 3. Also find JSC and Vopt in these cases.

Focusing on the the specialized case that satisfy Eqs. (5.11) and (5.12), we note
that Xi depends on X0, the smallest bandgap. Therefore, the B-MJTs must be
optimized for X0 (or E0) for maximum power output, as follows.
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5.3.2 Performance limit of tandem cells with Q=0

We now calculate numerically Pmax = J(Vopt)Vopt, based on Equations (5.7, 5.9,
5.10), to find η∗T (E0, N,Q = 0, R) for N = 1, . . . , 10 and R = 0, and plot the
results in Fig. B.3(a). For comparison, η∗T is the output normalized to 1-sun input.
The white squares mark the optimum Eopt0 (N) that maximizes η∗T for a specified
number of junctions. Figs. B.3(b) and (c) show that the Ei associated with Eopt0

is in near perfect agreement with results reported in the literature for the classical
(R = 0) and bifacial cells (R = 0.3) respectively. In Fig. B.3(c) for R = 0.3, Eq.
(5.11) can be used to find the bandgaps for N ≤ (1 + R−1) ∼ 4—the results for
N > 4 must be optimized for Q > 0, see below. Given this level of agreement of
the bandgaps shown in Fig. B.3, it is not surprising that η∗T matches with those
from the literature as well, see Fig. 5.4.

In the discussion above, we have obtained the optimum-E0(N,R) for Q = 0
through numerical maximization of the power-output. Fortunately, the result can
also be estimated analytically, as follows. For a SJ (N = 1) solar cell, the optimum
bandgap is X0 = XSJ (≈ ESJ). Due to linearity of the JSC − Xg relationship,
the bandgaps {Xi} of the N−junction tandem would be such that the average is
〈Xi〉 ≈ XSJ . (Note: 〈Xi〉 = (X0 + . . .+XN−1)/N ). Now, using this relation at the
optimal with Eq. (5.11), we find:

Xopt
0 =

(
ESJ −

(N − 1)(1−R)

2βN

)
2N

N(1 +R) + (1−R)
. (5.13)

HereESJ = 1.33 eV is the SJ optimum bandgap. For AM1.5G, we have foundXopt
0

to be within 0.5 to 1.5 eV—therefore, we can directly predictEopt0 (= Xopt
0 ) without

mapping. Equation (B.1) anticipates the asymptotic limit of Eopt0 (N → ∞) (see
Fig. B.3(b,c)), i.e.,

Eopt0 (N →∞) ≈
(
ESJ −

(1−R)

2β

)
2

(1−R)
. (5.14)
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Figure 5.4 The normalized output η∗T for B-MJT are shown for R = 0 and R = 0.3 by
filled and open squares. Results are compared to theoretical predictions in literature: for
conventional tandem (+) [13, 14], and bifacial tandem (×) [10]. The black open squares
(dashed lines) represent η∗T for optimized B-MJT atR = 0.3 withQ ≥ 0. Performance of the
relevant state-of-the-art PV technologies can be found in refs. [24, 25, 26]
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Homework 5.6: Optimum tandem cell

For a double junction tandem (N = 2). Analytically find optimum E0,
bandgap set, JSC , Vopt, and efficiency for (i) R = 0, (ii) R = 0.1.
Can you do analytical calculations for R = 0.25?

Homework 5.7: Conventional tandem under water

The intensity of transmitted sunlight reduces as we go deeper into water
(e.g., in oceans). For example, transmission is only 50% under d = 4m water.
And, water will also absorb most photons with energies E < Ew (typically,
Ew ≈ 1.83eV for depth of several meters). How would you redesign a
conventional tandem?

Solution. First, if the spectrum intensity is uniformly scaled down over all
energies, the tandem bandgaps will not have to be changed.
Second, if the previously found E0 > Ew, then the tandem design will remain
the same. The is true at shallow depths.
Third, if the previously found E0 < Ew, then the tandem will be redesigned
assuming Enew

0 = Ew.

5.4 B-MJT Thermodynamic limit: general case

The analytical results discussed thus far apply only to “Q = 0” cells that satisfy
Eq. (5.12). For Q > 0, we must optimize the stack numerically for arbitrary (N,R)
combinations, as follows.

In general, for a given set ofN ,R,Q, andE0, we first find the subcells bandgaps
using Eq. (5.5) and by inverse mapping from Xg to Eg (also see Fig. S1), and
then calculate η∗T (E0, N,Q,R) using Equations (5.7, 5.9, 5.10). For a given (N,R),
the maximum η∗T determines E0 and Q simultaneously. The bandgap set for the
globally optimized B-MJT at R = 0.3 are shown in Fig. B.5(c). For a bifacial
tandem, the bottom subcells receive extra photons from the albedo. Therefore, for
current matching and optimal designs: (i) the top subcells can be smaller to absorb
more photons from the direct light, and (ii) the bottom subcells can be larger to
absorb fewer photons from the direct light as these subcells are compensated by
the albedo. This results in a more tightly spaced set of bandgaps for B-MJTs (in
Fig. B.5(c)) compared to the conventional MJTs (in Fig. B.5(b)). For R = 0.3, we
observe that Q = 0 for N ≤ 4, consistent with the constraint in Eq. (5.12). For
N > 4, η∗T is maximized for Q > 0, that is, the cell with the smallest bandgap is no
longer located at the bottom. This allows the bottom cell to fully benefit from the
albedo light. The Q-values are marked at the top-axis in Figs. B.5(c).

