
lable at ScienceDirect

International Journal of Thermal Sciences 49 (2010) 1319e1332
Contents lists avai
International Journal of Thermal Sciences

journal homepage: www.elsevier .com/locate/ i j ts
A shortcut to inverse Fourier transforms: Approximate reconstruction
of transient heating curves from sparse frequency domain data

B. Vermeersch*,1, G. De Mey 1

Department of Electronics & Information Systems (ELIS), Ghent University, Sint Pietersnieuwstraat 41, 9000 Gent, Belgium
a r t i c l e i n f o

Article history:
Received 21 September 2009
Received in revised form
10 February 2010
Accepted 12 February 2010
Available online 19 March 2010

Keywords:
Heating curve
Fourier transform
Transient
Step response
Frequency domain
Thermal impedance
* Corresponding author. Current address: Baskin Sc
sity of California at Santa Cruz, 1156 High Street - SOE
Tel.: þ1 831 459 1292.

E-mail addresses: bvermeer@soe.ucsc.edu (B. Ver
be (G. De Mey).

1 Tel.: þ32 9264 8952; fax: þ32 9264 8961.

1290-0729/$ e see front matter � 2010 Elsevier Mas
doi:10.1016/j.ijthermalsci.2010.02.004
a b s t r a c t

Frequency domain (AC) analysis, and associated phasor notation, offers a powerful and systematical way
for dynamic thermal characterisation. The complex thermal impedance Zth(ju) plays a central role and
can be obtained from analytical calculation, numerical simulation and experimental measurements.
Relevant associated time domain information, such as the transient heating curve, can be derived
through inverse Fourier transform (IFT). However, IFT is known to suffer from aliasing, instabilities and
other artifacts. In this work we propose an alternative method that bypasses the IFT but still allows
approximate reconstruction of the heating curve based on the impedance spectrum. The technique is
particularly useful in cases where only truncated or sparse (low-resolution) AC data is available. It simply
consists of plotting the magnitude of the impedance jZth(ju)j (or transfer impedance for locations outside
of the active junction) versus u�1 as time scale. Very reasonable results, with relative errors in the order
of 10%, are achieved, while the transformation is extremely simple to perform. We develop a mathe-
matical proof for increasingly complex situations, ranging from the simple case of one single thermal
time constant to a generic thermal system characterised by an arbitrary continuous time constant
spectrum. Additional illustration and validation of the method is provided by practical case studies.
Finally, we develop an extension to the evaluation of the impulse response and related transients. In that
context the proposed method produces accurate results as well, and outperforms IFT related techniques.

� 2010 Elsevier Masson SAS. All rights reserved.
1. Introduction

Frequency domain, or so called ‘AC’ analysis is used for dynamic
characterisation in a wide range of engineering and technology
domains. It consists of investigating sinusoidal oscillations of the
relevant physical quantities, typically by means of a complex pha-
sor notation. The technique is very commonly applied to electro-
magnetic field propagation, as encountered in e.g. transmission
lines, telecommunication systems, etc. In the main context of this
paper, i.e. dynamic thermal diffusion in microelectronic devices, AC
analysis offers useful features as well. The use of phasors (or related
variables, e.g. in the Laplace and Hankel domains) reduces the heat
equation from a partial differential equation (PDE) to an ordinary
differential equation (ODE), enabling easier analytical modelling
and numerical simulation. Employing such transformations, Hui
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has developed a transmission line model for heat conduction in
multilayer thin films [1]. For numerical simulations, various
boundary element method (BEM) based thermal solvers, directly
operating in the frequency domain, are available in the literature
[2,3]. These schemes avoid the risk of unstable solutions associated
with ‘time marching’ techniques in the time domain. As far as
experimental analysis is concerned, frequency domain measure-
ments are known to be more robust to noise than their time
domain counterparts [4]. Accurate, high-resolution thermal
imaging of electronic ICs can be achieved relatively easily by means
of thermoreflectance, associated to a heterodyne lock-in technique
[5,6]. A major advantage is that both amplitude and phase distri-
butions are obtained. The latter can be used as a sensitive and
reliable heat detector for regions where only minor temperature
rises occur, which are hardly resolved by magnitude or time
domain recordings. In addition, AC techniques allow to study Joule
and Peltier heating/cooling modes separately, which is very useful
for the characterisation and optimisation of thermoelectric and
thermionic microcoolers. The Joule and Peltier effects respectively
have a quadratic and linear dependence on the supplied current,
and will therefore manifest themselves at different harmonics
when a sinusoidal excitation with zero DC offset is used.
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Nomenclature

