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Analytical modeling of silicon thermoelectric microcooler
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Due to its inherently favorable properties, doped single-crystal silicon has potential application as an
on-chip thermoelectric microcooler for advanced integrated circuits. In this paper, an analytical
thermal model for silicon microcooler, which couples Peltier cooling with heat conduction and heat
generation in the silicon substrate, and which includes heat conduction and heat generation in the
metal lead, is derived and used to study the thermal characteristics of silicon thermoelectric
microcoolers. The analytical modeling results are shown to be in good agreement with the
experimental data and the results from electrothermal numerical simulations. The effects of metal
lead, electric contact resistance, silicon doping concentrations, and microcooler sizes on the cooling
performance are investigated. The cooling potential of such thermoelectric devices, represented by
peak cooling and maximum cooling heat flux on the microcooler surface, is addressed. © 2006
American Institute of Physics. �DOI: 10.1063/1.2211328�
I. INTRODUCTION

The Moore’s law progression in semiconductor technol-
ogy, including shrinking feature size, increasing transistor
density, and faster circuit speeds, is leading to ever higher
chip power dissipations and heat fluxes. Road map projec-
tions for the high-performance chip category suggest that the
maximum chip power dissipation will exceed 300 W and the
maximum chip heat flux exceed 150 W/cm2 within the next
few years.1 Moreover, in recent years, increasing perfor-
mance has resulted in greater nonuniformity of on-chip
power dissipation, creating localized submillimeter hot spots
that can degrade the processor performance and reliability.2

The application of conventional thermal packaging technol-
ogy, developed to provide uniform chip cooling, to such chip
designs results in lower allowable chip power dissipation or
unnecessary overcooling of large areas of the chip. Conse-
quently, cooling techniques, with the ability to selectively
cool submillimeter hot spots, are being investigated.

Advanced solid-state thermoelectric microcoolers, based
on the use of SiGe/Si superlattice structures attached to sili-
con substrates, have received increasing attention for hot
spot thermal management because these solid-state devices
are compact, light weight, have no moving parts, and are
capable of providing localized, high-flux, on-chip active
cooling. Recently Fan et al.3 reported on room temperature
SiGe/Si microcoolers capable of providing a maximum tem-
perature reduction of 4.2 K and a maximum cooling heat
flux of 600 W/cm2. Fan et al.4 demonstrated temperature
reductions of up to 2.8 K at room temperature and 6.9 K at
373 K for p-type SiGeC/Si microcoolers, and a maximum
cooling heat flux on the order of 1000 W/cm2. These results
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suggest that solid-state thermoelectric microcoolers offer
considerable promise for reducing the severity of on-chip
high-flux hot spots.

Thermoelectric materials can be evaluated by reference
to the thermoelectric figure of merit, Z, which characterizes
the materials’ electrical and thermal transport properties and
is defined as

Z =
S2

k�
, �1�

where S is the Seebeck coefficient, k is the thermal conduc-
tivity, and � is the electrical resisitivity. For conventional
thermoelectric cooler �TEC�, the maximum achievable tem-
perature reduction can be estimated by

�Tmax =
1

2
ZTc

2, �2�

where Tc is the absolute temperature on the cold side. Thus,
the highest cooling performance is attained at the highest
value of Z, requiring that the Seebeck coefficient should be
as large as possible and the electrical resistivity and the ther-
mal conductivity as small as possible. It should be noted that
the cooling capability of a thermoelectric cooler improves
with the square of the absolute temperature of the cold side,
yielding far better performance at elevated temperatures than
at room temperature for thermoelectric materials whose
properties are nearly invariant with the temperatures. It is
also very common to compare thermoelectric materials in
terms of the power factor, P, relating Peltier cooling and

Joule heating and defined as
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P =
S2

�
. �3�

The power factor differs from the figure of merit, Z, only in
the absence of the thermal conductivity and, thus, favors
materials that have high Seebeck coefficient, S, and low elec-
trical resistivity, �, regardless of the value of thermal con-
ductivity, k. For the nonconventional thermoelectric circuit
considered herein, electric current flow in the silicon acts to
spread the Peltier heating across a wide area and/or shift it to
a remote location thereby reducing the deleterious effect of
the thermal conductivity on the cooling performance. Conse-
quently, the traditional Z factor may not capture the full cool-
ing potential of this configuration and the power factor may
prove to be a more suitable metric for such silicon micro-
coolers. Table I provides the thermal and electrical properties
for three typical thermoelectric materials, Bi2Te3, SiGe, and
single-crystal silicon, at room temperature.5 It can be seen
that single-crystal silicon appears to offer the highest power
factor of the materials shown, due to its high Seebeck coef-
ficient and low electrical resistivity, and thus constitutes a
very viable candidate for high-flux cooling. On the other
hand, the ease of fabrication of metal-on-silicon configura-
tion provides an additional incentive to explore the cooling
potential of silicon microcoolers.

Recently Zhang et al.6 demonstrated the concept of sili-
con microcoolers at room temperature with a maximum
cooling heat flux of more than 500 W/cm2. Three-
dimensional package-level FEA simulation also suggests that
silicon thermoelectric microcoolers can be used to selec-
tively cool on-chip hot spots.7,8 However, careful thermal
design and optimization will be needed to best exploit the
thermoelectric cooling capability achievable in silicon mi-
crocoolers and to overcome various parasitic effects, such as
electric contact resistance9,10 and heat generation/heat con-
duction in the metal lead9–13 inherent in the use of this tech-
nique. Consequently, the present effort deals with the devel-
opment of an analytical model that can be used to predict the
temperature reduction on silicon microcoolers, reflecting the
effects of silicon doping concentrations, microcooler sizes,
heat generation and conduction in the metal lead, and electric

TABLE I. Typical values on the thermoelectric properties for Bi2Te3, SiGe,
and single-crystal silicon at room temperature.