The corresponding output η∗T for the optimized cells discussed above are marked
in Fig. 5.4. One may naively expect that when the sunlight intensity is scaled by
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a factor of (1 + R) = 1.3, the output will increase by factor of (1 + R) = 1.3 as
well. The requirement of current matching among the series connected subcells,
however, restrict the ultimate gain below the idealized limit. Indeed for N = 1,
the efficiency increases from ∼ 31% at R = 0 to ∼ 40.3% at R = 0.3, a 30% gain as
expected. The gain is somewhat smaller for N > 1 due to the constraint of current
matching in B-MJTs.

The results shown in Fig. 5.4 report efficiency gain of B-MJTs over the con-
ventional tandem (marked R = 0). The results suggest that a 4-junction B-MJT
(at a practical R = 0.3) would outperform a 7-junction classical MJT, such is the
power of the current-constraint relaxed by the bifacial concept. For the same N ,
the increased power-input of B-MJT would make the cells slightly hotter, but the
reduced temperature coefficient of some of the bifacial cells, such as HIT, would
compensate the effect.

Homework 5.8: Energy-food nexus design

Say, we want to share a land to grow crops under solar panels. Many crops
mostly require high energy photons E > Ecut (i.e., λ < λcut ∼ 750nm). If we
take away this part of the solar spectrum for plants and crops, how should
we redesign the N -junction tandems?

Solution. Considering theXg-JSC plot below, we can find JSC corresponding
to Ecut,

JcutSC = JSUN (1− βEcut).

These photons are needed by the plants and therefore not available to the solar
cells. Therefore, the new Xg-JSC for the solar cell should be:

JnewSC (Xg) = JSUN (1− βXg)− JcutSC

= JnewSUN (1− βnewXg). (5.15)

We can now follow the same methods for designing tandems discussed in this
chapter using this new relation.

𝐽𝑆𝑈𝑁

𝐽𝑆𝐶

𝑋𝑔

For plants

𝐽𝑆𝑈𝑁
𝑛𝑒𝑤

𝐽𝑆𝐶

𝑋𝑔

𝐽𝑆𝑈𝑁 83.75 mA/cm2

𝛽 0.428 eV−1

𝐽𝑆𝑈𝑁
𝑛𝑒𝑤 63.2095 mA/cm2

𝛽𝑛𝑒𝑤 0.5666 eV−1

𝐽𝑆𝐶 𝑋𝑔 = 𝐽𝑆𝑈𝑁(1 − 𝛽𝑋𝑔)

𝐽𝑆𝐶
𝑛𝑒𝑤 𝑋𝑔
= 𝐽𝑆𝑈𝑁 1 − 𝛽𝑋𝑔 − 𝐽𝑆𝐶

𝑐𝑢𝑡

= 𝐽𝑆𝑈𝑁
𝑛𝑒𝑤 1 − 𝛽𝑛𝑒𝑤𝑋𝑔

𝜆𝜆

𝜆Filter
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5.5 Conclusions

In this chapter, we have developed a methodology that can be used to answer a
broad range of questions regarding conventional as well as bifacial tandem cells.
The series connected circuit approach allowed us to derive expressions for Jdark
and Vopt. We have generalized the physically meaningful expression for Vopt which
is valid for SJs, MJTs, and B-MJTs. Our analysis presents analytical expressions
estimating the bandgap sequence for conventional MJTs and B-MJTs (for N ≤
(1 + R−1)). Numerical simulations would still be necessary for MJTs or B-MJTs
involving extremely large or small bandgaps, or for optimization at the maximum
power point involving luminescent coupling [19, 20]. The final design must rely
on careful numerical optimization of finite absorption, reflection, and series resis-
tance.

In this chapter, we have assumed that the photons generated by radiative re-
combination in each cell are not re-absorbed. In practice, radiative recombina-
tion from a subcell can be absorbed by an adjacent smaller Eg subcell—this is
called luminescence coupling. This effect is minor for optimally designed (current
matched) tandem, although it can become an important correction if the tandem
cells are unoptimzed. The following paper (Ref. [? ] discusses the topic in more
detail: M. R. Khan and M. A. Alam, “Thermodynamic limit of bifacial double-
junction tandem solar cells,” Applied Physics Letters, vol. 107, no. 22, p. 223502,
Nov. 2015.

Finally, we assumed that albedo is the scaled version (by RA) of the incident
light, with identical spectrum. In practice, the ground would not reflect various
wavelengths equally; therefore, the spectrum will be modified. One may rede-
fine RA as the power-ratio between incident and albedo light and continue to use
the formulation developed in this paper. Better still, one can use the results from
this chapter as initial guess for further optimization using a wavelength resolved
optical simulator.

So far we have calculated the idealized thermodynamic limit of various types of
solar cells. Some of our assumptions are actually incorrect, and therefore we will
not be able to achieve the thermodynamic limits in practice. In the next chapter,
we will consider the effect of self-heating as a fundamental issue that limits the
PV efficiency below that of theoretical limits. Other practical limits (e.g. finite
mobility, imperfect barriers, non-radiative recombination, etc.) will be discussed
in Part 2 of the book.
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CHAPTER 6

SELF-HEATING OF SOLAR CELLS

6.1 Introduction

In Chapters 2 through 5, we have discussed the efficiency limits of an “ideal” so-
lar cell. A key assumption in the analysis was that the device temperature (TD) is
the same at the ambient temperature (TA). In practice, this is fundamentally im-
possible! We know that the most efficient cell converts only ∼33% of the incident
energy into electrical output. Even if a fraction of the remaining energy is dissi-
pated within the cell as heat, the cell temperature will rise considerably. Indeed,
experiments show that the cell is always significantly hotter than the environment,
i.e., TD − TA ≈ 20− 40 K [1].