Roman
a(t) normalised heating curve [K/W or e]
a*(t) approximated normalised heating curve [K/W or e];

absolute error: a(t) e a*(t)
BEM boundary element method
Ci thermal capacitance in ladder network [J/K]
Cv thermal capacitance per volume unit [J/m3 K]
Cp thermal capacitance per mass unit [J/kg K]
d substrate thickness
E(ju) excitation
f frequency [Hz]
F(u, v) generic integral kernel for a2(z)
F0(u, v) dF

dz
g(z) modified impulse response da

dz
g*(z) approximated modified impulse response da*

dz
Gð r!j r!0Þ 3-D Green's function [K/W]
G(u, v) generic integral kernel for a*2(z)
G0(u, v) dG

dz
H(ju) transfer function
h(t) impulse response da

dt
h*(t) approximated impulse response da*

dt
IFT inverse Fourier transform
j imaginary unit
k thermal conductivity [W/m K]
P power [W]
Rth thermal resistance [K/W]
Ri thermal resistance in ladder network [K/W]
R(t) transient response
R(z) time constant spectrum [K/J]
R radius of circular heat source [m]

r! place vector x 1
!

x þ y 1
!

y þ z 1
!

z;
relative error: ½aðtÞ � a*ðtÞ�=aðtÞ

S cross-section area [m2]
t time [s]
T temperature [K]
TIM thermal interface material
U(ju) Fourier transform of Heaviside step function
u transformed integration variable u ¼ z1 � z
v transformed integration variable v ¼ z2 � z
Zth(ju) thermal impedance [K/W]
z logarithmic time variable z ¼ ln(t)

subscripts
0 characteristic value
i node or element number in ladder network
s source

superscripts
* approximated
trans transfer

Greek
a magnitude ratio for 2 time constant case
b time constant ratio for 2 time constant case
g parameter in FuosseKirkwood time constant

distribution
d Dirac distribution
f angle variable in cilindrical coordinates (r, f, z)
r mass density [kg/m3]
s thermal time constant [s]
u angular frequency u ¼ 2pf [rad/s]
x dimensionless time variable [e]
z logarithmic time constant variable z ¼ ln(s)
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Despite the inherent advantages offered by frequency domain
techniques, and the fact that AC analysis in itself provides
a complete, systematic dynamic characterisation of the system,
additional transient information is desirable in many situations.
The normalised heating curve a(t), i.e. the temperature response to
a 1 W power step, is of particular interest. The reason is that
through adequate further processing, useful dynamic information
such as the thermal time constant spectrum and structure func-
tions can be derived [7e9]. In principle, the transient response R(t)
to an arbitrary excitation E(ju) can be evaluated by inverse Fourier
transform (IFT) if the transfer function H(ju) of the system is
known:

RðtÞ ¼ 1
2p

ZN
�N

HðjuÞEðjuÞexpðjutÞdu (1)

Unfortunately, the IFT is known to suffer from aliasing effects
and other artifacts. These issues become especially problematic
when only low-resolution samples or data truncated to a finite
frequency interval for H is available, as is typically encountered
when dealing with experimental measurements. Additional diffi-
culties to evaluate the integral arise when the transfer function has
poles on the imaginary axis.

These problems associated with the IFT are not new, and have
been addressed by several authors. Godinho et al. [2] return to the
time domain by inserting complex frequencies with a small imag-
inary part, of the form uc ¼ u� jh, into the IFT. The extra phase shift
introduced is then accounted for by applying an exponential
window of the form exp(ht) to the obtained transient. Other
authors apply a window function to the frequency spectrum
instead to compensate truncation errors [10], and proposed similar
modified IFTs to tackle imaginary poles [11]. The application of such
window functions may however add false oscillations to the tran-
sient, and blur the initial parts. Krylov and Liakishev [12] developed
a projection technique for Fourier inversion of data truncated to
a finite interval, that avoids window functions and is based on the
expansion of the frequency spectrum into Hermite eigenfunctions.
Transient analysis of electromagnetic field propagation by IFT has
received further particular attention. Rachidi et al. [13] performed
a low-frequency series expansion of the ground impedance matrix
of multiconductor lines above a lossy ground such that the Fourier
inversion of the matrix elements could be carried out semi-
analytically, with careful treatment of the singularities. They used
this technique to investigate lightning-induced voltages in the
lines. Shi [14] approximates a bounded, causal transfer function H
(ju) as a sum of complex exponentials. The transient response of
each of the terms can then be obtained through exact inverse
Fourier transform. However, the decomposition of H involves
computationally costly matrix operations including singular value
decomposition and QR factorisation into an orthogonal and right
triangular matrix.