Material

Seebeck
coefficient
S ��V/K�

Electrical
resistivity
� ��� m�

Thermal
conductivity
k �W/mK�

Figure of
merit

Z �10−3 /K�

Power
factor

P
�mW/K2 m�

Bi2Te3

�n-type�
−240 10 2.02 2.85 5.76

Bi2Te3

�p-type�
162 5.5 2.06 2.32 4.77

SiGe
�n-type�

−136 10.1 4.45 0.328 1.83

SiGe
�p-type�

144 13.2 4.80 0.413 1.57

Silicon
�p-type�

450 35 150 0.039 5.79
contact resistance on cooling performance. The results ob-
tained from the analytical model will be compared with the
available experimental data and with the results from elec-
trothermal numerical simulations.

II. STRUCTURE AND OPERATING PRINCIPLE

The structure of silicon thermoelectric microcooler is il-
lustrated in Fig. 1.14 It is a single element silicon microcooler
with cross-plane electrical transport through the silicon sub-
strate. The metal lead, which is electrically isolated from the
silicon substrate with a very thin SiNx layer, is employed to
deliver electric current to the microcooler through the silicon
cap layer. The electric current then flows into the silicon
substrate and continues out through the ground electrode on
the base of silicon substrate, which is also maintained at a
fixed temperature by an appropriate cooling system. In the
reported studies of such microcoolers, the silicon substrate
was boron-doped single-crystal silicon with a thickness of
500 �m. The silicon cap layer, less than 1 �m thick, was
highly doped silicon with a doping concentration larger than
1�1020 cm−3 in order to improve Ohmic contact between
the metal contact and the silicon cap. The silicon microcooler
sizes under current investigation range from 20
�20 �m2 to 100�100 �m2, while the width of the metal
lead varies from 20 to 200 �m and the thickness varies from
1.0 to 3.0 �m. The passivation layer of SiNx thin film is
about 0.3 �m in thickness and of the same width and length
as the metal lead layer.

A thermoelectric cooler uses an electric current to induce
Peltier effect, at the junction of two materials with different
Seebeck coefficients, to provide localized cooling, and to
transport the absorbed heat to the hot side of the thermoelec-
tric circuit. Joule heating associated with the resistance to
electric current flow in the thermoelectric circuit, and heat
conduction from the hot to the cold side of the thermoelectric
circuit, limits the thermoelectric cooling that can be
achieved. Referring to the silicon microcooler structure as
depicted in Fig. 1, it may be seen that electric current flowing
through the indicated circuit results in Peltier cooling at the
junction of metal contact/silicon cap and again at silicon cap/
silicon substrate interface, but causes Peltier heating at sili-
con substrate/ground electrode interface, where energetic

FIG. 1. �Color online� Structure of silicon thermoelectric microcooler. �The
arrows indicate the direction for electric current flow.�
electrons must shed some of their energy in entering highly
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conductive metal. The Peltier cooling rate at the metal
contact/silicon cap interface is represented as

qTE,1 = �Smetal − Scap�T1I � − ScapT1I , �4�

where Smetal and Scap are the Seebeck coefficients of metal
contact and silicon cap layer, respectively. T1 is the absolute
temperature at the interface between metal contact and sili-
con cap layer and I is the applied current. It is to be noted
that by comparison to the high Seebeck coefficient of silicon
materials under consideration, the Seebeck coefficient of
metal contact, Smetal, is very low and can be neglected. The
Peltier cooling rate at the silicon cap/silicon substrate inter-
face is given by

qTE,2 = �Scap − SSi�T2I , �5�

where SSi is the Seebeck coefficient of silicon substrate,
which varies with the doping concentration,15 and T2 is the
absolute temperature at the interface between silicon cap
layer and silicon substrate.

Since the highly doped silicon cap layer is very thin
��1 �m� and the thermal conductivity is very large
�100–150 W/mK at the microcooler operating tempera-
tures�, the temperature difference between these two inter-
faces is less than 0.5 K. Therefore we assume T1�T2=Tc.
So, to a very good approximation, the overall Peltier cooling
rate of silicon microcooler can be expressed as

qTE = qTE,1 + qTE,2

= − ScapT1I + �Scap − SSi�T2I � − SSiTcI , �6�

where Tc is defined as the microcooler temperature. There-
fore, in such a thermoelectric microcooler configuration, the
overall Peltier cooling rate depends only on the Seebeck co-
efficient of silicon substrate, the microcooler temperature,
and the applied current.

In addition to volumetric Joule heating in the metal lead,
in the silicon substrate, and in the silicon cap, such a para-
sitic effect will also arise at both metal contact/silicon cap
interface and silicon substrate/ground electrode interface.
The interfacial Joule heating at the metal contact/silicon cap
interface can be expressed as

qcontact = I2Rcont =
I2�c

Acont
, �7�

where Rcont is the electric contact resistance, Acont is the
metal contact area, and �c is the specific electric contact re-
sistance at the metal contact/silicon cap interface. In the
present microcooler configuration, the use of constant tem-
perature boundary condition on the silicon substrate base
makes it unnecessary to include the interfacial Joule heating
and Peltier heating at the silicon substrate/ground electrode
interface.

III. ANALYTICAL THERMAL MODELING

The net cooling performance on the silicon microcooler
is determined by the balance between the Peltier cooling
rate, qTE, and the parasitic components due to the Joule heat-
ing at the metal contact/silicon interface, qcont, the heat gen-

eration and heat conduction from the silicon substrate, qSi,
and the heat generation and heat conduction from the metal
lead, qlead, that diffuse to the microcooler zone. Therefore,
the net cooling rate on the microcooler can be expressed as

qnet = qTE + qcont + qSi + qlead. �8�

Along with the heat generation and heat conduction in the
silicon substrate, the Joule heating at the metal contact/
silicon interface and the heat generation and heat conduction
in the metal lead are widely accepted as two major parasitic
effects for thermoelectric microcoolers.10,16 In the present
study, the maximum temperature reduction achievable by a
silicon microcooler is determined by neglecting any heat
load from external heat sources. This cooling limit is deter-
mined analytically by coupling the solution of the three-
dimensional Laplace’s equation for thermal diffusion in a
silicon substrate subjected to a modified Peltier cooling
boundary condition with a one-dimensional solution of heat
generation /conduction in the metal lead.