The self-heating of PV modules reduces both short-term and long-term power
outputs. In the short term, the energy output is reduced because the cell efficiency
decrease with temperature, namely,

η(T ) = ηSTC [1 + β(TD − TA)] (6.1)

For a given PV technology, ηSTC is the output power at standard testing condi-
tions (e.g., at TA = 298 K) and β is the temperature coefficient, which is negative
for most solar technologies. For example, a typical bifacial Si module may have
ηSTC = 18% with β = −0.41%/K.

In the long term, the reliability of modules suffers from thermally activated
degradations, such as contact corrosion and polymer degradation, which acceler-
ate at higher temperatures. The degradation rate at TD is generally related to that
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Figure 6.1 Schematic of a terrestrial PV module, where we have identified the incoming
and outgoing energy fluxes. Table 6.1 summarizes the energy-balance equations for the
solar module.

at TA by the Arrhenius factor,

R(TD) = R(TA)e−EA/kB(1/TA−1/TD) (6.2)

For typical EA ∼ 0.8 eV, even 10 K increase in temperature can reduce the lifetime
by more than a factor of 2! A recent survey in India has shown that solar modules
in hot climates degrade at∼1.5 %/year, eight times faster than the ones installed in
cold climates (∼0.2%/year) [2]. The module lifespan was less than 15 years in hot
environments, far below the 25-year standard solar panel warranty. As a result, it
is important to understand the physics of PV-heating and develop effective cooling
schemes to improve both the short-term and the long-term energy yields.

In this chapter, we will explain the physics of self-heating in a PV module, ex-
plain how it affects cell performance and reliability. We will conclude by explain-
ing various techniques used to cool solar cells and increase their efficiency.

6.2 Analysis/formulation of solar cell self-heating

6.2.1 Fluxes that determine self-heating of a solar cell

Fig. 6.1 shows that a terrestrial PV module is subject to the following energy fluxes:

1. the absorbed solar irradiance, Iabs, determined by the solar spectrum (e.g.,
AM1.5) as well as the absorptivity of the PV module;

2. the output power delivered by PV modules to the external load, Pout;

3. convective cooling by air at the top and bottom surfaces and conductive heat
transfer through the aluminum frames, Iconv ;

4. the sky cooling, Isky , through radiative energy exchange with the atmosphere
from the side facing the sky;
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5. similarly, cooling due to energy transfer to the ground, Ignd from the back-
side.

The relevant equations are later summarized in Table 6.1.

6.2.2 Origin of self-heating of solar cells: Photon flux absorbed

Assume that the solar photon flux is NS(E). The corresponding sunlight intensity
on the module is IS(E) = E × NS(E). With a module absorptance of εM (E), the
incident sunlight (I0), and amount of intensity absorbed (Iabs) are respectively
given by,

I0 =

∫ ∞
0

IS(E)dE, (6.3)

Iabs =

∫ ∞
0

εM (E)I0(E)dE. (6.4)

For AM1.5G spectrum, I0 ≈ 1000 W/m2. The absortance εM (E) approaches 100%
for photons above the semiconductor bandgap. Ideally, εM (E) should vanish be-
low the bandgap (because the semiconductor cannot absorb these photons); in
practice, εM (E) is nonzero due to absorption by the front and back metal contacts,
the backsheets, free-carrier absorption in heavily doped semiconductors, and so
on. Figure 6.2 shows typical absoprtion profile of various solar cell technologies.
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Figure 6.2 (a) Measured absorptivity for different solar absorber materials vs. photon
wavelength (solid lines: above bandgap photons; dashed lines: below bandgap photons).
The pink area is AM1.5G spectrum. (b) Heat from sub-BG photons for different technologies.
The optical measurements were performed on a spectrophotometer with integrating sphere
at the National Renewable Energy Laboratory (NREL). The Si sample was a commercial
solar module; GaAs , CIGS and CdTe samples are standard NREL lab cells. The CIGS
cell does not have an anti-reflection coating, which may result in slightly underestimated
absorptivity compared to a practical module structure.

6.2.3 If the module is cooled only by convection

In steady-state, the incoming (absorbed light) and outgoing energy fluxes will be
balanced to reach equilibrium. A fraction of the absorbed solar energy is converted
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to output electrical energy, and the rest will go out as heat:

Absorbed energy flux = Output + Heat flux (6.5)
Iabs = ηI0(TD) + Iconv (6.6)

= ηI0 + h(TD − TA). (6.7)

Here, η is the module efficiency, Iconv = h × (TD − TA) is the heat convection
from both surfaces of the module, and TD and TA are the module and ambient
temperatures. The convection coefficient h depends on the wind velocity (vw)
close to the surface.

Homework 6.1: Heat dissipation with a module

Consider a 20% efficient solar cell that reflects 30% of light reflected from its
front surface. The contact and backsheet absorb the sub-bandgap photons.
How much heat is dissipated within the module?

Solution. The amount of sunlight absorbed is given by Iabs = (1− R)× I0 =
0.7I0. The electrical power output is: Pout = ηI0 = 0.2I0. Therefore,

Pheat = Iabs − Pout = 0.5I0 = 500 W/m2.