In this paper we propose a method, mainly targeted at heat
transfer applications, to evaluate transient responses from AC
information but entirely bypassing inverse Fourier transforms. The
technique is applicable to sparse frequency spectrum data and very
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simple to perform but still gives a very reasonable approximation
for the heating curve of the system. In Section 2 themain idea of the
new transformation is explained, followed by a detailed mathe-
matical validation in Section 3. Section 4 provides practical appli-
cations and also discusses some limitations. Case studies presented
include the numerical simulation of a SiC diode, experimental
thermal characterisation of a power amplifier, and performance of
the method for transfer thermal impedances. The method can also
be extended to provide an approximation of the impulse response.
A summary in Section 5 concludes the paper.
2. Core principle

Let us return to the evaluation of thermal transients bymeans of
IFT, as shown in (1). In the current context, the transfer functionH is
the thermal impedance Zth(ju) of the active junction, the excitation
is the power P(ju) being dissipated, and the response is the source
temperature T(t). We note that also temperature transients in
locations outside the heat source can be considered; these are
linked to the source dissipation by the so called transfer impedance
Ztransth ðju; r!Þ. Due to the thermal delays involved, the transfer
impedance will traverse all four quadrants of the complex plane
(with a quickly attenuating spiral around the origin) while the
regular impedance is limited to the fourth quadrant, i.e. Re
[Zth(ju)] � 0 and Im[Zth(ju)] � 0 for all positive u.

The normalised heating curve a(t) is then obtained by choosing
a 1 W power step as excitation:

aðtÞ ¼ 1
2p

ZN
�N

ZthðjuÞUðjuÞexpðjutÞdu (2)

with

UðjuÞ ¼ pdðuÞ þ 1
ju

(3)

the Fourier transform of the Heaviside step function.
As mentioned in the Introduction, several issues associated with

inverse Fourier transformation may render evaluation of (2)
cumbersome, especially when only truncated or low-resolution
data is available for Zth(ju). In this work we propose a very simple
alternative method that enables approximate reconstruction of the
heating curve, even from such sparse frequency domain data.

By definition, the magnitude of the thermal impedance jZth(ju)j
is nothing else than the amplitude of the temperature oscillation
induced by a sinusoidal unit power dissipation at pulsation u. The
main idea is now that the frequency can be seen as an indicator
inversely proportional to a temporal scale: u41=t. Namely, high
frequency phenomena relate mostly to fast transients occuring at
small time values, while low frequencies are most representative
for slow transitions happening much later. Therefore, we can
intuitively propose the following rough approximation for the
heating curve:
a

b

Fig. 1. Equivalent distributed electrical network representing (qu
a*ðtÞ ¼ jZthðju/j=tÞj (4)
Clearly, at least correct initial and final values are obtained:
a*ð0Þ ¼ jZthðju/NÞj ¼ 0 and a*ðt/NÞ ¼ jZthðju/0Þj ¼ Rth, as
appropriate. In the following sectionwewill demonstrate that good
accuracy is obtained over the entire time scale. Relative errors are in
the order of 10% while the method is extremely simply to perform,
providing an excellent efficiency from an engineering point of view.

Akeyelement is that (4) establishes a one-to-one timeefrequency
relationship. This is clearly opposed to inverse Fourier transform (2),
which requires the full frequency spectrum for evaluation at any
arbitrary time value. With the proposed method, any given point
a*(t0) in the approximated heating curve originates from a single
impedance value, at angular frequency u0 ¼ t0

�1. This offers powerful
opportunities in practice. A reasonable approximation of the heating
curve, i.e. providing a good idea about themajor transientswith error
levels roughly within 10%, can be obtained by performing an
impedance measurement at a few frequencies chosen to span the
time constant range involved, then transforming these samples using
(4), and literally ‘connecting the dots’. Similarly, when one is only
interested in the transient behaviour over a certain time range
[t1.t2], the AC characterisation can be truncated to u ˛ [t2�1.t1

