
Application of network identification by deconvolution method to the
thermal analysis of the pump-probe transient thermoreflectance signal

Y. Ezzahria� and A. Shakourib�

Department of Electrical Engineering, University of California Santa Cruz, Santa Cruz,
California 95064-1077, USA

�Received 4 February 2009; accepted 21 June 2009; published online 20 July 2009�

The paper discusses the possibility to apply network identification by deconvolution �NID� method
to the analysis of the thermal transient behavior due to a laser delta pulse excitation in a pump-probe
transient thermoreflectance experiment. NID is a method based on linear RC network theory using
Fourier’s law of heat conduction. This approach allows the extraction of the thermal time constant
spectrum of the sample under study after excitation by either a step or pulse function. Furthermore,
using some mathematical transformations, the method allows analyzing the detail of the heat flux
path through the sample, starting from the excited top free surface, by introducing two characteristic
functions: the cumulative structure function and the differential structure function. We start by a
review of the theoretical background of the NID method in the case of a step function excitation and
then show how this method can be adjusted to be used in the case of a delta pulse function
excitation. We show how the NID method can be extended to analyze the thermal transients of many
optical experiments in which the excitation function is a laser pulse. The effect of the semi-infinite
substrate as well as extraction of the interface and thin film thermal resistances will be discussed.
© 2009 American Institute of Physics. �DOI: 10.1063/1.3176463�

I. INTRODUCTION

The most commonly used technique to measure the ther-
mal conductivity of thin semiconductor �SC� films is the 3�
method developed by Cahill.1 Reliable data obtained with
this method are now becoming available. A second interest-
ing method is the pump-probe transient thermoreflectance
�PPTTR� technique, whose first utilization to study thermal
transport experimentally was reported by Paddock and
Eesley.2

For nearly 2 decades, PPTTR technique has been an
effective tool for studying heat transfer in thin films and
low dimensional structures ��multilayers and superlattices
�SLs��.3 In contrast to the 3� method,1 PPTTR allows for the
distinction between the thermal conductivity of thin films
and their interface thermal resistance.3,4 PPTTR is a time
resolved technique, which extends the conventional ther-
moreflectivity technique5 or flash technique6 to very short
time scales using the optical sampling principle. Femtosec-
ond pulsed lasers allow studying heat transfer at very short
time scales. The multiple advantages of this technique, being
an entirely optical, noncontact, and nondestructive method
with a high temporal resolution �of the order of the laser
pulse duration of �1 ps� and high spatial resolution �10 nm
in the cross-plane direction and �1 �m in the in-plane di-
rection� have conferred to it a particular place in the field of
thermal properties metrology of thin metal and dielectric
films. In this technique, an intense short laser pulse “pump”
is used to heat the film, and a delayed weak �soft� short laser

pulse “probe” is used to monitor the top free surface reflec-
tivity change induced by the cooling of the thin film after
absorption of the pump pulse. The pump and probe can come
from the same primary laser source, a configuration called
homodyne PPTTR,7 or they can be issued from two indepen-
dent laser sources, a configuration called heterodyne
PPTTR.8 In this latter configuration, the two laser sources are
characterized by two repetition rates with a very slight dif-
ference. One uses this slight difference in frequency to re-
construct the time delay between the pump and the probe
beams and as such, eliminating the mechanical translation
stage used in the homodyne configuration. The external
modulation of the pump laser beam is an additional process
that is used in certain configurations in order to allow lock-in
detection at lower speeds. In the heterodyne configuration,
because the pump and the probe beams are independent, one
can detect the reflected probe beam directly on a fast oscil-
loscope without the need for additional modulation and
lock-in detection.8

The heterodyne configuration has many advantages in
comparison to the homodyne configuration: �i� simplicity of
the experimental setup, �ii� stability of the setup with respect
to different noise sources, �iii� elimination of all sources of
misalignment of the pump and probe laser beams, and �iv�
very long time delay between the pump and the probe that
can go up to one period of the pump laser beam, which is for
a 76 MHz Ti:sapphire source of the order of �13 ns. With
the use of a pulse picker one can reach even longer time
delays. Cumulative thermal effects could be important in cer-
tain PPTTR configurations in which the external modulation
of the pump beam is used and it is of the same order of
magnitude as the laser repetition rate.9,10 Here we focus on
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the inherent transient thermal response, which can very well
be modeled considering delta pulse heating with a laser.

SC and dielectric structures are usually covered by a thin
metal film, which acts as a thermal capacitor and temperature
sensor.7 Determination of the cross-plane thermal conductiv-
ity of the dielectric or SC sample under study and the inter-
face thermal resistance with the metal film is carried out by
comparing experimental cooling curves to theoretical simu-
lations and optimization of free parameters to get the best
fit.7 In addition to the characterization of thermal properties
of thin films, PPTTR has also been proven to be a powerful
tool for the characterization of acoustic properties of these
films and other low dimensional structures,11,12 a technique
sometimes called picosecond ultrasonics.

