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a b s t r a c t

High temperature differences between the ceramic parts in thermo-electric modules (TEMs) intended for high
temperature applications makes the TEMs vulnerable to the elevated thermal stress leading to possible
structural (mechanical) failures. The problem of reducing the interfacial shearing stress in a TEM structure is
addressed using analytical and finite-element-analysis (FEA) modeling. The maximum shearing stress
occurring at the ends of the peripheral legs (and supposedly responsible for the structural robustness of the
assembly) is calculated for different leg sizes. Good agreement between the analytical and FEA predictions has
been found. It is concluded that the shearing stress can be effectively reduced by using thinner (smaller
fractional area coverage) and longer (in the through thickness direction of the module) legs and compliant
interfacial materials.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Thermo-electric modules (TEMs) have recently received increased
attention in connection with the development of advanced energy
technologies [1,2]. Extensive research is being conducted in integrating
thermo-electric devices into microelectronic ICs for the purposes
of both cooling and pumping heat. On-chip solid-state cooling has
been addressed by many researchers. Thin film thermoelectric micro-
coolers might exhibit high cooling capability [3,4], provide highly
localized cooling and temperature stabilization and could be
effectively integrated into Si-based microelectronic systems. Nano-
structured Bi2–Te3-based thin-film thermoelectric coolers could be
integrated into state-of-the-art electronic packages [5]. MEMS-based
thermoelectric devices [6] are also an attractive and possible alter-
native to solve many thermal management related problems in
microelectronics. Improving material properties in order to enhance
the power factor and the thermoelectric figures of merit are important
areas of interest [7,8]. Although finding an optimal TEM design and
the adequate materials is important to maximize the efficiency of
TEMs, the mechanical stability and reliability of the TEMs is equally
important. For instance, in the case of thermo-electric coolers in CPU
cooling applications, while the designers concentrate on improving
the functional performance of the TEM designs, the reliability of TEMs
is also a major concern: their mechanical failure would cause over-
heating and significant reduction in the CPU lifetime [9].

Elevated thermal stresses are viewed today as major bottle-necks
for reliability and robustness of high temperature TEM technologies.
These stresses are caused, first of all, by the significant differences in
temperature between the “hot” and the “cold” ceramic plates in a
TEM design (Fig. 1). The thermal stress problem can be solved by
selecting adequate thermoelectric materials [10,11] as well as by
finding effective ways to reduce the stress level [12].

In this study an analytical and a finite-element-analysis (FEA)
models are used to evaluate the thermal stresses in a simplified
(two-leg) TEM design. State-of-the-art finite element modeling
software, ANSYS [13], is used with an objective to validate the
previously suggested analytical model [12]. The obtained informa-
tion is intended to be helpful as a useful guide when creating a
mechanically robust TEM design.

The rest of this paper is organized as follows. The analytical model
is described in Section 2. In Section 3, we have employed the model to
calculate the shearing stress in different TEM designs. Discussion of
the results and comparison with FEM data are also presented. The
paper concludes in Section 4 with a summary and possible future
work.

2. Analytical modeling

2.1. Assumptions

The following major assumptions are used in the analysis:

� All the materials behave in the elastic fashion.
� Instead of addressing the actual three-dimensional TEM struc-

ture, a two-dimensional longitudinal cross-section of this
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structure idealized as a long-and-narrow strip could be con-
sidered.

� The bonded TEM ceramic components can be treated, from the
standpoint of structural analysis, as elongated rectangular
plates that experience linear elastic deformations, and approx-
imate methods of structural analysis and materials physics can
be used to evaluate the induced stresses and displacements.

� The interfacial shearing stresses can be evaluated based on the
concept of the interfacial compliance [14].

� The interfacial compliances of the bonded components and the
TEM legs can be evaluated, however, based on the Rebière
solution in the theory-of-elasticity for a long-and-narrow strip
(see, e.g., [14]).

� The assembly is thick and stiff enough, so that it does not
experience bending deformations, or, if it does, bending does
not affect the interfacial thermal shearing stresses and need not
be accounted for.

� The interfacial shearing stresses can be evaluated without
considering the effect of “peeling”, i.e., the normal inter-
facial stresses acting in the through-thickness direction of the
assembly.