In other words, 50% of the of the 1000 W/m2 solar illumination is dissipated
as heat within the cell.

Homework 6.2: Wind helps module cooling

From Homework 6.1, we see that heat dissipation from a module is P =500
W/m2, ambient temperature is 300K, and the convective heat transfer coeffi-
cient

h = 10.45− vw + 10
√
vw,

is expressed in W/m2K. Here, vw is relative speed on wind (m/s) and
the equation is valid for wind-speeds between 2-20 m/s. Determine the
temperature and efficiency loss of the cell when vw = 0 and vw = 10.45m/s?

Solution. For vw = 0, (TD − TA) = Pout/h = 500/10.45 ∼ 50K. Therefore,
TD = 298 + 50 = 248K. By Eq. 6.1, the self-heating will reduce the normalized
efficiency by ∆η/ηSTC = −0.41 × 50 ∼ 20.5%. Similarly, for vw = 10.45m/s,
(TD−TA) = 15K. In this case, the effiency loss ∆η/ηSTC = −0.41×15 ∼ 6.15%.
The efficiency loss is reduced the module is now cooled by wind.
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6.2.4 Module cooled by convection and radiation

As shown in Fig. 6.1 module will have radiation at temperature TD which will
contribute to its heat dissipation. Therefore, eq. 6.6 should be extended as follows:

Iabs = ηI0 + Iconv + Isky + Ignd. (6.8)

The radiation can be subdivided into: net radiation towards the sky Isky , and to-
wards the ground IGnd. The radiation from the module should be εσT 4

D following
Stefan-Boltzmann Law. A fraction F of this radiation goes towards the sky and the
ground when the module is tilted. Of-course, the module also receives radiation
from the sky (σT 4

sky) and the ground (σT 4
A) as well. Therefore, we can write:

Isky = F × εσ(T 4
D − T 4

sky), (6.9)

Ignd = F × εσ(T 4
D − T 4

A). (6.10)

The ground being at ambient temperature, its radiation is defined by TA. The
radiation from the sky is defined by an effective temperature Tsky ∼ 250K [3, 4, 5].
For typical tilt angle θt of a module, F = (1 + cos θt)/2 is known as the view factor
from the sky to the front face of the module. For example, at θt = 0, the front face
of the module has a full ‘view’ of the sky; therefore F = 1. Finally, the energy
balance equation can be written as follows:

Iabs = ηI0 + h(T − TA) + F × εσ(T 4 − T 4
sky) + F × εσ(T 4 − T 4

A). (6.11)

The temperature of the module can be self-consistently calculated from the equa-
tion above.

Homework 6.3: Heat dissipation components

The temperature of a PV module is TD = 320 K. Let, the ambient temperature,
TA = 300 K, and the sky temperature, Tsky ≈ 250 K, and h ≈ 10.45W/m2K
on a windless day. Compare the heat dissipation fluxes by calculating Iconv ,
IGnd, and Isky .

Homework 6.4: Aside: Heat balance shows why earth is 300K

The sunlight absorbed by the earth is Iabs ≈ (1000 × 1/2) W/m2. The factor
1/2 is due to the fact that approximately half of the earth is illuminated (at any
given time). And, the earth radiates Isky(T ) at temperature T (assume ε = 1
so that Isky(T ) = σT 4). Find the temperature of the earth by flux balance, i.e.,
IRad(T ) = Iabs.
We conventionally assume earth’s temperature to be ∼ 300K—does your re-
sult seem reasonable?
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Table 6.1 Energy balance to calculate PV self-heating [3].

Energy
balance Iabs = Pout + 2IConv + Isky + IGnd. (6.12)

The output power is Pout = η(T )I0, and I0 is the solar irradiance.

Convection
IConv = h(TD − TA) (6.13)

The convection coefficient h is a function of wind velocity vw.

Radiation/emission
from module Iemi(T ) =

∫
dΩ cos θ

∫ ∞
0

dEIBB(T,E)× ε(E,Ω). (6.14)

Here ε(E,Ω) is the angular emissivity of the module; IBB(T,E) black-
body radiation spectrum per solid angle.

Net radiation
to sky ISky(T, TA) = F × (Iemi(TD)− IAtm(TA)), (6.15)

where, thermal radiation from the atmosphere to PV modules is,

PAtm(TA) =

∫
dΩ cos θ

∫ ∞
0

dE IBB(TA, E) ε(E,Ω) εAtm(E,Ω). (6.16)

Using Kirchhoff’s law and the Beer-Lambert law [6], the angular emis-
sivity of the atmosphere εAtm(λ,Ω) can be written as εAtm(λ,Ω) =
1− tAtm(λ)1/ cos θ , where tAtm(λ) is the atmospheric transmittance.

Net radiation
to ground IGnd = F × εσ(TD − T 4

A) (6.17)

Remember that ε is the emissivity averaged over E and integrated over
the hemisphere.