�1].
In addition, the phase of the impedance is not required. This as

well is a practical benefit, since most thermal measurement
systems (e.g. heterodyne thermoreflectance imaging) induce
potentially unknown additional phase delays and hence only
provide relative phase information.
3. Mathematical validation

In this section, we wish to systematically investigate whether
the proposed transformation (4) is able to provide a decent
approximation for the actual step response. First, we review some
generic properties for the impedance function and heating curve.
The obtained ‘blueprint’ for these quantities is used to steer our
further analysis towards a generic proof that a*(t) z a(t) within
a reasonable range of tolerance.
3.1. General considerations concerning Zth(ju) and a(t)

It is well known that thermal diffusion can be modelled by
means of an equivalent distributed RC ladder network. The so called
Cauer form, with node-to-node resistors and node-to-ambient
(grounded) capacitors, is highly preferable from a physical point
of view because the network elements are then directly associated
with the thermal conduction and energy storage in the elementary
sections of the heat flow path. Each such network has a related
Foster form, as illustrated in Fig.1. Both forms of the ladder network
aremathematically equivalent, in the sense that they have the same
input impedance. From the Foster form we readily obtain:
asi) 1-D thermal diffusion: (a) Cauer form; (b) Foster form.
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ZthðjuÞ ¼
XN Ri (5)

i¼1

1þ jusi

inwhich si¼ RiCi. From this point of view, it is clear that the thermal
step response can be written as the superposition of the charging
transients of the RC pairs:

aðtÞ ¼
XN
i¼1

Ri½1� expð�t=siÞ� (6)

In the case of an electronic device, for example, the time
constants would correspond to the heating of the active junction,
the semiconductor die, intermediate material layers, diffusion
through the package, spreading into the heat sink and finally
convective cooling to the ambient.

In practice, a thermal system is characterised by means of
a continuous spectrum of thermal time constants, rather than
a discrete set thereof. The summations in (5) and (6) therefore
merge to an integral, while the weighting factors Ri are replaced by
R(s)ds for each interval [s, s þ ds], with R(s) a continuous density
function. In addition, we move to logarithmic scales for both time
and thermal time constants:

z ¼ lnðtÞ ; z ¼ lnðsÞ (7)

because this greatly facilitates further processing of the transient
information [9]. Finally, we have:

ZthðjuÞ ¼
ZN

�N

RðzÞdz
1þ juexpðzÞ (8)

aðzÞ ¼
ZN

�N

R ðzÞ
�
1� exp

�
� expðzÞ
expðzÞ

��
dz (9)

We note that transfer impedances fulfill (8) as well, with the
particularity that for those cases R(z) also displays negative values.
Having the established generic blueprint for impedance and heat-
ing curve in mind, we will now investigate the performance of (4)
for several increasingly complex cases.

3.2. Two discrete time constants

This case can be represented in most general form as

ZthðjuÞ ¼ R1
1þ jus1

þ R2
1þ jus2

(10)

Without loss of generality, we can normalise the impedance
scale to the overall steady state resistance Rth ¼ R1 þ R2. This
induces 1 as final value for all heating curves, enabling simple and
fair comparison. Actually only two independent parameters
remain, namely the ratio of the time constants and their relative
magnitude (weight factor). Let R2 ¼ aR1 and s2 ¼ bs1, then:

ZthðjuÞ ¼ 1
1þ a

$
1

1þ jus2
b

þ a

1þ a
$

1
1þ jus2

(11)

Introducing a dimensionless time x ¼ t/s2, the exact step
response becomes:

aðxÞ ¼ 1
1þ a

½1� expð�bxÞ� þ a

1þ a
½1� expð�xÞ� (12)

Applying (4) to (11) provides as approximated heating curve:
a*ðxÞ ¼
���� 1

1þa þ
a

1þa

���� ¼
���� 1

1þa þ
a

1þa

����
��1þ js2
bt 1þ js2

t
�� ��1þ j

bx
1þ j

x

��
¼ 1

1þ a

����bxðxþ jÞ þ axðbxþ jÞ
ðbxþ jÞðxþ jÞ

����
¼ 1

1þ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2x4ð1þ aÞ2þðaþ bÞ2x2�
bx2 � 1

	2þðbþ 1Þ2x2

vuut (13)