A. 3D analytical thermal model for the silicon
microcooler

Determination of the steady-state thermal performance
of silicon microcooler, described in Fig. 2, requires the solu-
tion of three-dimensional Poisson’s energy equation for the
temperature distribution in a rectangular silicon substrate
with a dimension of lSi by wSi by tSi and subjected to the
influence of Peltier cooling and Joule heating associated with
electric current flow through the silicon substrate and the
metal lead, i.e.,

�2T

�x2 +
�2T

�y2 +
�2T

�z2 +
qSi��x,y,z�

kSi
= 0, �9�

where kSi is the thermal conductivity of silicon substrate and
qSi� �x ,y ,z� is the nonuniform volumetric heat generation
�Joule heating� inside the silicon substrate.

With the geometry depicted in Fig. 2, the following
boundary conditions can be applied:

�T

�z
= −

qeff,cooler�

kSi
xc − 0.5lc � x � xc + 0.5lc,

�10�

FIG. 2. Schematic for three-dimensional �3D� modeling of the silicon
microcooler.
yc − 0.5wc � y � yc + 0.5wc, z = 0,
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�T

�z
= −

qeff,lead�

kSi
xm − 0.5lm � x � xm + 0.5lm,

�11�
ym − 0.5wm � y � ym + 0.5wm, z = 0,

where lc and wc are the length and width of the microcooler
with the location of its centroid at �xc ,yc ,0�, lm and wm are
the length and width of the metal lead with the location of its
centroid at �xm ,ym ,0�, qeff,cooler� is the effective cooling heat
flux over the footprint of the microcooler, and qeff,lead� is the
metal lead Joule heating that flows directly into the silicon
substrate divided by the area of the metal lead footprint.

Unfortunately, solution of Eq. �9� requires detailed
knowledge of internal heat generation function, qSi� �x ,y ,z�,
resulting from electric current flow in the silicon substrate
and the associated three-dimensional Joule heating pattern.
Determination of this function requires a parallel solution of
Laplace’s equation for the voltage field. The resulting highly
nonuniform heat generation function can be expected to
make Eq. �9� unsolvable analytically for all but the simplest
approximations of qSi�. However, following conventional
thermoelectric modeling procedures,17 it is possible to define
an “allocation” factor, �, which defines the fraction of silicon
Joule heating flowing into the cold side of thermoelectric
circuit, to yield an acceptable approximation for the tempera-
ture on the microcooler. The appropriate allocation factor can
be determined from an integrated numerical simulation of
the thermal and electrical fields and a value of 0.36 is found
to yield the best agreement for the largest temperature reduc-
tion �or peak cooling� on the microcooler for all of the in-
vestigated microcooler sizes, applied currents, and doping
concentrations. With this approach, the internal Joule heating
in silicon substrate is replaced with a modified boundary
condition on the surface of the microcooler and the Poisson’s
equation can thus be transformed into the Laplace’s equation
as

�2T

�x2 +
�2T

�y2 +
�2T

�z2 = 0. �12�

On the top of silicon substrate, a uniform effective cooling
heat flux, qeff,cooler� , determined as the combined effect of
the Peltier cooling �=STI�, the silicon Joule heating flowing
into the microcooler �=�I2RSi,e, where RSi,e is the electrical
resistance of silicon microcooler�, the Joule heating due to
the electric contact resistance �=I2Rcont�, and the heat diffu-
sion directly from the metal lead into the microcooler
�=qlead,cooler�, is assumed to prevail over the microcooler sur-
face. The effective cooling heat flux on the microcooler sur-
face can then be expressed as

qeff,cooler� =
− STI + I2Rcont + qlead,cooler + �I2RSi,e

wclc
. �13�

The effective metal lead heat flux on the silicon substrate
accounts for the majority of the Joule heating in the metal

lead and can be expressed as
qeff,lead� =
qlead,substrate

wmlm
, �14�

where qlead,substrate is the metal lead Joule heating flowing into
the substrate. The determination of the heat flow of
qlead,substrate and qlead,substrate will be derived in a subsequent
section.

The top surface of silicon substrate, outside the micro-
cooler area and the metal lead area, is assumed to be adia-
batic and can be represented by

�T

�z
= 0 �other areas at z = 0� . �15�

Along the edges of silicon substrate, an adiabatic boundary
condition is assumed, i.e.,

�T

�x
= 0 at x = 0, x = lSi, 0 � y � wSi, 0 � z � tSi,

�16�

�T

�y
= 0 at y = 0, y = wSi, 0 � x � lSi, 0 � z � tSi.

�17�

The base of silicon substrate �z= ts� is assumed to be isother-
mal, i.e.,

T = Tb at z = tSi, 0 � x � lSi, 0 � y � wSi. �18�

To quantify the Joule heating in silicon substrate, it is nec-
essary to determine the electrical resistance of silicon micro-
cooler, RSi,e. Applying the electrothermal analogy for electric
current diffusion process in the cylindrical substrate,18 a
closed-form equation for the electrical resistance can be ex-
pressed as

RSi,e =
�SitSi

	rSi
2 + 0.9� �Si

4rc
�1 −

rc

rSi
�3/2	 . �19�

The first term represents one-dimensional electrical resis-
tance and the second term three-dimensional spreading resis-
tance. The equivalent radii for the silicon substrate and the
microcooler are rSi and rc, respectively. �si is the electrical
resistivity of silicon substrate. The application of this relation
to the geometry of the present microcooler requires the in-
troduction of a 0.9 coefficient for the spreading term. The
electrical resistances predicted by Eq. �19� are found to de-
viate no more than 2% from numerical simulation results for
the investigated microcooler sizes when the silicon substrate
thickness is larger than 200 �m.