In this paper we present an alternative method based on
RC network theory of linear passive elements to analyze the
thermal decay of a PPTTR signal. This approach is called
network identification by deconvolution �NID�. NID is an
interesting technique proposed in the late 1980 by Székely
and Bien.13 This technique has been used as an evaluation
method to analyze the temperature response of SC device
packages including structural information obtained using
thermal transient measurements. These measurements can be
used to separate different contributions to the total thermal
resistance and capacitance of the sample under study. They
are also used to identify structure defects and heat conduc-
tion anomalies. NID has introduced a new representation of
the dynamical thermal behavior of SC packages known as
differential structure function or briefly structure function.13

Using this quantity, the map of the heat current flow as a
function of the cumulative thermal resistance in the sample
can be obtained starting from the excited top free surface. In
Székely’s method, the temperature response is transformed
to the time constant spectrum �TCS� by deconvolution tech-
nique, and then, the TCS is transformed into two character-
istic functions: the cumulative structure function and the dif-
ferential structure function. These functions are defined as
the variation in the cumulative thermal capacitance as a func-
tion of the cumulative thermal resistance along the heat flow
path and the first derivative of this function with respect to
the cumulative thermal resistance, respectively.13–16 By inter-
preting these functions, thermal resistances and capacitances
of each part in the sample can be identified.15

So far, NID method has been applied to various elec-
tronic and optoelectronic devices inside a package.13–17 Re-
cently, Fukutani et al.18 successfully used the NID method
for thermal characterization of Si/SiGe thin film microrefrig-
erators. All the results show that NID technique is a powerful
method to identify thermal resistances in the heat flow path.

Still, most of the utilization of the NID method has been
limited to the case of step function thermal transient
measurements, with a recent interest in pulse thermal
transients.19,20 In this paper, we apply this method to analyze
the thermal transients of a structure after it is excited by a
short pulse laser excitation. More precisely, we will consider
the case of a delta function excitation applied to the top free
surface of the sample. This is the usual case in a PPTTR
experiment.

In the next section, we shall review the theoretical back-

ground of the NID method applied to the case of a step
response function. Then, we show that a simple modification
will allow us to analyze the case of a delta response function.
To validate the theory, we consider a known sample configu-
ration similar to the one usually used in PPTTR experiments
to characterize thermal properties of thin films. The tempera-
ture decay of the structure after excitation by a laser delta
pulse is calculated theoretically and used as an input signal
to be analyzed using NID method. The results of NID in
terms of thermal resistances and capacitances are then com-
pared to the actual thermal properties of the structure. Limi-
tations of the NID method to analyze the laser impulse re-
sponse are also discussed.

II. THEORY

In this section, the theory of NID method will be re-
viewed for the case of a step function excitation, and then we
will generalize to the case of a delta pulse function excita-
tion.

A. Lumped element modeling

If the diffusive regime is assumed to be valid in a mate-
rial layer �the mean free path of phonons is much smaller
than the thickness of the individual layer�, then according to
RC network theory, the thermal model of each layer could be
described by a thermal resistance and a thermal capacitance.
Figure 1�a� shows a schematic diagram of the RC elements
for one single layer. The thermal impedance of this layer is
then calculated as the parallel connection of the thermal re-
sistance Rth and the thermal capacitive impedance 1 /Cthp.
This impedance could also be expressed using the time con-
stant as well,

Z�p� =

Rth
1

Cthp

Rth +
1

Cthp

=
Rth

1 + RthCthp
=

Rth

1 + �p
, �1�

where p is called the complex frequency. �=RthCth is the
time constant, which is characteristic of the thermal behavior
of the layer.

By applying a power function ��p�, the temperature
variation across the layer is given by the product of the ther-

FIG. 1. Schematic diagram of the RC one-port circuit of one layer �a� and
the full structure �b�.
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mal impedance and the power function in the frequency do-
main; this is analogous to the well known Ohm’s law in
electricity.

T�p� = Z�p���p� =
Rth

1 + �p
��p� . �2�

The temperature variation is a function of the power function
��p� used to excite the sample top free surface. Székely and
co-workers13–16,19,20 and other authors17,18 emphasized the
study of a step power excitation, which is used in the elec-
tronic package characterization. Below is a review of the
underlying theory.

B. Step power excitation

In this case the excitation power is given by ��t�
=�0H�t�, where H�t� is the Heaviside unit-step function. The
temperature variation in Laplace �complex frequency� do-
main is then given by

TH�p� = �0
Rth

p�1 + �p�
. �3�

The response function in the time domain can easily be ob-
tained by inverse transform as

aH�t� =
TH�t�
�0

= Rth�1 − e−�t/��� . �4�

This is the simplest response function characterizing the tem-
perature rise of a single time constant system. The physical
structures are usually more complex having several time
constants. The response of a real physical structure can be
considered as a sum of such individual exponentials with
different time constants �i and different amplitudes.13 For an
RC network having N time constants,

aH�t� =
TH�t�
�0

= �
i=1

N

Rthi
�1 − e−�t/�i�� . �5�

Thus it is possible to characterize the thermal behavior of a
system by the distribution of the �i time constants occurring
in its response and by the related amplitudes Rthi

.13

However, heat conduction always presents a continuous
TCS R���. For the reason of a wide range of time constants
and for further mathematical convenience, the logarithmic
variable for time is used,

z = log�t� ,

� = log��� . �6�

This was first introduced by Székely.13 A mathematically ex-
act definition of the TCS is given by

R��� = lim
��→0

�Rthamplitudes of the time constants lying between � and � + ��

��
. �7�

The response function can now be written as an integral in-
stead of a summation,

aH�z� =
TH�z�

�0
= �

−�

+�

R����1 − exp�− exp�z − ���	d� . �8�

Differentiating both sides of Eq. �8� with respect to z allows
us to have

d

dz
aH�z� = �

−�

+�

R���exp�z − � − exp�z − ���d� = R�z�

� W�z� . �9�

This is a convolution type formula where � is the symbol of
convolution and W�z� is a fixed weight function given by

W�z� = exp�z − exp�z�� . �10�

C. Delta pulse power excitation

In this case the excitation power is given by the Dirac 	
function ��t�=�0	�t�. The temperature variation in Laplace
domain is then given by

T	�p� = �0
Rth

1 + �p
. �11�

A comparison of Eqs. �3� and �11� allows us to write

T	�p� = pTH�p� . �12�

In the time domain, Eq. �12� means that delta impulse re-
sponse function is simply the derivative of the step-unit re-
sponse function, or reversely the step-unit response function
is the integral of the delta impulse response function. By just
integrating the measured delta impulse response function, we
can find the step-unit response function and then apply the
powerful NID method to analyze the heat flow in the struc-
ture.