� The longitudinal interfacial displacements of the TEM bonded
components can be sought as the sum of (1) the unrestricted
stress-free displacements, (2) displacements caused by the
thermally induced forces acting in the cross-sections of the
TEM components and (3) additional displacements that con-
sider that, because the thermal loading is applied to the
component interface, the interfacial displacements are some-
what larger than the displacements of the inner points of the
component.

� TEM legs provide mechanical supports for the TEM bonded
components (ceramics) and their interfacial compliance is
critical when one intents to buffer the interfacial stress, but
do not experience thermal loading themselves.

Some additional, more or less minor, assumptions are indicated
in the text of the paper.

2.2. Interfacial compliance

Analytical modeling uses the interfacial compliance concept
suggested in Refs. [14–16]. The concept enables one to separate the
roles of the design (its geometry and material properties) and the
loading caused by the change in temperature and/or temperature
gradients. The approach is based on and reduced to the evaluation

of the longitudinal interfacial compliance of a strip subjected to
the longitudinal shear loading applied to its long edge (Fig. 2).
An important assumption underlying the rationale behind the
employed analytical model is that the actual 3D structural element
(experiencing in a multi-material body interfacial loading caused
by the dissimilar materials in the body) can be substituted by an
elongated strip that is, in effect, the longitudinal cross-section of
the body. The following approximate formula for the longitudinal
displacements of the edge of such a strip has been used [14–16] to
evaluate the longitudinal displacements of a strip loaded over its
long edge by a distributed shear loading:

u0 ¼ �1�v2

Ehb

Z x

0
Q ðξÞdξþκτ0ðxÞ ð1Þ

Here E and ν are the modulus of elasticity and Poisson0s ratio
for the strip material, κ is the longitudinal compliance of the strip
(defined as the ratio of the longitudinal displacement to the
loading τ0(x), h is the thickness of the strip, b is its width, and Q
(x) is the distributed longitudinal force acting at the x cross section
of the strip. The first term in Eq. (1) reflects an assumption that the
displacement of the strip0s edge at the x cross section is uniformly
distributed over the cross section. The second term account for the
deviation of the actual, non-uniform, distribution of this force: the
longitudinal displacements at the strip edge, where the load τ0(x)
is applied, are somewhat greater than at the inner points of the
cross section. The structure of this term reflects an assumption
that the correction in question can be calculated as the product
of the shearing load τ0(x) in the given cross section and the
longitudinal compliance of the strip, as well as an assumption
that the displacement determined by this term is not affected by

Fig. 1. Thermo-electric module; (a) general view; (b) a two leg module with n-type and p-type legs.

Fig. 2. Elongated strip subjected to shear loading.
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the states of stress and strain in the adjacent cross sections. The
detailed rationale behind the formula (1) and the subsequent
derivation of the interfacial compliance κ can be found in Refs.
[14–16]. The obtained general formula for this compliance is

κ¼∑kγkMðukÞsinαkx
Eb∑kαkγksinαkx

ð2Þ

here the function M(uk) and the parameters αk, uk and γk are
defined as [14–16]:

MðukÞ ¼
1þν

2

� �
ð3�υ�ð1þυÞukcotanhukÞ cotanhuk
�

þð1þυÞuk�
2ð1�νÞ

uk

� ��

αk ¼
kπ
2l
; uk ¼ αkh¼ kπ

2
h
l
; γk ¼

2
αkl

Z l

0
τ0ðxÞsinαkxdx; k¼ 1;3;5;7;…

ð3Þ
Only the odd numbers are used in the formulas (2) and (3),

because the strip deformations are symmetric with respect to its
mid-cross-section.

The interfacial compliance κ depends on the geometry of the
strip (ratio h/l of its height h to half of its length 2l), elastic
constants of its material, and, as shown in Fig. 3, also, slightly, on
the shear load τ0(x). The latter effect is, however, insignificant in
comparison with the effects of the aspect ratio of the strip and the
properties of its material and in an approximate analysis could be
neglected. The expression (2) can be approximated, in extreme
situations, by simplified relationships [14–16] and, in the cases of
extreme aspect ratios h/l, leads to the following simple formulas:

κ¼
h

3Gb
h
lo0:5

3� υ
2πb

l
G

h
l42

(
ð4Þ

here G¼ ðE=2ð1þνÞÞ is the shear modulus of the material.