The most simple case would be that of a single time constant,
which corresponds to a single summation term in (5) and (6). In
normalised form:

ZthðjuÞ ¼ 1
1þ jus

; aðxÞ ¼ 1� expð�xÞ;

a*ðxÞ ¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

q ðsingle time constantÞ (14)

This can obviously be covered by simply setting ah 0 and bh 1
in the current analysis. One can prove that the largest deviation
between the corresponding a(x) and a*(x) occurs at x z 0.622 and
amounts to about 14%. It is interesting to point out that the asso-
ciated accumulated absolute error vanishes entirely, i.e.RN
0 ½aðxÞ � a*ðxÞ�dx ¼ 0. This means that the regions where the
approximation underestimates the actual transient compensate
those were an overestimation occurs. We should keep in mind that
the analysis of a single time constant alone is by nomeans sufficient
to make statements about the general case. Namely, applying (4) to
(5) leads to the magnitude of a complex sum, which is not equal to
the sum of the magnitudes of each term.

We have compared (12) and (13) for the 2 time constant case
over a wide range of time constant ratios and their relative
magnitude: 10�5 � a, b � 105, with 50 points per decade. For each
parameter pair we determine the worst case point x0, i.e. the
dimensionless time for which the relative error is maximal. We
monitor the according absolute error a(x0) � a*(x0) as well. These
values can be compared to the steady state value of 1 to obtain
a feeling of the local separation between the curves. In order to
make a systematic comparison, we show x0 as relative fraction of
a time range relevant for the total transient. The latter is taken as
the largest of the two time constants, namely, we normalise x0 to
x1 ¼ max(1, b). Finally, we evaluate the overall average cumulative
deviation as:

Dcumul ¼
1

xmax � xmin

Zxmax

xmin



aðxÞ � a*ðxÞ�dx (15)

in which xmin ¼ minð10�3;10�3=bÞ and xmax ¼ maxð103;103=bÞ.
The integration interval hence spans from1=1000 of the smallest time
constant, to 1000 times the largest one, ensuring that we capture the
entire relevant transient. All results are summarised in Fig. 2.

First of all, we observe an apparent symmetry in the figures,
which can be easily explained. When comparing parameter pairs
(a, b) and (1/a, 1/b), the two time constants and according
components in the heating curve simply swap roles. Since we use
logarithmic scales for a and b in the visualisation, a point symmetry
around (a, b) ¼ (1, 1) is induced.

Configurations with extremely well separated time constants
(b ˛ [10�4.10�5]) and moderate weighting ratio (a ˛ [10�2.10�3])
induce the largest worst case relative error, exceeding 28%. Although
this hasworryingly doubled compared to the one time constant case,
Fig. 2(b) shows that these regions correspond to virtually zero
absolute error. This indicates that the worst case point probably
occurs early on in the transient, as confirmed by Fig. 2(b) aswell, and



Fig. 2. Error analysis for the case of two discrete time constants: (a) worst case relative error; (b) associated absolute error; (c) normalised worst case point; (d) cumulative deviation.
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that the visual agreement between the actual and approximated
heating curve should be very reasonable. A representative sample of
such a configuration (indicated as ‘A’ in Fig. 2) is shown in Fig. 3.

On the other hand, large absolute errors are observed when the
time constants have comparable weight (a ˛ [10�1.101]) and are
not in each others immediate vicinity (b;[10�1.101]), while the
relative error then mostly stays below 20%. It is also in this param-
eter region that the largest cumulative deviations are observed.
Note that Dcumul is nonnegative everywhere: the approximated
heating curve thus shows an overall tendency to underestimate the
actual transient. A representative sample (indicated as ‘B’ in Fig. 2) is
also shown in Fig. 3.
Fig. 3. Heating curves for two representative cases of transients with two thermal time
constants.
Elsewhere the cumulative deviation tends to zero, indicating
that compensation occurs. In most of this region the other error
quantities become nearly uniform, with values approaching those
found for the single time constant case. Not surprisingly, this
observation holds over a wider and wider b range as extremal
weighting ratios ða/10�5Þ are approached. The weakest time
constant becomes negligible to such extent that the case indeed
reduces to the single time constant one.