D. Temperature variation at the top free surface
of the structure under study

To be able to validate the application of NID to the case
of a delta pulse function excitation, we have chosen a sample
configuration typically used in a PPTTR experiment. Figures
2�a� and 2�b� show a schematic diagram of the structure. Two
cases are considered to study the effect of an infinite size
substrate. In both cases, the structure is assumed to be com-
posed of a 150 nm thin SC SiGe alloy or Si/SiGe SL covered

074903-3 Y. Ezzahri and A. Shakouri Rev. Sci. Instrum. 80, 074903 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



by a 30 nm thick Al film that will act as a thermal capacitor
and temperature sensor, in which the temperature distribution
is assumed to be uniform.7 Case �a� is imaginary in which
the structure is deposited on a silicon substrate that is sup-
posed to be of finite thickness of 2 �m connected to an ideal
heat sink. On the other hand, for case �b�, the silicon sub-
strate is thermally thick and as such is supposed to be semi-
infinite. Case �a� is considered to study the thermal transient
of a structure reaching steady state behavior under the exci-
tation of either a step function or a delta function. On the
other hand, case �b� is considered to study the effect of a
semi-infinite substrate since in that case no steady state can
be obtained and the temperature keeps rising or decaying
depending on the external power function mode: step or delta
pulse.

Ti-sapphire pulsed laser sources are usually character-
ized by a laser frequency of 76 MHz, which corresponds to a
period of about 13.158 ns. However, to study a wide TCS,
we consider the frequency of the laser to be variable and the
longest time delay could be up to 660 ns, which corresponds
to a frequency of 1.5 MHz. Longer delays can be achieved
experimentally using, for example, pulse pickers. There is
also a variety of picosecond and nanosecond pulsed laser
sources, which can reach microsecond or millisecond repeti-
tion periods. The time dependent temperature variation in the
metal transducer is calculated using thermal quadrupoles
method21 �TQM� and assuming one dimensional heat trans-
port in the cross-plane direction. This approximation is jus-
tifiable considering the scale of the time delay �660 ns� and a
large size of the laser spot, which can easily go up to hun-
dreds of �m. The dimension of the laser spot is taken to be
larger than the thermal diffusion length of the sample under
study. We consider a laser spot of radius of r=10 �m.

Heat transport in the cross-plane direction of the struc-
ture is governed by the following set of equations:

�
C� fdf
�Tf

�t
= �L

�
 �TL

�z
�

z=0
+ ��t,0� . �13�

This equation describes the energy conservation at the inter-
face between the metal transducer and the thin SC layer.

�
C� f and df are respectively the specific heat per unit vol-
ume and thickness of the metal film. �L

� is the cross-plane
thermal conductivity of the SC layer, and � represents the
input flux, which we consider to be due either to a delta
function excitation or a step function excitation for the sake
of comparison. The input flux in the time domain is given by

��t,0� =
�1 − R�Q

�
� 	�t�

H�t� ,
 �14�

where R is the reflection coefficient of the metal film at the
wavelength of the laser, Q is the laser pulse energy, and � is
the illuminated area by the input flux at the metal film top
free surface �=r2.

The interface metal transducer/SC layer acts as a thermal
barrier, and thus, there is a jump in the temperature profile
given by

Tf − TL = − �L
�RK
 �TL

�z
�

z=0
�15�

where RK is the thermal boundary resistance or Kapitza re-
sistance at the interface.

Within the thin SC layer and the silicon substrate, the
temperature obeys the following equations:

�2TL

�z2 =
1

�L
�

�TL

�t
�thin SC layer� ,

�2TS

�z2 =
1

�S
�

�TS

�t
�substrate� , �16�

where �L
� and �S

� are the cross-plane thermal diffusivities of
the thin SC layer and the silicon substrate, respectively.

The interface between the thin SC layer and the silicon
substrate is assumed to have no appreciable thermal resis-
tance. The SC layer is assumed to be grown epitaxially on
the silicon substrate, and previous detailed analysis by 3�
method did not show measurable thermal resistance at these
interfaces.22

To the above equations, we add the initial and boundary
conditions given by

Tf�t = 0� = TL�t = 0� = TS�t = 0� = 0,

TS�z = dS� = 0: case �a� ,

TS�z = �� = 0: case �b� . �17�

Solving this set of Eqs. �13�–�17� becomes easier in Laplace
domain, in which we use TQM. It is easy to show that we
can express the heat transfer in the cross-plane direction of
the structure under study in a matrix form given by


� f

� f
�

in
= 
 1 0

� fdf�qf
2 1

�
1 ZK

0 1
�
AL BL

CL DL
�
AS BS

CS DS
�

�
 0

�S
�

out
= 
M11 M12

M21 M22
�
 0

�S
�

out
, �18�

where � f is the thermal conductivity of the metal film and
qf

2= p /� f. The matrix coefficients of the SC layer and the
silicon substrate are given by

FIG. 2. �Color online� Schematic diagram of the sample structures with a
finite size silicon substrate �case �a�� and a semi-infinite silicon substrate
�case �b��.
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Ai=L,S Bi=L,S

Ci=L,S Di=L,S
� = � ch�qidi�

sh�qidi�
�i

�qi�

�i
�qi� � sh�qidi� ch�qidi�

�: case �a� ,


AS BS

CS DS
� = �1 Zsub =

1

�S
�qS�

0 1
�: case �b� , �19�

where i=L or S, qi=�p /�i
�. � � f

� f
�

in
and � 0

�S
�
out

represent the input and output temperature-heat flux vectors of the metal film and
the silicon substrate in Laplace domain, respectively. p is Laplace variable and ZK is the thermal resistance of the interface
metal film/thin SC layer ZK=RK /�.