The compliance for the intermediate h/l ratios can be obtained,
in an approximate analysis, by interpolation. In our further
analysis we use, however, the formulas (4) when the h/l ratio is
below 0.5 or above 2, and the general formula (2), when the h/l
ratio is between 0.5 and 2.0. The κ values computed for different
materials employed in the TEM under evaluation (Fig. 4), are based
on the assumption that the loading τ0(x) is uniformly distributed
over the long edge of the strip, i.e., coordinate x independent.

2.3. Shearing stress

As has been indicated above, the analysis is conducted under
the major assumption that the bonding systems (“legs”) provide
mechanical support in the TEM design and their interfacial
compliance, in terms of providing a strain buffer between the
TEM components is important, but do not experience thermal
loading themselves. This assumption seems to be justified in the
case of short enough bonds, i.e. in the case of long assemblies with
short bonded regions which is the primary situation of interest in
this analysis. Such an assumption might result, however, in an
overestimation of the induced stresses in the case of not-very-
short bonded regions (“not very thin legs”), but could still be
supposedly used for the relative assessment of the state of stress in
a TEM design in question.

The longitudinal interfacial displacements (Fig. 3) can be
predicted using the following approximate formulas:

u1ðxÞ ¼ �αΔt1xþλ1

Z x

0
TðζÞdζ�k1τðxÞ;u2ðxÞ

¼ �αΔt2x�λ1

Z x

0
TðζÞdζþk1τðxÞ ð5Þ

These formulas are similar to those used in [15], where,
however, dissimilar bonded component materials were consid-
ered. The first terms in Eq. (5) are unrestricted thermal expansions
of the TEM components. In these terms, α is the coefficient of
thermal expansion (CTE) of the material, Δt1 and Δt2 are the
change in temperature of the components (from the manufactur-
ing temperature to the operation temperature). The second terms
are due to the axial thermally induced forces T(x)¼Q(x)/b acting
in the cross section of the components. In these terms, λ1 ¼
ð1�υ1=E1h1Þ is the axial compliance of one of the bonded
components, E1, ν1, h1 are the elastic (Young0s) modulus, Poisson0s
ratio of the material and the component thickness, respectively.
These terms were evaluated using Hooke0s law. The last terms in
Eq. (5) account for the actual non-uniform distribution of the
forces T(x). These terms reflect an assumption that the correspond-
ing corrections can be evaluated as products of the inter-
facial compliance and the interfacial shearing stress acting in this
cross-section. It is assumed also that these terms are not affected
by the states of stress and strain in the adjacent cross-sections.

The condition of the compatibility of the interfacial displace-
ments of the bonded TEM components can be written as

u1ðxÞ ¼ u2ðxÞþκ0τðxÞ ð6Þ
where κ0 is the interfacial compliance of the buffering material

10-1
10-1 100 101

100

101

κ 
× 
E

τ0(x)=C
τ0(x)=Cx

h/I

Fig. 3. Evaluation of longitudinal interfacial compliance coefficient for linear shear
load distribution (blue curve) as well as uniform shear load distribution (red curve).
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 4. Thermo-electric module 2D structure. Parameters shown in the figure are used for case studies in Section 3.
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(structure). Substituting the displacements (5) into the condition
(6), one can obtain a governing equation for the force T(x), and the
solution to this equation can be sought in the form:

TðxÞ ¼ �αΔT
2λ1

þC1sinh kxþC2cosh kx ð7Þ

where the first term is the particular solution for the inhomoge-
neous governing equation and the second and the third terms
provide the general solution to the corresponding homogeneous
equation. The constants C1 and C2 are constants of integration. In
Eq. (7)

k¼
ffiffiffiffiffiffiffiffi
2λ1
κ

r
ð8Þ

is the parameter of the interfacial shearing stress and κ is the total
interfacial compliance of the TEM assembly.