B. 1D analytical thermal model for the metal lead

In the silicon microcooler, the metal lead layer transports
electric current to the microcooler to induce the Peltier cool-
ing effect at the interfaces. However, heat conduction
through the lead to the region of the microcooler, as well as
heat generation �Joule heating� inside the metal lead, could
be a major parasitic source for cooling degradation. As illus-
trated in Fig. 3, there are three heat flow paths for Joule

heating generated in the metal lead. It can be anticipated that
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a majority of the Joule heating will flow into the silicon
substrate and on to the temperature-controlled silicon base,
but some of the Joule heating will flow laterally in the sub-
strate and then into the microcooler zone, and some of the
Joule heating will flow into the microcooler directly through
the metal lead. In this section, we provide an analytical
model to describe the parasitic effects related to heat genera-
tion and heat conduction inside the metal lead.

A schematic of the metal lead, SiNx layer, and silicon
substrate is shown in Fig. 3. Consider a long rectangular
metal lead of thickness tm, width wm, length lm, electrical
resistivity �m, and thermal conductivity km, separated from
the underlying silicon substrate by a SiNx layer of thickness
tSiN, width wSiN, length lSiN, and thermal conductivity kSiN.
With the length of the metal lead much larger than the width
and the thickness, the temperature change is dominant in the
longitudinal direction and, therefore, the metal lead can be
viewed as a thermal fin. As illustrated in Fig. 3, one-
dimensional heat conduction equation can be derived by ex-
amining a control volume of the metal lead of thickness tm,
width wm, and length dx. Under steady-state condition, the
conservation of energy requires that the Joule heating gener-
ated in the control volume, dV, is equal to the heat conduc-
tion and convection out of the volume as follows:

− kmwmtm
dT

dx



x
+ J2�mwmtmdx

= − kmwmtm
dT

dx



x+dx
+ heff�T − Tb�wmdx , �20�

where T and Tb are the metal lead temperature and the silicon
base temperature, respectively, J is the electric current den-
sity, and heff is the effective heat transfer coefficient. After
taking the limit as dx→0, Eq. �20� is simplified to

d2T

dx2 +
J2�m

km
−

heff

kmtm
�T − Tb� = 0. �21�

In order to solve Eq. �21� two appropriate boundary condi-
tions must be applied at both sides of the metal lead.

�a� At one end of the metal lead �x=0�, the adiabatic
boundary condition is applied,


 dT

dX

 = 0. �22�

FIG. 3. �Color online� Schematic for one-dimensional �1D� modeling of the
metal lead.
x=0
�b� At the other end of the metal lead �x= lm�, we assume
the temperature to equal that of the microcooler,

�T�x=lm
= Tc. �23�

In this fin analysis an effective heat transfer coefficient, heff

will be employed to represent the heat conduction from the
bottom surface of the metal lead into the silicon substrate
and given by

heff =
1

�RSiNx,t + RSi,t�lmwm
, �24�

where RSiNx,t and RSi,t are the thermal resistances of SiNx

layer and silicon substrate, respectively.
Heat conduction inside the SiNx layer is assumed to be

one dimensional and perpendicular to the bottom surface of
the SiNx layer. The corresponding thermal resistance is thus
given by

RSiNx,t =
tSiNx

kSiNx
lSiNx

wSiNx

. �25�

As the length of the metal lead is much larger than its width,
the heat conduction downwards in the silicon substrate is
assumed to take the form of two-dimensional spreading �in
Y-Z plane�, and the average value of the thermal resistance
can be calculated as19

RSi,t =
1

2kSilm
�
 +

2

	3�2 �
n=1

�
sin2�n	��

n3 tanh�n	
�	 , �26�

where 
=2tSi /wSi and �=wm /wSi.
Therefore, the effective heat transfer coefficient, heff, can

be expressed as

heff =  wm

2kSi
�
 +

2

	3�2 �
n=1

�
sin2�n	��

n3 tanh�n	
�	
+

tSiNx

kSiNx

�−1

. �27�

The temperature distribution along the metal lead can then be
solved as

T = Tb + �Tc
cosh���heff/kmtm�x�

cosh���heff/kmtm�lm�

+
I2�m

wm
2 tmheff

1 −
cosh���heff/kmtm�x�

cosh���heff/kmtm�lm�
� , �28�

where �Tc is the temperature reduction at the silicon micro-
cooler ��Tc=Tc−Tb� and takes a negative value when an
appropriate electric current is applied on the microcooler.

Applying Fourier’s law together with Eq. �28� at the
metal lead tip �x= lm�, it is possible to determine the total
heat transfer from the metal lead directly into the silicon

microcooler, qlead,cooler, as
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qlead,cooler = − kmwmtm
dT

dx



x=lm

= I2�m� km

wm
2 tmheff

tanh�� heff

kmtm
lm�

− �Tc
�wm

2 tmkmheff tanh�� heff

kmtm
lm� . �29�

It is clear from Eq. �29� that both the Joule heating inside the
metal lead �the first term� and the heat conduction due to the
temperature gradient �the second term� will reduce the effec-
tive cooling rate on the microcooler and thus degrade the
cooling performance. Similarly, the heat conduction from the
bottom surface of the metal lead into the silicon substrate,
qlead,substrate, can be calculated as

qlead,substrate = �
x=0

x=lm

heffwm�T − TA�dx

= I2��m
lm

tmwm
− I2�m� km

wm
2 tmheff

�tanh�� heff l �

kmtm

m 	

�m0 = sin��m�xm + 0.5lm�� − sin��m�xm − 0.5lm�� ,
+ �Tc
�wm

2 tmkmheff tanh�� heff

kmtm
lm� . �30�

Under our investigated conditions, tanh���heff /kmtm�lm�=1.
It should be noted that after flowing into the silicon substrate,
some heat of qlead,substrate will flow laterally into the micro-
cooler and the rest �the majority� will flow downwards to the
silicon substrate base and become part of the overall heat
diffusion in the substrate. In the next section, qlead,cooler and
qlead,substrate will be coupled with three-dimensional silicon
microcooler model, so that the overall contribution of heat
conduction and heat generation inside the metal lead to the
cooling performance could be completely accounted.