A combination of Eqs. �18� and �19� allows us to express the input temperature of the metal film � f
in as a function of the

input flux � f
in in Laplace domain,

� f
in =

M12

M22
� f

in =
ALBS + BLDS + ZK�CLBS + DLDS�

� fdf�qf
2�ALBS + BLDS + ZK�CLBS + DLDS�� + CLBS + DLDS

� f
in: case �a�,

� f
in =

M12

M22
� f

in =
ZsubAL + BL + ZK�ZsubCL + DL�

� fdf�qf
2�ZsubAL + BL + ZK�ZsubCL + DL�� + ZsubCL + DL

� f
in: case �b� ,

� f
in = �1 − R�Q� 1: delta function

1/p: step function.
 �20�

A numerical inverse Laplace transformation is finally used to
get the time domain temperature variation Tf

in�t�. For both
types of excitation functions, Tf

in�t� represents the input sig-
nal to be analyzed by the NID method.

III. RESULTS AND DISCUSSION

We start our discussion by analyzing the NID results for
the first case with finite thickness substrate deposited on an
infinite thermal conductivity virtual substrate. In Fig. 3�a�,
we show the calculated temperature transient rise Tf

in�t� over
a time range of 660 ns with a time resolution of 10 ps, after
an application of a step power function with 1 W amplitude
to the top free surface of the structure. We have assumed
zero interface thermal resistance at the metal transducer/SC
layer interface. Two curves are shown corresponding to two
different cases of SiGe alloy and Si/SiGe SL, respectively.
Table I recapitulates the physical properties of the different
layers in the structures. The temperature rise reflects the tran-
sient heat flow as it penetrates through the whole structure
�top metal film transducer+SC layer+Si substrate�. The
temperature reaches a steady state at around 300 ns. Further-
more, the total temperature rise reflects the total thermal re-
sistance of the whole penetrated structure, and it is higher in
the case of SiGe alloy because the thermal conductivity of
this layer is half of the Si/SiGe SL one. The remainder of the
structure is identical. On the other hand, Fig. 3�b� represents
the calculated temperature decay for the two structures over
the same time range with the same time resolution after ap-
plication of a delta power function to the top free surface. An
amplitude of 10−9 W is assumed.

In order to use these graphs to identify the thermal prop-

erties of the layers in the structure, we apply NID method
using mathematical transformations. Both step and delta
functions excitations are considered.

The first step is the calculation of the TCS. This is ob-
tained after the transformation of the response function to the
logarithmic time scale, differentiating it numerically and fi-
nally deconvolving it by a specific weight function13 using
noise optimized Bayes iteration.15 The result is reported in
Figs. 4�a� and 4�b�.

As we can see in Fig. 4�a�, both step and delta functions
excitations give the same results for the same structure. Two
main peaks are clearly distinguishable; these peaks represent
the dominant time constants in the response function and can
be attributed to the SC layer and the silicon substrate. In
addition, the logarithmic representation in Fig. 4�b� shows
two more peaks with small amplitudes. The first secondary
peak could be attributed to the temperature transient within
the metal transducer, and the last secondary peak with very
small amplitude may be due to numerical deconvolution
errors.

The second step of the analysis consists of the discreti-
zation of the TCS to get Foster representation; then Foster
representation is transformed to get Cauer-ladder representa-
tion that is more suitable for physical interpretation and can
be regarded as a discretized image of the real heat flow in the
structure.13–20 Cauer representation leads directly to the
evaluation of the cumulative structure function and the dif-
ferential structure function referred as structure function in
brief.13 We first plot the cumulative thermal capacitance C�

as a function of the cumulative thermal resistance R� along
the heat flow path and then we plot the derivative of this
graph. The results are reported in Figs. 5 and 6, respectively.
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Figures 5 and 6 report the cumulative structure functions
and differential structure functions, respectively, for both
step and delta functions excitations. The results are the same
for both excitations. Two important thermal resistance re-
gions are distinguishable in each curve. The values of these
thermal resistances correspond very well to the input data.
As shown in Fig. 6, the values at points A and B correspond
to the Si/SiGe SL and SiGe alloy, respectively. The first peak
at point O is attributed to the thermal transient of the metal
transducer. At the same time, we can distinguish the thermal
capacitances of the layers from Fig. 5. The values of the

thermal capacitances are those corresponding to the values of
the thermal resistances at points A and B in the structure
function in Fig. 6, from which are subtracted the value of the
thermal capacitance at zero thermal resistance and the ther-
mal capacitance of the Al transducer. Table II recapitulates
the extracted values of the thermal resistances and capaci-
tances of the different layers based on Figs. 5 and 6. The
extracted results agree very well with the calculated ones
based on the properties in Table I above.

A. Effect of the time range in thermal transient
analysis

Next, we analyze the effect of the time range �time win-
dow of the measurement� on the NID results and the ex-

FIG. 3. �Color online� �a� Calculated 1 W normalized temperature transient
rise Tf

in�t� over a time range of 660 ns with a time resolution of 10 ps after
an application of a step power function to the top free surface of the two
structures, with SiGe alloy �solid line� and Si/SiGe SL �dashed line�, depos-
ited on a finite size substrate. Rk is assumed to be zero at the interface metal
transducer/SC layer. �b� Calculated temperature decay over the same time
range with the same time resolution after application of a delta power func-
tion of amplitude of 10−9 W to the top free surface of the same two struc-
tures.