6.2.5 Module cooling by wavelength-dependent radiation and absorption

The simplified flux balance allows us to calculate the cell temperature TD and ex-
plains why TD > TA. To calculate the device temperature more precisely (and
to understand some puzzles related to self-heating), we need to explain a few as-
sumptions regarding the radiative heat transfer in Eqs. (6.9) and (6.10). First, the
sky is not really a blackbody at Tsky ∼ 250K. Remember that a blackbody at 300K
has its peak emission near 10µm wavelength. However, the atmosphere is trans-
parent (i.e., less emissive) between 8-13µm. This reduction in emission from the
atmosphere makes the sky seem ‘cooler’, approximated by a 250K blackbody ra-
diator. Second, We assumed emission from the PV module characterized by ε. For
a glass encapsulated module, ε ∼ 0.84, which is close to ideal. On the other hand,
for any solar absorber (e.g., Si, GaAs, CIGS, CdTe, etc.), radiation peak at 300K
lies within the absorber bandgap. This effectively captured by setting ε ∼ 0 for
the radiation calculations. Therefore, we expect no radiative heat dissipation for
bare absorber structure. The glass encapsulated module runs at lower tempera-
ture than a bare absorber cell, as shown in Fig. 6.4. Finally, The transparency of
atmosphere and emissivity spectrum for Si and glass are shown in Fig. 6.3. In
order to accurately model the radiative heat transfer, we would need to integrate
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the relevant emission spectrum over the wavelengths and emission angles. The
corresponding set of equations are summarized in Table 6.1.
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Figure 6.3 Simulated emissivity (ε) profile of glass at different incident angles θ. The
ideal emissivity for radiative cooling is also shown here as green line. The blue area is the
atmospheric transmittance in the zenith direction calculated by ATRAN for New Delhi in
spring with perceptible water vapor (PWV) = 18 mm.

6.2.6 The puzzle of self-heating with with and without glass cover

Fig. 6.4 shows the temperature calculated by our opto-electro-thermal framework
for different PV technologies under the same environment conditions (i.e. the
wind speed is ∼0.5 m/s giving an effective convective coefficient h=10 W/m2K
[7]; conductive heat transfer only at the module edges through metal frames is
neglected; the atmospheric transmittance data is in Fig. 6.3; the ambient tempera-
ture TA is 300 K), benchmarked against measured data from literature [8]. Due to
the differences in the outside environments (e.g., the ambient temperature, wind
speed, etc.), the temperatures of each set of the measurements were shifted by ∆T
such that the measured temperature for Si modules matches the simulated Si tem-
perature. After the shift, the simulation results match the measurements very well.
There are also two interesting observations from the simulated and measured data.
First, the operating temperature varies among different PV technologies. Specif-
ically, GaAs modules operate at much lower temperature (∼310 K) compared to
the others. Second, the temperature of a bare cell without coverglass is substan-
tially higher ( 10 K −20K) compared to an encapsulated module. Indeed, these
two observations can be attributed to two important self-heating mechanisms in
photovoltaics: a) parasitic sub-BG absorption and b) imperfect thermal radiation,
which will be discussed briefly later.
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Figure 6.4 The outdoor operating temperature of bare cells and encapsulated modules
of GaAs, CIGS, Si, and CdTe. Square symbols with dashed lines are results simulated
by the opto-electro-thermal framework self-consistently. Modeled results are compared to
measurements in literature: Triangle and Circle symbols are from [9] (Fig. 6 at 12:00 pm)
and [10] (Fig. 5 at 12:00 pm), respectively.

6.3 Implications of self-heating on device performance

It is clear from Eq. 6.1 self-heating affects solar cell efficiency only if TD > TA
and β 6= 0. We have already explained why TD > TA, we will now explain why
β 6= 0. Since Eq. 6.1 suggests that d(η/ηSTC)/dTD = β, therefore we can calculate
an efficiency-derivative to find an expression of β.

6.3.1 Thermodynamic Limit of Temperature Coefficient

Let us begin by calculating the thermodyanmic limit for β. The output power is
given by Pout = VmpImp, therefore

β ≡ 1

ηSTC

dη

dTD
=

1

Pout

dPout
dTD

=
1

Vmp

dVmp
dTD

+
1

Imp

dImp
dTD

(6.18)

In presence of non-radiative recombination, we can write

Vmp =

(
1− TD

TS

)
Eg − kBTD

(
ln

ΩD
ΩS
− ln

4n2

I
− ln ERE

)
. (6.19)

where external radiative efficiency,ERE = Rrad/(Rrad+Rnr). Taking a derivative
with respect to TD, we find

1

Vmp

dVmp
dT

= kB

(
− Eg
kBTS

− 0.314

kBTD

)
/(0.95Eg − 0.314), (6.20)

with ERE = 1 and I = 4n2. Similarly, we know that Imp = Imax(1 − βsunEg),
(where βsun = 0.425 for AM1.5 illumination) therefore,

1

Imp

dImp
dTD

=
−βsun

1− βsunEg

dEg
dTD

(6.21)

We can add the contributions from Eqs. 6.20 abd 6.21 in Eq. 6.18 to find the
numerical value for the temperature coefficient β.
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Homework 6.5: Thermodynamic limit for temperature coefficient for c-Si

he temperature dependence of the bandgap of silicon is given by the empirical
formula:

Eg(T ) = Eg(0)− αT 2
D

TD + β
(6.22)

For silicon, α = 4.77 × 10−4 and β = 636. Therefore, by Eq. 6.21, we find
1

Imp

dImp
dTD

∼ 0.0006. Also, from Eq. 6.20,

1

Vmp

dVmp
dTD

=
(1.1/0.5 + 0.314/0.0258)× 8.61× 10−5

(1.1× 0.95− 0.314
= −0.00172.