The solution (7) must satisfy the boundary conditions:

Tð� lÞ ¼ T̂ ; TðlÞ ¼ 0 ð9Þ
The compatibility condition for the longitudinal displacements

at the bonded and unbonded regions of the TEM assembly can be
written as follows:

κτð� lÞ ¼ 2λ1T̂ðL�2lÞ ð10Þ
In these equations, T̂ are the forces that determine the role of

the global mismatch of the components. Global mismatch occurs
outside the bonded region because of the mismatch of assembly
components, while local mismatch occurs within the bonded
regions and is due to the thermal mismatch of the materials. From
(7)–(9) and the obvious relationship T0(x)¼τ(x), one can find the
force T̂ ; and TðxÞ acting in the unbonded and bonded regions,
respectively, and the interfacial shearing stress. Subsequently, the
following expression for the interfacial shearing stress could be
obtained:

τðxÞ ¼ k
αΔT
2λ1

sinh kx
cosh kl

þ tanh kl
2klððL=2lÞ�1Þsinh 2klþcosh 2kl

cosh kðl�xÞ
� �

;

L
2l
Z1 ð11Þ

A detailed explanation of derivation of these equations could be
found in Ref. [12].

The maximum interfacial shearing stress takes place at the
assembly edges:

τðlÞ ¼ k
αΔT
2λ1

tanh kl 1þ 1
2klððL=2lÞ�1Þsinh 2klþcosh 2kl

� �
;
L
2l
Z1

ð12Þ
This relationship indicates that by decreasing the product kl of

the parameter of the interfacial shearing stress and half the length
of the bonded region one could reduce the maximum interfacial
shearing in this region.

3. Case studies

The analytical solution described in Section 2 is applied to the
TEM structure shown in Fig. 4. The material properties are given in
Table 1. Three different assembly sizes of 10 mm, 20 mm and
40 mm (L¼5 mm, 10 mm, and 20 mm) were chosen. The value of l,
the half the bonded region length, has been varied to evaluate its
effect on the maximum interfacial shearing stress. The tempera-
ture difference between the top and the bottom components (ΔT)
is 130 1C. The thickness of the TEM leg is 4 mm. Bonded region and
component thicknesses are as indicated in Fig. 4.

The maximum interfacial shearing stress versus bonded region
length for different assembly lengths is obtained using the

analytical model presented in Section 2. The results are plotted
in Fig. 5. As it can be seen, the decrease in the length of the bonded
region results in lower maximum interfacial shearing stress. Also,
for the same bonded region length, the increase in the assembly0s
length leads to the decrease in the maximum interfacial shearing
stress. This means that the increase in the L/2l ratio and the
decrease in the fractional area coverage of the thermoelectric legs
lead to lower maximum interfacial shearing stresses.

Finite element modeling (FEM) software, ANSYS, has been used
to simulate the same TEM assembly. The 8 nodes plane 223
element in plane strain mode were used. The structure is meshed
with very fine square elements. Each element is 25�25 μm2 and
there were around 400,000 elements in this structure. A sample
meshed structure is shown in Fig. 6. The boundary conditions
of the simulations were set according to the boundary conditions
in the analytical model. The strain free temperature (reference
temperature) is set to zero. Then the top component heated
up to 160 1C and the bottom component is heated up to 30 1C.
Temperature load applied to the structure is shown in Fig. 7a. The
deformed shape of the TEM structure due to this temperature load
is superimposed on the edge of original un-deformed model.
The translation is restrained in both x and y direction in the
bottom corners of the TEM structure. A vertical cross section of the
temperature profile is plotted in Fig. 7b. The material properties
are set according to Table 1. The coefficient of thermal expansion
(CTE) for the ceramic plates is set to 6.5�10�6 (1/1C).

For other layers we consider two cases. In the first case we set
the same CTE for them as the components. In the second case we
set them to the value shown in Table 1.

The maximum shearing stresses for different assembly lengths
and bonded region length sizes are calculated using ANSYS. The
results are compared with the analytical solutions in Fig. 8a and b.
In Fig. 8a the half assembly length (L) is 5 mm, the leg thickness (h)
is 4 mm and half bonded region length (l) is changing 0.5 mm to

Table 1
Mechanical properties of materials employed in TEM.