TABLE I. Geometrical and thermal properties as well as the calculated thermal resistances and capacitances of the different layers in the structures under
study �case �a��.

Layer
Thickness

�nm�
Thermal conductivity

�W/m/K�
Density
�kg /m3�

Specific heat
�J/kg/K�

Time constant
�ns�

Calculated
thermal resistance

�K/W�

Calculated
thermal capacitance

�10−11�J /K�

SiGe alloy 150 5 2628.4 662 7.8 95.5 8.2
Si/SiGe SL 150 10 2478.7 681 3.8 47.7 7.9
Si substrate 2000 �when finite thickness� 130 2329 700 50.2 49 102.4

FIG. 4. �Color online� TCS of the two structures with finite thickness sub-
strate for both step and delta functions excitations over a time range of 660
ns with 10 ps time resolution and starting at 10 ps. Log-lin representation �a�
and log-log representation �b�.

074903-6 Y. Ezzahri and A. Shakouri Rev. Sci. Instrum. 80, 074903 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



tracted layer properties. For step and delta functions excita-
tions, all the input signals start at the same initial time of 10
ps with the same time resolution of 10 ps but are truncated at
different final times. Figures 7�a� and 7�b� report the behav-
ior of the TCSs in case �a� with Si/SiGe SL for the two
excitation types over five different time ranges: 660, 500,
100, 50, and 13 ns. The latter corresponds to the period of a
76 MHz Ti:sapphire pulsed laser source, which is the longest
time delay reachable using this laser source in a heterodyne
configuration of the PPTTR experiment without changing the
repetition of the laser source.8

Both excitations give the same results regarding the be-
havior of the TCS. We can see that the longest two time
ranges of 660 and 500 ns give similar results. During these
two ranges, the structure has already reached a steady state.
However, a truncation at the beginning of the steady state
will not give the correct TCS. This is illustrated by the re-
sults over 100 ns time range, which corresponds to the be-
ginning of the steady state behavior in this example �Fig. 3�.
We can also see that a further reduction in the time range of
the thermal transient measurements leads to a shift in the
TCS to the left �shorter time constants�. Consequently, the
same shift will appear in both the cumulative and differential
structure functions, and the extracted values of the thermal
resistances and capacitances will be affected. As suggested
by these simulation results, in order to obtain the correct
TCS of the studied system, it is necessary to have a thermal
transient over a time range long enough for the structure to
reach its steady state. This statement is valid for both step
and delta excitation functions.

B. Effect of the starting time of the thermal transient
measurement

Figures 8�a� and 8�b� represent the structure function for
both step and delta excitations in case �a� with Si/SiGe SL.
The time range is 660 ns with the same time resolution of 10
ps but with different starting times of 10, 100, and 500 ps.
The two excitations give similar results, and we can see the
effect of losing the information on the first thermal transient
data points. While the total thermal resistance in the case of
a step function excitation stays unaffected by changing the
initial time of the thermal transient, in the case of a delta
function excitation, this quantity is very sensitive to this
change due to the integration of the input delta signal that
precedes the NID analysis; the total thermal resistance de-
creases when the initial data points are lost. This result is
shown clearly in Fig. 9, which illustrates a comparison be-
tween the input signal and the reconstructed signal from the
NID results for both excitation types. Figure 9�b� shows the
temperature variation estimated after integration using a
delta function excitation. This is responsible for the variation
in the total thermal resistance as a function of the starting
time of the thermal transient.

The effect of the time resolution of the input data has
also been considered. We have found that having shorter
time resolution will affect slightly the position of the first
peak in the TCS, which, as a reminder, is attributed to the
thermal transient of the metallic transducer. On the other
hand, no changes are observed for the main two peaks. How-
ever the position of these peaks will be affected if much
larger time resolution is chosen.

FIG. 6. �Color online� Differential structure functions of the two structures
with finite thickness substrate for both step and delta functions excitations
over a time range of 660 ns with 10 ps time resolution and starting at 10 ps.

FIG. 5. �Color online� Cumulative structure functions of the two structures
with finite thickness substrate for both step and delta functions excitations
over a time range of 660 ns with 10 ps time resolution and starting at 10 ps.

TABLE II. Extracted thermal resistances and capacitances based on NID results for the case of a finite size silicon substrate �case �a��.

Layer

Extracted thermal resistance
�K/W�

Extracted thermal capacitance
�10−11�J /K�

Step Delta Step Delta

SiGe alloy 97.8 97.6 14.5 14.5
Si/SiGe SL 46.3 46.4 7 7.1

Si substrate
With respect to

alloy, 46.6
With respect to

SL, 50.4
With respect to

alloy, 46.3
With respect to

SL, 49.8 � �
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C. Effect of a semi-infinite substrate on the NID
results

In the previous sections, we have considered the results
of NID in the case of a finite size substrate �case �a�� to show
the validity of using NID to analyze thermal transient due to
a delta function excitation. In reality, in a PPTTR experi-
ment, the studied SC layer is usually deposited on a very
thick substrate that can be considered as thermally thick dur-
ing the time delay of the experiment. In this paragraph we
shall discuss the results of NID in this case. For this purpose,
we consider case �b� with Si/SiGe SL layer deposited on a
semi-infinite silicon substrate and covered by a very thin Al
film �Fig. 2�b��. The interface between the metal transducer
and the SC layer is supposed to be thermally perfect with
zero interface thermal resistance.