Therefore, β = −0.00172 + 0.0006 = −0.0012 or -0.12% This limiting value
applies for variety of materials, see Table 3 of Ref. [11]. Since thermodynamic
limit calculations do not account for non-radiative recombination (ERE = 1),
the temperature coefficient is somewhat smaller than the value observed in
experiments. For silicon, Vmp can be∼ 280mV lower than the thermodynamic
limit due to non-radiative recombination and other series resistance losses.
This results in β ≈ −0.0048 + 0.0006 = −0.41%.

Homework 6.6: Temperature derivatives of Vmp and Voc

Show that

dVmp
dTD

=
Eg/q − Vmp

dTD
and

dVoc
dTD

=
Eg/q − Voc + γ(kBT/q)

dTD

Solution. Taking the derivative of Eq. 6.19 and resubstituting the expression
for Vmp, we obtain the desired expression. For silicon, the derivative evaluates
to

1.12− (1.12× (0.95)− 0.314) /300 = 1.23 mV/K.

In practice, Vmp of real cells is little smaller, so that the temperature coefficient
is ∼ 1.7− 2 mV/K.

For the second part, recall that at the thermodynamic limit

Voc − Vmp
kBTD

= ln
f(Eg, TS)

f(Eg, TD)
with f(E, T ) ≡ 2kBTD

c2h3

(
E2 + 2kBTE + 2k2T 2

)
.

Taking derivative with respect to TD, we find the expression for the coefficient
γ. Typically, γ ∼ 1− 3.
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Interestingly, Eq. 6.20 suggest that one can determine the cell temperature TD
by measuring how Vmp depends on temperature. In fact, the temperature sensi-
tivity of Voc is actually sufficient to determine TD as discussed in the following
section.

6.4 Determination of Cell Temperature by the temperature sensitivity ofVoc.

An intensity-dependent measurement of VOC can be used to estimate the operat-
ing temperature of a solar cell. This approach can be useful in interpreting the
self-heating in modules installed in a farm. Based on S. Ullbrich, ”Turn Up the
Heat: Absorption-Induced Open-circuit Voltage-Turnover in Solar Cells”, 2018.

The J − V relationship of a solar cell under Nsun illumination is,

J = NsunJph − J0 exp

(
qV

nkBTD

)
.

= NsunJph − J00 exp

(
qV − Eg
nkBTD

)
.

Here, n is the ideality factor of the diode, and the bandgap-dependent reverse
saturation current is given by: J0 = J00 exp (−Eg/nkBT ), where J00 is a device-
dependent constant.

The temperature of the solar cell increases (approximately) linearly with Nsun,
i.e., ∆T = (TD − TA) = cTNsun, where cT ∼ (Iabs − ηI0)/h by Eq. 6.7. Setting
J = 0 at V = VOC :

VOC = (TA + cTNsun)
nkB
q

ln

(
NsunJph
J00

)
+
Eg
q

(6.23)

The term (TA + cTNsun) is positive and increases linearly with Nsun. On the other
hand since Jph/J00 � 1, therefore the second term ln (NsunJph/J00) is a large neg-
ative number for low Nsun and its magnitude decreases with Nsun. The product
of the two terms, therefore, shows a turnaround effect as seen in Fig. 6.5. Fitting
the experimental Voc vs. Nsun curve, one can determine the device temperature,
TD.

For a panel installed outdoors, Nsun is very low in the morning, then increases
steadily and reaches it maximum at noon. Since the ambient temperature (TA),
light intensity (NsunI0) and the open-circuit voltage (VOC(TA, Nsun)) are known,
the data can be fitted by Eq. 6.23 to calculate the instantenous device temperarture
TD. Note that, a correction can be made to this formulation to account for the
bandgap narrowing with TD.

Homework 6.7: Voc turnaround for a Silicon Solar cell

Consider a silicon cell with Eg = 1.1 eV, n = 1.2, J0 = 10−10mA/cm2,
Jph = 45mA/cm2. Plot Voc as a function of Nsun to demonstrate the turn-
around effect. Assume wind velocity, vw = 10.45 m/s.
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Solution. Homework 6.2 shows that ∆T for the given wind speed under 1-
sun illumination is ∆T = 15K. Therefore, cT = ∆T/(Nsun = 1) = 15 K/sun.
Now we can plot in Fig. 6.5: ∆T and VOC with varying Nsun. At low inten-
sities, VOC increases with intensity, as expected. However, the higher heating
effects outweighs this effect and thus we see a turn-around and decrease in
VOC . The VOC would keep increasing with intensity if the cell operates at TA
(shown by dashed line).
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Figure 6.5 (left) Linear increase in ∆T with increasing concentration Nsun. (right) The
turn-over of the Voc curve can be fitted to obtain the cell temperature.

6.5 Various approaches used to cool a solar cell

Since self-heating degrades both the efficiency and the lifetime of solar cells, a
number of techniques have been developed to reduce it temperature. The tech-
niques are effective, but the additional cost of implementing them is a concern. In
this section, we will discuss some of these cooling approaches.

6.5.1 Active and passive cooling

There are several active and passive cooling schemes already in use. These include
evaporative and fin cooling [12], liquid submerged PV [13], heat pipe-based sys-
tem [14], and so on [15]. These methods are effective, especially for concentrated
solar cells, but the cost of integrating the additional components as well as their
reliability in extreme weather conditions are important concerns.