Material Young modulus
(GPa)

CTE (ppm/
1C)

Poisson0s
ratio

Ceramic component 380 6.5 0.28
Copper stripe
(metallization)

115 17 0.31

Sn–Sb solder layer 44.5 27 0.33
Be2Te3 leg 47 16.8 0.4

Fig. 5. Variation of maximum interfacial shear stress (τmax) vs bonded region0s
length for different assembly lengths, 2L¼10 mm (blue), 20 mm (red), and 40 mm
(green). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

A. Ziabari et al. / Microelectronics Journal ∎ (∎∎∎∎) ∎∎∎–∎∎∎4

Please cite this article as: A. Ziabari, et al., Minimizing thermally induced interfacial shearing stress in a thermoelectric module with
low fractional area coverage, Microelectron. J (2014), http://dx.doi.org/10.1016/j.mejo.2013.12.004i

http://dx.doi.org/10.1016/j.mejo.2013.12.004
http://dx.doi.org/10.1016/j.mejo.2013.12.004
http://dx.doi.org/10.1016/j.mejo.2013.12.004


2 mm. Also, the same simulations have been done for an assembly
with L equal to 10 mm and l changing from 1 mm to 4 mm. It can
be seen in both cases that our analytical model follows the same
trend as FEM and the results are in good agreement. Changing
fractional coverage area by a factor of 16 from 64% to 4% resulted in
a maximum 40% drop in the interfacial shear stress in each case.
Fig. 9 shows that if we consider CTE mismatch between the layers
as well the values for stress would increase significantly for this
particular case study. However, this figure is also indicative of the
same trend for maximum interfacial shear stress. It can be seen
in Fig. 9 that, for the TEM structure used in this case study with
the material property listed in Table 1, lowering the fractional
coverage area by a factor of 16 from 64% to 4% will lead to about

32% drop in maximum interfacial shear stress, which matches our
analytical model.

The decrease in the TEM leg thickness results in higher
maximum interfacial shearing stresses. This is shown in Fig. 10.
Both ANSYS and the analytical model show similar results as the
thermoelectric leg thickness decreases. These simulations are
performed for a structure with L and l equal to 5 mm and 2 mm,
respectively. Increasing the leg thickness by a factor of 10 leads
to a 70% drop in the maximum interfacial shearing stress.
As evident from these figures, analytical and numerical data are
in good agreement.

Fig. 6. A sample meshed 2D structure.
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Fig. 7. (a) A sample deformed shape of a 2D TEM simulated in ANSYS is superimposed on the edge of the un-deformed 2D TEM model. (b) Temperature along vertical cross
section of one of the legs.

Fig. 8. (a) Maximum interfacial shear stress obtained by ANSYS (red curve) and analytical model (blue curve) for h¼4 mm and L¼5 mm. (b) Maximum interfacial shear
stress obtained by ANSYS (red curve) and analytical model (blue curve) for h¼4 mm and L¼10 mm. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 9. Maximum interfacial shear stress obtained by ANSYS (red curve) for the
TEM structure with right values of CTE (shown in Table 1).

A. Ziabari et al. / Microelectronics Journal ∎ (∎∎∎∎) ∎∎∎–∎∎∎ 5

Please cite this article as: A. Ziabari, et al., Minimizing thermally induced interfacial shearing stress in a thermoelectric module with
low fractional area coverage, Microelectron. J (2014), http://dx.doi.org/10.1016/j.mejo.2013.12.004i

http://dx.doi.org/10.1016/j.mejo.2013.12.004
http://dx.doi.org/10.1016/j.mejo.2013.12.004
http://dx.doi.org/10.1016/j.mejo.2013.12.004


It is indicated in Fig. 5. that by decreasing the bonded region
length the maximum shear stress decreases. On the other hand,
by decreasing the TE leg thickness, the maximum shear stress
would increase. Therefore, employment of thinner and longer legs
could indeed result in a substantial stress relief, thereby leading to
a more mechanically robust TEM. In [9] a similar conclusion was
achieved with 3D simulation of a 2 leg thermoelectric module.