Figures 10�a� and 10�b� show the structure functions for
both types of excitation functions �step and delta� over dif-
ferent time ranges of the input data, all starting at the same
time of 10 ps and with the same 10 ps time resolution but
truncated at different final times. As for the case of a finite
size substrate, delta and step function excitations give the
same results over the same time range. The total thermal
resistance increases by increasing the time range of the ther-

mal transient due to heat diffusion within the silicon sub-
strate. Based on the values of the total thermal resistances,
we can easily verify the heat diffusion law Rth

tot−Rth
SC

=LS /�S�=��S�t−�SC� /�S�, where LS, �S, and �S are the
penetration depth, thermal conductivity, and thermal diffu-
sivity of the silicon substrate, respectively. �SC=dSC

2 /�SC,
dSC, and �SC are the calculated time constant, thickness, and
thermal diffusivity of the SC layer, t is the total time range of
the thermal transient, and � is the cross section area of the
input flux.

We can distinguish two peaks that we attribute to the
thermal transient of the metal transducer and the SC layer,
respectively. We can see also that while the position of the
first peak in the structure function is almost unchanged, the
position of the second peak shifts left to smaller times by
decreasing the time range. This is the same conclusion we
got for the case of a finite size substrate, except that when the
substrate is semi-infinite, the system can never reach a steady
state and the temperature will keep increasing or decreasing
with time depending on the excitation mode. That means we
have to find a time range interval that allows us extracting
accurately the thermal properties of the SC layer using NID
method. This analysis will be conducted later in the discus-
sion.

Since we have shown in the first part of the discussion
above that both step and delta functions excitations give the

FIG. 7. �Color online� TCS in the log-log representation of the structure
with Si/SiGe SL layer on a finite size substrate for both step �a� and delta �b�
functions excitations over different time ranges: 660 ns �solid line�, 500 ns
�solid-dashed line�, 100 ns �dashed line�, 50 ns �short-dashed line�, and 13
ns �dotted line� with 10 ps time resolution and starting at 10 ps.

FIG. 8. �Color online� Differential structure functions of the structure with
Si/SiGe SL layer on a finite size substrate for both step function excitation
�a� and delta function excitation �b� over a time range of 660 ns with 10 ps
time resolution and starting at different times of 10 ps �solid line�, 100 ps
�solid-dashed line�, and 500 ps �dashed line�.
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same results for the same case of the structure under study,
we focus on the delta excitation for the remainder of the
paper. This is particularly useful to analyze the PPTTR data
obtained using femtosecond pulsed lasers.

D. Effect of the metal/SC layer interface thermal
resistance on the NID results

Previously, we neglected the effect of the metal/SC layer
interface thermal resistance Rk, and we have taken this resis-
tance to be zero. In this paragraph, we will discuss this ef-
fect. Figures 11�a� and 11�b� show the TCS of a the sample
with a Si/SiGe SL layer on both a finite and semi-infinite
substrates, over two different time ranges, 500 ns �a� and
13 ns �b�, starting at the same time of 10 ps and with the
same 10 ps time resolution. We consider two configurations:
�i� Rk=0 and �ii� Rk=10−8 K m2 /W. Over a large time
range, NID results are not the same whether the substrate is
finite or semi-infinite. On the other hand, the two cases pro-
duce the same TCS results over a short time range. This is
due again to heat diffusion inside the semi-infinite substrate.
We can see the slight shift to the right of the first peak in the
TCS when Rk is different from zero �Fig. 11�a��. The shift is
even clearer for a thermal transient over a short time range
�Fig. 11�b��.

In Figs. 12�a� and 12�b�, we have reported the cumula-
tive structure functions corresponding to the TCS in Figs.
11�a� and 11�b�, respectively. Over a large time scale, the
results of NID for the two cases are the same from zero
thermal resistance until the total thermal resistance of the
case �a� with finite size substrate is reached. After this limit,

we see a deviation due to heat diffusion inside the semi-
infinite substrate. The effect of the interface thermal resis-
tance is also clear. For both cases and over both time ranges,
the thermal resistance of the top layer is increased by an
amount corresponding to Rk /� without affecting the ex-
tracted SL thermal resistance. This result proves the potential
of using NID method to extract the interface thermal resis-
tance between the metal transducer and the thin SC layer.

E. Effect of normalization on the NID results

So far in this discussion, we have shown the potential of
using NID method to analyze thermal transients due to a
delta function excitation using raw data of temperature varia-
tion �T at the top free surface of the structure under study. In
a PPTTR experiment, we measure the relative variation in
the reflectivity of the surface �R /R0, which can be converted
to a variation in temperature using a calibration process.5,23

Often, in the analysis of the PPTTR signals, no calibration is
used and the signals are normalized with respect to their
initial values assuming a proportionality relation between
�R /R0 and �T. We shall discuss in this paragraph the effect
of normalization on the NID analysis.

We show in Figs. 13�a�–13�d� the cumulative structure
functions of raw and normalized delta function excitation
signals over two different time ranges, 500 ns ��a� and �c��

FIG. 9. �Color online� Comparison between the analytically calculated input
transient temperature rise after application of a step excitation �a�, the inte-
grated �b� and the raw �c� analytically calculated input transient temperature
decay after application of a delta excitation, with the reconstructed new
transient temperature rise ��a� and �b�� and decay �c� signal based on NID
results for the studied structure with Si/SiGe SL layer on a finite size sub-
strate over a time range of 660 ns with 10 ps time resolution and starting at
different times of 10 ps �open circles�, 100 ps �open squares�, and 500 ps
�open triangles�. In each figure, q represents the number of the RC one-ports
used for the discretization of the corresponding TCS.