6.5.2 Radiative cooling makes heat dissipation more effective

Modification of the module configuration based on the fundamental physics of
self-heating of PV may create a simpler, yet more effective cooling for modules.For
example, a recent proposal involving radiative cooling of solar cells has drawn
much attention [8, 9, 16, 17]. The key idea of radiative cooling is to photonic-
crystals (PhC) so that the solar cell selectively radiate through atmospheric win-
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dow. Specifically, Zhu [9] has demonstrated experimentally the use of (PhC) struc-
ture to improve the hemispherical emissivity to 0.9 for considerable radiative cool-
ing. Radiative cooling is particularly effective for extraterrestrial solar modules in
the absence of air convective cooling.

6.5.3 Spectrally selective cooling rejects sub-bandgap photons

In a different approach, spectrally selective filters can be used to reflect the sub-
bandgap photons before they heat the cell. Optical filters with customized wave-
length selectivity are commercially available and may be suitable for large-scale
manufacturing. Including additional UV blocking in the filter can further prevent
performance degradation from yellowing and delamination of encapsulants [18].
The non-ideal sharpening of the filter which can degrade short circuit current and
the tradeoff between cutoff sharpness and pass-band transmissivity must be care-
fully engineered. The bandgap of solar absorbers can also vary with temperature
(i.e., the bandgap of Si is ∼1.12 eV and ∼1.10 eV at 300 K and 400 K, respectively),
which should be also considered in filter designs. Alternative ways for selective-
spectral cooling include de-texturing the front layer or nitridizing the back surface
field in Si modules, both of which has been demonstrated experimentally [19].
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Figure 6.6 Temperature reduction of conventional Si modules as a function of (a)
convective coefficient (b) the ambient temperature. The atmospheric transmittance is from
Fig. 6.3.

6.5.4 Integrated spectral and radiative cooling

Integrating selective-spectral and radiative cooling provides the most cooling ad-
vantages for solar modules. As shown in Fig. 6.6, taken together the self-heating of
the module is reduced by 3 K, even in the absence of convective cooling. Increas-
ing convective cooling (higher h) further reduces TD further, see Fig. 6.6(a). For a
fixed wind speed, radiative cooling is more effective in a hotter climate as shown in
Fig. 6.6(b), because thermal radiation power scales with temperature as P ∼ T 4

PV .
On the other hand, intrinsic power loss (e.g., carrier recombination) increases with
temperature, leading to more heat dumped from the above-bandgap irradiance.
Hence, reflecting the heat power from sub-BG photons, i.e., selective-spectral cool-
ing, is less effective with increasing TA, as shown in Fig. 6.6(b). Interesting, the
cooling gain by integrating these cooling methods is almost independent of TA.
Finally, the presence of water vapor and CO2 reduces the transmittance between
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8µm and 13µm of the atmosphere, directly suppressing thermal radiation from the
glass encapsulation to the outer space. Consequently, radiative cooling is expected
to be less useful in humid and cloudy climates.

6.5.5 Cooling by adding an energy harvester in series

Another option to cool the excess thermal energy is to harvest the energy pro-
duced. For example, one can use circulating fluid to cool the module and use the
heated water for other applications.

Similarly, one can use an thermoelectric converted in series or in parallel with
the PV module. A thermoelectric (TE) converter operates between two reservoirs
of TD and TA and converts the thermal energy to useful electrical energy. If

VOC,TE = S(TD − TA) (6.24)

where S is the Seebeck coefficient. The the Seebeck coefficient (S ≈ (kB/q)[ηF+∆])
depends on the relative Fermi energy ηF = (EC − EF )/kBTD and ∆ ∼ 2.

It is easy to show that while TE does harvest energy from the PV, a series-
connected PV-TE tandem cell cannot restore the loss of Vmp due to increased device
temperature.

For a series connected PV-TE system, Vmp = Vmp,PV + Vmp,TE , so that

Vmp =

(
1− TD

TS

)
Eg − kBTD ln

θD
θS

+ S(TD − TA) (6.25)

Any increase in device temperature (TD ) reduces the first two terms due to PV,
but increases the last term due to TE. The change is minimized by calculating
dVmp/dTD = 0, i.e

S =
Eg
TS

+ kB ln
θD
θS

=
Eg
TS
− 0.31

TA
= 1250µV/K (6.26)

Therefore, unless S ≥ 1250µV/K, the thermoelectric system will not be able to
reach isothermal Shockley-Queisser efficiency. Typically, S = 100 − 200µV/K,
therefore the harvested energy will only be a fraction of the total energy dissipated
by the standalone PV system.

6.6 Conclusions

Self-heating is an intrinsic property of a solar cell, which degrades its efficiency
and lifetime. Self-heating due to above bandgap phonons cannot prevented, how-
ever absorption of sub-bandgap photons (either in the contacts or in the back-
sheets) increases the temperature even more. These conclusions hold across dif-
ferent solar technologies (i.e., GaAs, CIGS, Si and CdTe). We have used (a) the heat
balance equation to to explain why TD > TA and (b) the fundamental properties
of a solar cell to explain why β 6= 0. Taken together one can calculate the intrinsic,
material-specific limits of efficiency loss over time due to self-heating.

There are a number of ways to reduce the temperature of a solar cell. These
include active and passive cooling, cooling by enhancing radiation and reflect-
ing sub-bandgap photons before they reach the cell. These strategies significantly
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improve is energy output (0.5%) and lifetime (80%) of conventional modules. The
improvement is even more dramatic for concentrator solar cells (1.8% in efficiency,
and 260% in lifetime).