C. Analytical solution for temperature reduction
on the microcooler

The separation of variables method is employed to find
the solution to the temperature field using the given bound-
ary conditions. The analytical solution for the temperature
distribution in silicon substrate can be obtained by solution

of the governing equation, Eq. �12�, as
T�x,y,z� = Tb − ��qeff,cooler�

kSi
�� lcwc

lSiwSi
� + �qeff,lead�

kSi
�� lmwm

lSiwSi
�	�z − tSi�

− �
m=1

� ��qeff,cooler�

kSi
� 2lSiwc

m2	2wSi
m0 + �qeff,lead�

kSi
� 2lSiwm

m2	2wSi
�m0	cos��mx�

sinh��m�z − tSi��
cosh��mtSi�

− �
n=1

� ��qeff,cooler�

kSi
� 2wSilc

n2	2lSi
0n + �qeff,lead�

kSi
� 2wSilm

n2	2lSi
�0n	cos��ny�

sinh��n�z − tSi��
cosh��ntSi�

− �
m=1

�

�
n=1

� ��qeff,cooler�

kSi
�m00n + �qeff,lead�

kSi
��m0�0n	 4

mn	2�mn
cos��mx�cos��ny�� sinh��mn�z − tSi��

cosh��mntSi�
	 , �31�
where

�m =
m	

lSi
,

�n =
n	

wSi
,

�mn = ��m
2 + �n

2,

m0 = sin��m�xc + 0.5lc�� − sin��m�xc − 0.5lc�� ,

0n = sin��n�yc + 0.5wc�� − sin��n�yc − 0.5wc�� ,
�0n = sin��m�ym + 0.5wm�� − sin��n�ym − 0.5wm�� .

It is seen that the solution is in the form of an infinite double
cosine series and, in actual calculation, it is apparent that we
can sum only a finite number of terms. Consequently, the
accuracy of the calculation is associated with the number of
terms summed. It was found that the number of terms re-
quired for the solution to converge to within a desired degree
of accuracy is related to the geometry of silicon substrate, the
metal lead, and the microcooler. For all the calculations, the
infinite series are truncated at m=n=300, beyond which a
further increase in the number of terms has no influence on
the results.

In the present analysis attention is focused on the deter-
mination of the temperature reduction achieved by the mi-
crocooler with respect to the temperature of the silicon sub-

strate base. However, in order to calculate the temperature
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reduction with consideration of the metal lead effect, Eqs.
�29�–�31� need to be integrated and the corresponding ana-
lytical solution is given as

�Tc = �− STI + I2Rcont + �I2RSi,e + I2� �m
2 km

wm
2 tmheff

+ �I2 �mlm

wmtm
− I2� �m

2 km

wm
2 tmheff

�Sm

Sc
	

�
Sc

kSi + �Sc − Sm��wm
2 tmkmheff

, �32�

where �=0.36 for peak cooling as previously noted and

Si=c,m =
tSi

lSiwSi
+ �

m=1

�
2lSi

m2	2wSili
m0 cos��mxc�tanh��mtSi�

+ �
n=1

�
2wSi

n2	2wilSi
0n cos��nyc�tanh��ntSi�

+ �
m=1

�

�
n=1

�
4

mn	2�mnwili
m00n

�cos��mxc�cos��nyc�tanh��mntSi� .

Equation �32� includes all cooling and heating effects in the
silicon microcooler system: -STI is the Peltier cooling rate,
I2Rcont the Joule heating from electric contact resistance,
�I2RSi,e the silicon Joule heating flowing into the micro-
cooler, I2��m

2 km /wm
2 tmheff the metal lead Joule heating flow-

ing into the microcooler through the lead directly, and
�I2�mlm /wmtm− I2��m

2 km /wm
2 tmheff�Sm /Sc the metal lead Joule

heating flowing into the microcooler laterally through the
silicon substrate. The heat flow into the microcooler due to
heat conduction �temperature gradient� between the metal
lead and the microcooler can be quantitatively calculated and
equal to �Tc

�wm
2 tmkmheff, and its effect on the cooling per-

formance is included in Eq. �32� in the term of �Sc /kSi

−Sm /kSi��wm
2 tmkmheff. Sc and Sm are the shape factors deter-

mined by the geometry of silicon substrate, microcooler, and
metal lead.

D. 3D numerical electrothermal model for the
microcooler system

A three-dimensional electrothermal numerical simula-
tion, involving the determination of both the electric and
thermal fields resulting from the application of an electric
current to the metal lead and the silicon substrate, is used to
validate the analytical model. Joule heating inside the metal
lead and the silicon substrate is accomplished automatically
through the thermal-electric coupling in the finite element
model, using solid 69 thermal-electric elements. The finite
element simulator, ANSYS™, was used in this study with a
total element number of more than 100 000. The thermal-
electric elements are densely located around the microcooler
where the largest temperature gradient is expected to occur.
The structure of the modeled domains for the silicon micro-
cooler system, which includes the silicon substrate, SiNx
layer, metal lead, metal contact, and silicon cap, is similar to
that shown in Fig. 1. The detailed model description can be
found in Ref. 7 and the geometry and the materials properties
for silicon microcooler system are listed in Table II.20

IV. RESULTS AND DISCUSSION

A. Experimental data and model validation

Preliminary experimental data of silicon microcooler
cooling performance at room temperature are shown in Fig.
4 for microcooler sizes ranging from 40�40 �m2 to 75
�75 �m2 on the 500 �m thick silicon substrate.6 For each
microcooler size, the measured temperature reduction below
ambient temperature �hence below the temperature of the
silicon substrate base� is seen to follow a characteristic de-
pendence on electric current. Reflecting the competing con-
tributions of Peltier cooling, with a linear dependence on
electric current, and Joule heating, with a quadratic depen-
dence on electric current, the microcooler temperature de-
creases with applied current until a minimum is reached and
then rises back towards a zero temperature reduction. The
lowest microcooler temperature, or the maximum tempera-
ture reduction, is achieved by the smallest microcooler size

TABLE II. The geometry and material properties used for electrothermal
numerical modeling.