FIG. 10. �Color online� Differential structure functions of the structure with
Si/SiGe SL layer on a semi-infinite substrate for both step function excita-
tion �a� and delta function excitation �b� over different time ranges: 500 ns
�solid line�, 100 ns �solid-dashed line�, 50 ns �dashed line�, and 13 ns �short-
dashed line� with 10 ps time resolution and starting at 10 ps.
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and 13 ns ��b� and �d��, starting at the same time of 10 ps and
with the same 10 ps time resolution. We consider a structure
with a Si/SiGe SL layer deposited on both a finite and semi-
infinite substrates. Two configurations are considered in each
case: �i� Rk=0 ��a� and �b�� and �ii� Rk=10−8 K m2 /W ��c�
and �d��. As can be seen in these figures, when normalized
signals are used, the effect on the NID results is the intro-
duction of a simple scaling factor m, where m is the ampli-
tude of the signal at the initial time of the thermal transient.
In terms of cumulative thermal resistances, cumulative
thermal capacitances, and structure functions, the results of
NID are scaled according to the three relations Rth

i �Nor�
=Rth

i �Raw� /m, Cth
i �Nor�=mCth

i �Raw�, and Kth
i �Nor�

=m2Kth
i �Raw�. Figure 13�e� shows a comparison between the

cumulative structure functions of normalized signals over a
time range of 500 ns for both cases of finite and semi-infinite
substrates. Because of the scaling effect introduced by the
normalization, the difference in the total thermal resistance
between the cases of Rk=0 and Rk�0 is also reduced. How-
ever it is possible to extract the value of Rk using the relation
RK /�=MRth

tot�Nor,RK�0�−mRth
tot�Nor,RK=0�, where m and

M are the amplitudes of the signal at the initial time of the
thermal transient in the cases of Rk=0 and Rk�0, respec-
tively.

F. What is the time range needed in a PPTTR
experiment to extract the thermal properties of the
thin SC layer using NID method?

When we have discussed the results of application of
NID method to case �b� of semi-infinite substrate, which is
the real case during the time delay in a PPTTR experiment,
we have shown that the position of the characteristic peak of
the SC layer in the structure function varies by changing the
time range of the thermal transient. There is a need to find a
time range interval within which the position of the peak will
be the closest to the real value and will allow determination
of both the thermal resistance and capacitance of the SC
layer, from which the thermal conductivity and specific heat
per unit volume of this layer can be extracted. To determine
this time interval, we have considered a structure with a Si/
SiGe SL layer deposited on a semi-infinite silicon substrate
and covered by a 30 nm thin Al film with Rk=0. The thick-
ness and thermal conductivity of the SL layer are varied to
create three different configurations, which are �150 nm, 10
W/m/K�, �150 nm, 15 W/m/K�, and �100 nm, 15 W/m/K�.

The cumulative structure functions corresponding to a
delta function excitation for the three different structures are
shown in Figs. 14�a�–14�c� over five different time ranges of
the thermal transient, 15�SC, 12�SC, 10�SC, 7�SC, and 5�SC,
where �SC represents the calculated time constant of the SC

FIG. 11. �Color online� TCS of the structure with Si/SiGe SL layer on both
finite and semi-infinite substrates with Rk=0 and Rk=10−8 K m2 /W. A delta
function excitation is applied over two time ranges, 500 ns �a� and 13 ns �b�,
with 10 ps time resolution and all starting at 10 ps.

FIG. 12. �Color online� Cumulative structure functions of the structure with
Si/SiGe SL layer on both finite and semi-infinite substrates with Rk=0 and
Rk=10−8 K m2 /W. A delta function excitation is applied over two time
ranges, 500 ns �a� and 13 ns �b�, with 10 ps time resolution and all starting
at 10 ps.
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layer. For the three examples, the characteristic slope of the
SC layer varies by changing the time range. We have found
that a time range between 10�SC and 15�SC will allow the
determination of both the thermal resistance and capacitance
of the SC layer with an error on the thermal resistance of
2–3% for 15�SC and up to 20% for 10�SC. This error in-
creases by decreasing the time range. We should note here
that even though the input signals to the NID method are
calculated analytically for each structure, the error on ex-
tracting thermal resistances and capacitances comes from the
different steps in the NID program. Two key factors are the
deconvolution and the number of RC one-ports used for the
discretization of the TCS.

G. Can we use NID method to extract simultaneously
both the thermal conductivity of the SC layer
and the metal/SC layer interface thermal resistance
from a single PPTTR experimental signal?

In order to answer this question and based on all previ-
ous discussions, we have considered a real situation of the
PPTTR experiment using a time delay of 13 158 ps with a 1
ps time resolution, which is the state of the art of the hetero-
dyne configuration without changing the frequency of the

Ti:sapphire pulsed laser sources.8 This time delay is taken to
be the time range of the transient thermal decay due to a
delta excitation of the top free surface of the structure under
study. According to the conclusion of the last section regard-
ing the time range interval of the thermal transient, we as-
sume the sample to be an 80 nm Si/SiGe SL layer deposited
on a semi-infinite silicon substrate and covered by a 30 nm
thick Al film. The thickness of the structure is small enough
to satisfy the relation t=13 158 ps�12�SC. Three different
values of the metal/SC layer interface thermal resistance are

FIG. 13. �Color online� Cumulative structure functions of the structure with
Si/SiGe SL layer on both finite and semi-infinite substrates with Rk=0 ��a�
and �b�� and Rk=10−8 K m2 /W ��c� and �d�� for raw and normalized delta
function excitation signals over two time ranges, 500 ns ��a� and �c�� and 13
ns ��b� and �d��, with 10 ps time resolution and all starting at 10 ps. �e�
Comparison between the cumulative structure functions of normalized sig-
nals for Rk=0 and Rk=10−8 K m2 /W.