Eq. (12) shows that, based on our analytical model, the
maximum interfacial shear stress varies linearly with the tem-
perature difference between the top and bottom ceramic compo-
nents. Three simulations are performed in ANSYS with ΔT equal
to 130 1C, 260 1C, and 390 1C. For these simulations we chose
a 2D structure with L, l, and h equal to 10 mm, 1 mm, and 4 mm,
respectively. The results are plotted in Fig. 11. As it can be seen in
the figure, increasing of the temperature difference between the
components by a factor of 2 and 3 will result in a factor of 2 and
3 augmentations in the value of maximum shear stress in both the
analytical model and ANSYS results.

3D simulation is also carried out to confirm what was obtained
analytically. The meshed structure is shown in Fig. 12. Symmetry is
used and a quarter of the model is simulated. Again, the simula-
tions are performed for two half assembly lengths (L) of 5 mm and
10 mm. The TE leg thickness is chosen to be 4 mm. The tempera-
ture difference between the ceramic components is set to 130 1C.
By changing the bonded region length, the fractional coverage area
in both cases is reduced from 64% to 4%. As can be observed in
Fig. 13, 3D simulation shows that the maximum shear stress
reduces by a maximum 80%. A comparison between the results
of 2D ANSYS simulation, analytical model, and 3D ANSYS simula-
tion for both case studies is shown in Fig. 13. The analytical
solution has occurred between the two FEA solutions and follows
the same trend. Intuitively this behavior seems reasonable, as the
analytical model indirectly, by bringing in the Young0s modulus
and the Poisson0s ratio, takes into account (in an approximate
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Fig. 10. Maximum interfacial shear stress obtained by ANSYS (red curve) and
analytical model (blue curve) for L¼5 mm and l¼2 mm, while h changing from
0.4 mm to 4 m. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
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article.)
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Fig. 12. (a) 3D meshed structure. (b) Temperature profile.

Fig. 13. Comparison between Analytical results with 3D and 2D ANSYS results. Maximum shear stress vs. half bonded length is plotted for (a) L¼5 mm, h¼4 mm.
(b) L¼10 mm, h¼4 mm.
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fashion) the 3D state of stress. The difference between the
maximum shear stress values, obtained by analytical model in
comparison with ANSYS 2D and 3D results, is due to the fact that
the analytical model is neither a 3D nor an exactly 2D model. The
reason is the geometry of TEMs is complex and cannot be
considered as a plane strain or plane stress problem. Our Quasi-
2D analytical model takes the Poisson0s ratio into account (in an
approximate fashion), while in ANSYS and other FEM a plain strain
or plane stress condition for 2D problem needs to be defined.

4. Conclusion

The longitudinal interfacial compliance for the uniform and
linearly distributed shear loading along the interface of a long-
and-narrow strip has been evaluated in application to assemblies
of the TEM type. The evaluated compliances were employed, using
analytical modeling, to calculate the maximum shear stress in a
TEM design with two legs at the ends. Finite element 2D and
3D simulations in ANSYS were carried out to verify the results
obtained by the analytical model. Different comparisons are
conducted and it is demonstrated that the simple analytical model
presented in this work is in good agreement with the results
obtained by the finite element method. It is shown that the
maximum interfacial thermally induced shearing stress occurs at
the leg0s corner and employment of thinner and longer legs could
indeed result in a substantial stress relief. Some case studies are
presented as a proof of concept. It is shown that by thinning the
leg length by a factor of four, and in turn, decreasing the fractional
area by a factor of 16, maximum shear stress dropped by 80%. It
should be pointed out that the presented analytical model cap-
tures the trends very well in comparison with 2D and 3D finite
element results, even though the values are quite different. The
difference comes from the complex geometry of the structure and
because it cannot be considered as an exact 2D plane stress or
plane strain problem. One of the main characteristics of an
analytical model is that it should be able to distinguish between
different parameters and illustrates how variation of each of
them would affect the final value of the results. To that end, the
significance of this analytical model over FEM is that it can be

utilized to clarify the effect of different parameters in the model
without the need for expensive computation. Authors believe
that the numerical examples of this paper will guide someone
skilled in the field to design the most mechanically feasible TEM
structure.
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