Dimension ��m�
�l�w�h�

Thermal
conductivity
k �W/mK�

Electrical
resistivity
� ��� m�

Seebeck
coefficient
S ��V/K�

Silicon
substrate

2000�2000�500 110 11–400a 180–1000a

Silicon cap 20�20�0.3
�100�100�0.3

110 �11 �180

Metal
contact

20�20�3
�100�100�3

300 0.0288 0

Metal lead
�Au�

1000�20�3
�1000�200�3

300 0.0288 0

SiNx 1000�20�0.3
�1000�200�0.3

30 / /

aThe electrical resistivity and Seebeck coefficient of silicon substrate vary
with doping concentration.

FIG. 4. �Color online� Comparison between analytical predictions with ex-
perimental data for cooling performance at 298 K. �Dots: experimental data;

solid lines: analytical modeling results.�
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of 40�40 �m2, with approximately 1.1 K net cooling under
the applied current of 0.2 A. With increasing microcooler
sizes, the cooling performance degrades and the optimum
current increases by a modest amount. As will be shown in
the next sections, under the ideal case, i.e., no electric con-
tact resistance and no metal lead effect, the maximum
achievable temperature reduction on the microcooler is inde-
pendent of microcooler sizes. The fact that the smallest mi-
crocooler demonstrates the largest temperature reduction
suggests that there exists a large parasitic effect from the
electric contact resistance and/or the metal lead. Under such
nonideal conditions, because smaller microcooler requires
less current to achieve its maximum cooling, there is less
Joule heating from electric contact resistance and metal lead
and thus the overall cooling is larger. Using data extraction
technique,10,13 we found that the specific electric contact re-
sistance for these fabricated silicon microcoolers varies from
microcooler to microcooler ranging between 3�10−6 and 8
�10−6 � cm2, somewhat larger than the typical average
value of 1�10−6 � cm2 reported in Ref. 14 and the boron
doping concentration is estimated to be around 2�1019

cm−3 in the silicon substrate.
The analytical model is first evaluated by comparing the

calculated temperature reductions using Eq. �32� with the
experimental data for the temperature reduction on the mi-
crocooler. As illustrated in Fig. 4, the temperature reductions
on the microcoolers calculated from analytical solutions are
in good agreement with the experimental data across the four
microcooler sizes and the range of applied currents. The
slight discrepancy between measured data and calculated re-
sults might be due to the uncertainty of thermal and electrical
properties of metal lead thin film and/or additional cooling
rate loss mechanisms which are not included in our analyti-
cal model such as heat conduction through the thermocouple
tip. In addition to the comparison with the experimental data,
in Fig. 5 the analytical solutions are also compared with the
numerical modeling results for the smallest microcooler of
40�40 �m2 with the specific contact resistance of 3.4
�10−6 � cm2 at the optimized current of 0.2 A, and also for
the largest microcooler of 75�75 �m2 with the specific con-
tact resistance of 8�10−6 � cm2 under the optimized current
of 0.25 A. It can be seen that in both cases the analytical
predications agree very well with numerical solutions for the
temperature difference profile. The temperature on the left
side of the silicon substrate is higher than that on the right
side, which is due to Joule heating effect of the metal lead.
Furthermore, under the same condition for a 75�75 �m2

microcooler, the surface contours of temperature difference
on the top of silicon substrate, calculated using Eq. �31� with
the applied currents of 0.05 and 0.25 A, are seen in Fig. 6 to
compare very well with the numerical simulations, with less
than 0.05 K difference at the microcooler center, and also to
clearly display the highly localized thermoelectric cooling
around the microcooler and the self-heating effect of the
metal lead at the higher current �Figs. 6�c� and 6�d��. These
comparisons thus provide confidence in the present analyti-

cal modeling methodology.
B. Silicon microcooler at elevated temperature

In anticipation of the application of these microcoolers
to thermal management of microprocessor hot spots operat-
ing in the range of 373 K, the validated analytical model,
with the embedded temperature dependence of electrical re-
sistivity, thermal conductivity, and Seebeck coefficient based
on the values reported for single-crystal silicon, was used to
predict the maximum achievable temperature reduction and
parametric sensitivities of such thermoelectric microcoolers
at 373 K. The 60�60 �m2 microcooler, operating under
four distinct four conditions: �1� an ideal case without any
parasitic effects, �2� a nonideal case with only Joule heating
from electric contact resistance at the metal contact/silicon
cap interface, �3� a nonideal case with only heat conduction
and generation from the metal lead, and �4� a nonideal case
with both electric contact resistance effect and metal lead
effects, was used as the test vehicle. The specific electric
contact resistance for the microcooler is assumed to be the
typical average value of 1.0�10−6 � cm2, the doping con-
centration is assumed to be 2.5�1019 cm−3 in the 500 �m
thick silicon substrate, and the metal lead is assumed to be a

FIG. 5. �Color online� Comparison between analytical predications and nu-
merical solutions for temperature difference profile along the centerline of
the top surface of silicon substrate at 298 K: �a� 40�40 �m2 microcooler at
the optimized current of 0.20 A, and �b� 75�75 �m2 microcooler at the
optimized current of 0.25 A. �Dots: numerical modeling results; solid lines:
analytical modeling results.�
gold thin film with 3.0 �m thickness and 70 �m width.
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The results displayed in Fig. 7 reveal that, in the absence
of parasitic effects, the silicon microcooler with the de-
scribed configuration could achieve a maximum temperature
reduction of 6.2 K on the microcooler at the optimum cur-
rent of 0.9 A. If Joule heating from the electric contact re-
sistance is included, the maximum temperature reduction de-
creases to 4.6 K at the optimum current of 0.8 A. If only the
parasitic effects of the metal lead—heat generation and heat
conduction—are included, the maximum temperature reduc-

FIG. 6. �Color online� Comparison between analytical solutions and numer
substrate at 298 K for a 75�75 �m2 microcooler. At the applied current of
of 0.25 A: �c� analytical solution and �d� numerical solution.