FIG. 14. �Color online� Cumulative structure functions of the structure with
Si/SiGe SL layer on a semi-infinite substrate with Rk=0 for a delta function
excitation over different time ranges, 15�SC �solid line�, 12�SC �solid-dashed
line�, 10�SC �dashed line�, 7�SC �short-dashed line�, and 5�SC �dotted line�
with 1 ps time resolution and all starting at 1 ps. �a� 150 nm thick and 10
W/m/K thermal conductivity SL. �b� 150 nm thick and 15 W/m/K thermal
conductivity SL. �c� 100 nm thick and 15 W/m/K thermal conductivity SL.
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considered: �i� Rk=0, �ii� Rk=5�10−9 K m2 /W, and �iii�
Rk=10−8 K m2 /W. As we have mentioned before, this is a
typical PPTTR experiment.

Figure 15�a� illustrates the calculated temperature decay
�T at the top free surface after excitation of this surface by a
delta laser pulse of energy of 10−9 J. Increasing Rk not only
raises the amplitude of �T but changes the temperature de-
cay behavior over the first 10 ns after where the curves start
to overlap.

The cumulative structure functions and the differential
structure functions corresponding to these three different

configurations of the structure under study are reported in
Figs. 15�b� and 15�c�, respectively. The effect of increasing
Rk is clearly demonstrated in these figures where we can see
the apparition of a new slope in the cumulative structure
function or a new peak in the differential structure function,
which corresponds to an interface thermal resistance of Rk

�0. The peaks A, D, and E correspond to the SC layer. The
extracted thermal resistance of the SC layer at the peak A is
Rth

SC�22.3 K /W, and the corresponding thermal capacitance
after subtraction of the initial value and the thermal capaci-
tance of the 30 nm thick Al film ��2.3�10−11 J /K� is
Cth

SC�5�10−11 J /K. These values are in very good agree-
ment with the theoretical values �25.5 K/W, 4.24
�10−11 J /K�. On the other hand, peaks B and C are the
characteristic peaks of Rk=5�10−9 K m2 /W and Rk

=10−8 K m2 /W, respectively, which may include also the
effect of the thermal transient of the metal transducer. The
first peak O in the case of Rk=0 is attributed to this thermal
transient alone. We can see also that in both cases of Rk�0,
the total thermal resistance is increased exactly by the
amount equal to Rk /�.

These results show clearly the potential of the applica-
tion of NID method to the extraction of both the thermal
resistance of the SC layer and the metal/SC layer interface
thermal resistance from a single PPTTR measurement in
which no cumulative effect is needed to model the thermal
transient. The cumulative effect is important for certain
PPTTR experiments that use additional external modulation
�e.g., with acousto-optic or electro-optic modulators�. When
external modulation speed is within an order of magnitude of
the pulsed laser repetition rate, one has to consider cumula-
tive effects in the transient thermal analysis. The NID analy-
sis presented in the paper can be directly applied to any
pulsed laser experiment when there is no additional external
modulation or when it is much slower than the laser repeti-
tion rate. The analysis of the cumulative effect is compli-
cated �see Refs. 9 and 10� but relevant in certain applica-
tions. We are currently studying the use of NID in the
analysis of the cumulative effects. We hope this will be the
subject of a future paper.

We should note, however, that while the error on the
extracted thermal resistance of the SC layer is �12%, in the
case of Rk=0, this error increases in the case of Rk�0. On
the other hand, the determination of the interface thermal
resistance variation �Rk is easily obtained by comparing the
total thermal resistances values from the cumulative or dif-
ferential structure functions. Generally, a comparison with a
reference structure for which we know either the interface
thermal resistance or the thermal conductivity will allow de-
termination of the second parameter more accurately.

IV. SUMMARY

We have discussed in this paper the possible application
of NID method to the extraction of the thermal properties of
a thin SC layer deposited on a semi-infinite substrate based
on a PPTTR experiment signal in which the excitation can be
modeled by a delta function and cumulative effect can be
neglected. We have discussed many configurations of the

FIG. 15. �Color online� �a� Temperature decays at the top free surface of the
structure with an 80 nm thick Si/SiGe SL layer deposited on a semi-infinite
silicon substrate and covered by a 30 nm thick Al film with Rk=0 �solid
line�, Rk=5�10−9 K m2 /W �solid-dashed line�, and Rk=10−8 K m2 /W
�dashed line� after excitation with a delta laser pulse function of energy of
10−9 J. Cumulative structure functions �b� and differential structure func-
tions �c� corresponding to the temperature decays in �a�.
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structure under study and have compared the NID results for
both step and delta functions excitations. Both excitations
give the same results for the same configuration of the struc-
ture over the same time range of the thermal transient. One
limitation of the method in the case of a semi-infinite sub-
strate is the choice of the time range interval of the thermal
transient. A time range between ten and 15 times larger than
the thin SC layer thermal response time is needed to extract
both the thermal resistance and capacitance of the thin layer
with an error of less than 20%.

We have demonstrated that within this time interval, the
NID method can be of great interest to extract both the ther-
mal conductivity of the thin dielectric layer as well as the
metal transducer/dielectric layer interface thermal resistance
from a single PPTTR signal. A comparison with a reference
structure for which we know one of the parameters will al-
low the determination of the second parameter even more
accurately. The beauty of NID method is that it does not
assume any given structure a priori �number of layers or
interfaces�. Peaks in the differential structure function show
the different thermal resistances that can be separated. If lay-
ers are very thin, their thermal resistances will be combined
and we can only extract the average property of the layers.
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