This chapter concludes Part 1 of the book, where we focused on fundamental
limits of solar cells based on simple flux balance equations. The losses associated
with transporting electrons and holes to their respective contacts and the design
challenges of practical solar cells will be discussed in Part 2 of the book.

References

[1] T.J. Silverman, M.G. Deceglie, Xingshu Sun, R.L. Garris, M.A. Alam, C. De-
line, and S. Kurtz. Thermal and Electrical Effects of Partial Shade in
Monolithic Thin-Film Photovoltaic Modules. IEEE Journal of Photovoltaics,
5(6):1742–1747, November 2015.

[2] Rajiv Dubey, Shashwata Chattopadhyay, Vivek Kuthanazhi, Jim Joseph John,
B. M. Arora, Anil Kottantharayil, K. L. Narasimhan, Chetan S. Solanki, Va-
man Kuber, and Juzer Vasi. All-India India Survey of Photovoltaic Module
Degradation: 2013. Technical report, National Centre for Photovol (NCPRE),
2013.

[3] X. Sun, T. J. Silverman, Z. Zhou, M. R. Khan, P. Bermel, and M. A. Alam.
Optics-Based Approach to Thermal Management of Photovoltaics: Selective-
Spectral and Radiative Cooling. IEEE Journal of Photovoltaics, 7(2):566–574,
March 2017.

[4] Jun-long Kou, Zoila Jurado, Zhen Chen, Shanhui Fan, and Austin J. Minnich.
Daytime Radiative Cooling Using Near-Black Infrared Emitters. ACS Photon-
ics, 4(3):626–630, March 2017.

[5] Omemah Gliah, Boguslaw Kruczek, Seyed Gh Etemad, and Jules Thibault.
The effective sky temperature: an enigmatic concept. Heat and Mass Transfer,
47(9):1171–1180, September 2011.

[6] C. G. Granqvist and A. Hjortsberg. Radiative cooling to low temperatures:
General considerations and application to selectively emitting SiO films. Jour-
nal of Applied Physics, 52(6):4205–4220, June 1981.

[7] S. Armstrong and W. G. Hurley. A thermal model for photovoltaic pan-
els under varying atmospheric conditions. Applied Thermal Engineering,
30(11):1488–1495, August 2010.

[8] Linxiao Zhu, Aaswath Raman, Ken Xingze Wang, Marc Abou Anoma, and
Shanhui Fan. Radiative cooling of solar cells. Optica, 1(1):32, July 2014.

[9] Linxiao Zhu, Aaswath P. Raman, and Shanhui Fan. Radiative cooling of so-
lar absorbers using a visibly transparent photonic crystal thermal blackbody.
Proceedings of the National Academy of Sciences, 112(40):12282–12287, October
2015.

[10] T. J. Silverman, M. G. Deceglie, B. Marion, S. Cowley, B. Kayes, and S. Kurtz.
Outdoor performance of a thin-film gallium-arsenide photovoltaic module.



REFERENCES 91

In 2013 IEEE 39th Photovoltaic Specialists Conference (PVSC), pages 0103–0108,
June 2013.

[11] Priyanka Singh and N. M. Ravindra. Temperature dependence of solar cell
performancean analysis. Solar Energy Materials and Solar Cells, 101:36–45, June
2012.

[12] M. Chandrasekar and T. Senthilkumar. Passive thermal regulation of flat PV
modules by coupling the mechanisms of evaporative and fin cooling. Heat
and Mass Transfer, 52(7):1381–1391, August 2015.

[13] Hans Christian Koehler. Cooling photovoltaic (PV) cells during concentrated
solar radiation in specified arrangement in coolant with as low electric con-
ductivity as possible, August 2000. International Classification H01L31/052;
Cooperative Classification Y02E10/52, H01L31/052; European Classification
H01L31/052.

[14] A. Akbarzadeh and T. Wadowski. Heat pipe-based cooling systems for photo-
voltaic cells under concentrated solar radiation. Applied Thermal Engineering,
16(1):81–87, January 1996.

[15] Anja Royne, Christopher J. Dey, and David R. Mills. Cooling of photovoltaic
cells under concentrated illumination: a critical review. Solar Energy Materials
and Solar Cells, 86(4):451–483, April 2005.

[16] A. R. Gentle and G. B. Smith. Is enhanced radiative cooling of solar cell mod-
ules worth pursuing? Solar Energy Materials and Solar Cells, 150:39–42, June
2016.

[17] Taqiyyah S. Safi and Jeremy N. Munday. Improving photovoltaic perfor-
mance through radiative cooling in both terrestrial and extraterrestrial en-
vironments. Optics Express, 23(19):A1120, September 2015.

[18] W. H. Holley, S. C. Agro, J. P. Galica, L. A. Thoma, R. S. Yorgensen, M. Ezrin,
P. Klemchuk, and G. Lavigne. Investigation into the causes of browning in
EVA encapsulated flat plate PV modules. In Proceedings of 1994 IEEE 1st World
Conference on Photovoltaic Energy Conversion - WCPEC (A Joint Conference of
PVSC, PVSEC and PSEC), volume 1, pages 893–896 vol.1, December 1994.

[19] R. Santbergen and R. J. C. van Zolingen. The absorption factor of crystalline
silicon PV cells: A numerical and experimental study. Solar Energy Materials
and Solar Cells, 92(4):432–444, April 2008.