FIG. 7. �Color online� Dependence of silicon microcooler cooling perfor-

mance on applied current under various operating conditions at 373 K.
tion on the microcooler falls to about 4.7 K at the optimum
current of 0.70 A. If both electric contact resistance effect
and metal lead effects are included, there is a 3.6 K maxi-
mum temperature reduction on the microcooler at the opti-
mum current of 0.6 A. In comparison with the ideal case, the
parasitic effects from electric contact resistance and metal
lead result in 43% degradation of the maximum temperature
reduction on the microcooler. Figure 8 displays various heat
flows into and out of the microcooler for case 4. It is valu-
able to examine the magnitude of such parasitic effects at the

redictions for temperature difference contour on the top surface of silicon
A: �a� analytical solution and �b� numerical solution; at the applied current

FIG. 8. �Color online� Comparison of the magnitude of various heat flows
ical p
0.05
into and out of the microcooler at 373 K.



014501-10 Wang et al. J. Appl. Phys. 100, 014501 �2006�
optimum current of 0.6 A with which the maximum tem-
perature reduction is achieved: while it can be seen that Joule
heating in the silicon substrate, which is determined by dop-
ing concentration, is the largest heat source for the micro-
cooler, accounting for 34% of the Peltier cooling rate, Joule
heating due to the electric contact resistance �10%�, and the
parasitic contribution of the metal lead �13%�, can also sub-
stantially degrade the net benefit of the Peltier cooling, leav-
ing only 42% of the Peltier cooling rate as an effective net
cooling rate on the microcooler. To better define the role of
doping concentration and the contribution of these parasitic
phenomena to the performance of a silicon microcooler, sub-
sequent sections will individually examine the effects of sili-
con doping concentration, electric contact resistance, and
heat generation and conduction in the metal lead.

C. Effect of silicon doping concentration

Doping concentration in silicon can have a profound in-
fluence on silicon microcooler performance, strongly affect-
ing the Seebeck coefficient and the electrical resistivity, but
only modestly affecting the thermal conductivity if the oper-
ating temperature is at room temperature or above.21 The
relationship between Seebeck coefficient and doping concen-
tration can be derived from solid-state theory and shown to
display a complex inverse relationship,22,23 which has been
experimentally corroborated.24,25 Chapman et al.26 have
shown that the electrical resistivity of silicon decreases with
increasing doping concentration, due to higher carrier con-
centration. Combining these two effects with Eq. �32�, Fig. 9
shows the dependence of the maximum temperature reduc-
tion of a 60�60 �m2 microcooler on boron doping concen-
tration, for the specific contact resistance ranging from 1
�10−9 � cm2, representing a nearly ideal interface, to 1.0
�10−5 � cm2, typical of a laboratory deteriorated interface.
The silicon substrate is 500 �m thick and the metal lead is a
gold thin film with 3.0 �m thickness and 70 �m width. Fig-

ure 9 clearly demonstrates that cooling performance, as mea-
sured by the peak temperature reduction on the microcooler,
strongly depends on the doping concentration and that for
each specific contact resistance there is an optimum doping
concentration. It is known that with increasing doping con-
centration the electrical resistivity decreases and, as a conse-
quence, results in less Joule heating in the silicon substrate.
Unfortunately, the Seebeck coefficient of silicon also de-
creases with increasing doping concentration, which leads to
less Peltier cooling. The competition between these two fac-
tors results in an optimum doping concentration at which the
maximum cooling performance could be obtained. It is inter-
esting to note that progressive reductions in the specific con-
tact resistance yield greater temperature reduction at larger
doping concentrations, decreasing from 2.1 K at the doping
concentration of 4.0�1018 cm−3 for the specific contact re-
sistance of 1.0�10−5 � cm2 to 4.6 K at the doping concen-
tration of 2.0�1019 cm−3 for the specific contact resistance
of 1.0�10−9 � cm2. It also suggests that selection of doping
concentration to maximize thermoelectric cooling applica-
tion has to consider the parasitic effects, and lower doped
silicon materials are preferable if larger parasitic effects exist
in the microcooler. Figure 9 also shows that reductions in the
specific contact resistance below 1.0�10−7 � cm2 are un-
likely to produce further cooling improvements.

D. Effect of metal lead

The metal lead is used to send the electric current into
the microcooler but, at the same time, it can deteriorate ther-
moelectric cooling performance through heat conduction and
heat generation. The effect of the metal lead on thermoelec-
tric cooling performance is determined by the geometry and
the electrical/thermal properties of the metal lead. In this
study a 60�60 �m2 microcooler with 3 �m thick gold thin
film lead on a 500 �m thick silicon substrate is used as the
test vehicle to explore the sensitivity of cooling performance
to the metal lead width, with an assumed specific electric

−6 2

FIG. 9. �Color online� Dependence of maximum tem-
perature difference on doping concentration for various
specific electric contact resistances at 373 K.
contact resistance of 1.0�10 � cm . As shown in Fig.
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10�a�, increasing the metal lead width initially results in an
improvement in cooling performance until a maximum tem-
perature reduction of 3.6 K is reached at the lead width of
60–80 �m. For larger widths, the cooling performance de-
teriorates. It should be noted that even with the optimized
lead dimension heat flow into the microcooler due to the
metal lead effect still causes around 1.0 K degradation of the
temperature reduction on the microcooler, in comparison
with a 4.6 K temperature reduction if the metal lead effect is
completely removed �Fig. 7�.

To understand the mechanism for this variation it is help-
ful to examine the magnitude of heat flow into the micro-
cooler due to metal lead Joule heating and that due to the
heat conduction �temperature gradient� between the micro-
cooler and the metal lead. Figure 10�b� illustrates the heat
diffusion through the metal lead directly into the microcooler
due to the temperature gradient, and Fig. 10�c� shows the
heat flow into the microcooler induced by Joule heating in
the metal lead. As can be seen in Fig. 10�b�, with an increase
in metal lead width, from 20 to 200 �m, more heat will dif-
fuse into the microcooler through the cold end of the lead.
On the other hand, as the metal lead width and thus cross-
sectional area increase, the electrical resistance of the lead
decreases, generating less Joule heating and inducing less
associated heat flow to the microcooler, either through the
metal lead directly or laterally through the silicon substrate,
as illustrated in Fig. 10�c�. Combining these two effects, as
in Fig. 10�d�, reveals that for the previously determined op-
timum current of 0.6 A at the lead width of 60–80 �m, net
heat flow into the microcooler is minimized, yielding the

largest temperature reduction achievable at the microcooler.
Therefore, with variation of the metal lead geometry, the
changes of heat generation and heat conduction in the metal
lead move at an opposite direction and their parasitic effects
on cooling performance cannot be minimized at the same
time. An optimum metal lead geometry could be found
through the trade-off between the influences of heat genera-
tion and heat conduction on the cooling performance if the
thermal and electrical properties of the metal lead have been
fixed.

E. Cooling potential of silicon microcooler

As is abundantly clear from the previous sections, with
careful selection of doping concentration, Peltier cooling can
be maximized and silicon Joule heating minimized in the
silicon. Moreover, the present state-of-the-art thin film pro-
cessing makes it possible to reduce specific electric contact
resistance to less than 1.0�10−7 � cm2 and thus almost
eliminate Joule heating at the metal contact/silicon cap
interface.27,28 When such microcoolers are integrated with
actual chip packages, power could be delivered directly to
the microcoolers through a “flip chip” or “solder bump” ar-
rangement rather than through a metal lead extending over a
considerable length of the silicon, and thus effectively reduce
the deleterious effect of the metal lead. Furthermore, in a
device configuration with both n-type and p-type legs, simi-
lar to conventional thermoelectric modules, the effect of the
metal lead could be neglected.14 It is, therefore, interesting to
evaluate the cooling potential of such silicon microcoolers

FIG. 10. �Color online� Influence of
geometry on the metal lead effect for a
60�60 �m2 microcooler at 373 K:
�a� maximum temperature difference
on the microcooler, �b� heat flow into
the microcooler due to heat conduc-
tion, �c� heat flow into the microcooler
due to heat generation �Joule heating�,
and �d� overall heat flow into the
microcooler.
when these parasitic effects are completely eliminated.
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Figure 11 shows the maximum attainable temperature
reduction on the microcooler, at an operating temperature of
373 K, for various doping concentrations with the micro-
cooler size ranging from 20�20 �m2 to 100�100 �m2 on
the 500 �m thick silicon substrate. It can be seen in Fig.
11�a� that, over the entire doping range, the maximum tem-
perature reduction on the microcooler is nearly twice the
temperature reduction predicted by a traditional one-
dimensional thermoelectric analysis using Eq. �2�, as also
reported for room temperature silicon microcooler
operation.6 The maximum peak temperature reduction of
6.2 K is achieved at a doping concentration of 2.5
�1019 cm−3, and is independent of microcooler size. How-
ever, as shown in Fig. 11�b�, smaller microcoolers do achieve
the optimal performance at lower currents. In Fig. 11�a� the
maximum average temperature reduction over the entire mi-

FIG. 11. �Color online� Cooling performance of silicon microcooler under
the ideal case: �a� variation of maximum temperature difference with doping
concentration, and �b� dependence of temperature difference on the applied
current for different microcooler sizes at 373 K.
crocooler surface �average cooling�, obtained by recalibrat-
ing the analytical model with an allocation factor of 0.43 and
modified shape factors of Sc and Sm based on surface inte-
gral, is also included for comparison. It is found that the
maximum average cooling is approximately 30% lower than
the maximum peak cooling, but still 34% larger than the
values predicted using the one-dimensional analysis. This
cooling enhancement is related to the combined contribution
of thermal spreading and electric current spreading from the
discrete microcooler into a larger silicon substrate.

One of the main advantages of silicon microcoolers is
the very high maximum cooling heat flux �or cooling power
density� made possible by the high power factor of silicon,
noted in Table I. As with any thermoelectric cooler, the maxi-
mum cooling flux is achieved at a negligibly small tempera-
ture reduction, while the maximum temperature reduction is
achieved with negligibly small heat load flux. For the present
microcooler configuration, Fig. 12 shows that the maximum
cooling heat flux attains a predicted maximum value of
6000 W/cm2 for a 20�20 �m2 microcooler and
1000 W/cm2 for a 100�100 �m2 microcooler. These re-
sults support the expectation that silicon microcoolers pro-
vide a very promising approach to high heat-flux spot cool-
ing in silicon microprocessors.

V. CONCLUSION

An analytical thermal model for a silicon microcooler,
which couples Peltier cooling with heat conduction and heat
generation in the silicon substrate, and which includes heat
conduction and heat generation in the metal lead, is derived
and used to study the thermal characteristics of silicon ther-
moelectric microcoolers under various operating conditions.
It is found that the analytical modeling results are in good
agreement with experimental data and detailed electrother-
mal numerical simulation results. The electric contact resis-
tance and metal lead effect are found to degrade the cooling
performance by as much as 43% for a 60�60 �m2 micro-
cooler under the typical experimental condition. The doping
concentration can be optimized to achieve the maximum

FIG. 12. �Color online� Relationship between heat load flux and temperature
difference on silicon microcooler under the ideal case at 373 K.
cooling performance and it is found that larger electric con-
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tact resistances will push the optimum doping concentration
to a lower level. Through optimizing geometry the metal lead
effect due to heat generation and heat conduction could be
minimized to enhance the cooling performance. In the ideal
case, it is found that the silicon microcooler could achieve a
peak cooling of 6.2 K on the microcooler at the optimum
doping concentration of 2.5�1019 cm−3 in silicon. At a neg-
ligibly small temperature reduction, the microcooler can ex-
tract a heat flux of 6000 W/cm2 for a 20�20 �m2 micro-
cooler and 1000 W/cm2 for a 100�100 �m2 microcooler.
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