3.3. FuosseKirkwood time constant distribution

The thermal behaviour of an actual system is, as mentioned
earlier, characterised by a continuous spectrum of time constants.
Discrete time constants as just analysed leave a clear signature in
the complex domain: one can easily prove that the Nyquist plot of
the single time constant impedance (14), i.e. a plot of Im[Zth(ju)]
versus Re[Zth(ju)] with u as a parameter, is a semicircle with radius
1/2 and center (1/2, 0) on the real axis. From both theoretical and
experimental observations [15] it turns out that the thermal
impedance plot for (micro)electronic devices is in many cases
composed of a limited number of circular arcs, although having
their center point above the real axis. The thermal impedance
corresponding to such an arc, again normalised to a unity steady
state value Rth ¼ 1, can be expressed as:

ZthðjuÞ ¼ 1

1þ ðjus0Þ1�g
(16)

with g ˛ [0.1[ a parameter determining the deviation of the arc's
center from the real axis and s0�1 the central angular frequency, as
illustrated in Fig. 4(a). Such circular arcs have been observed



a

b

Fig. 4. Typical thermal transient features: (a) circular arc in Nyquist impedance plot;
(b) associated FuosseKirkwood time constant distribution.
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already 60 years ago for the frequency dependent complex
dielectric permittivity of solids [16,17]. In this context, the behav-
iour can be explained in terms of dielectric relaxation mechanisms.
Fuoss and Kirkwood [18] have derived a closed form expression for
the spectrum of relaxation time constants, associated to (16).
Recalling that z ¼ ln(s) it becomes:

RðzÞ ¼ 1
2p

sinðgpÞ
cosh½ð1� gÞðz� z0Þ� � cosðgpÞ (17)

with z0 ¼ ln(s0). Plotted on a logarithmic scale, the Fuoss-Kirkwood
spectrum is a symmetrical distribution around the dominant time
constant s0, with g determining the width of the peak, as shown in
Fig. 4(b).

It is not possible to obtain the heating curve in closed form
through analytical inverse Fourier or Laplace processing of (16),
except for 2 particular cases, namely:

� g ¼ 0: This corresponds to the already investigated single
discrete time constant, as (16) clearly reduces to (14).

� g ¼ 1/2: One can demonstrate that this corresponds to spher-
ical heat spreading in a (semi-)infinite homogeneous medium;
this case will be discussed in more detail further on.
3.3.1. General case
For arbitrary g values, however, we can resort to (9) for evalu-

ation of the heating curve, since R(z) is known. Numerical inte-
gration was performed using adaptive Simpson quadrature.

The approximate heating curve, on the other hand, is obtained
straightforwardly by applying (4) to (16). Using x ¼ t/s0 as dimen-
sionless time, we obtain:

a*ðxÞ ¼

�������
1

1þ
�
j
x

1�g

������� ¼
����� x1�g

x1�g þ j1�g

�����
¼ x1�gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih

x1�g þ cos
�ð1�gÞp

2

i2þsin2
�ð1�gÞp

2

r
¼ x1�gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2ð1�gÞ þ 2x1�gcos
�ð1�gÞp

2


þ 1

r (18)
A comparison between a(x) and a*(x) for g ¼ 0.1, 0.2.0.7 with
according error analysis is shown in Fig. 5.

The agreement is very reasonable: the magnitudes of the rela-
tive and maximum error remain below 11.5% and 0.04 respectively.
As g increases, the FuosseKirkwood spectrum widens, bringing
a larger and larger range of time constants into play. Consequently,
the transient spans over more andmore temporal decades. For each
considered case the largest absolute deviation occurs in the vicinity
of the dominant time constant s0. It also looks as if the curves have
a common point, independent of g, in this region, but this is an
optical illusion. Still, the curves all pass through a tightly confined
area: the intersection points of a(x;g1) and a(x;g2),
0.1� g1s g2� 0.7, all lie within x˛ [0.6.0.85] and a˛ [0.5.0.56].
For the approximated curves a*(x;g) the according time and
temperature intervals are [0.45.0.7] and [0.43.0.49] respectively.
The intersections hence occur a little earlier, and at slightly lower
temperatures. The latter is not very surprising, given the nearly
systematic underestimation: except for small g values the relative
error is positive over the entire time scale.

3.3.2. Special case: g ¼ 1/2
For this parameter value, the normalised thermal impedance

becomes:

ZthðjuÞ ¼ 1
1þ

ffiffiffiffiffiffiffiffiffiffi
jus0

p (19)

This particular case is worth investigating in some more detail
because the associated heating curve can be derived analytically.
There is an additional interest of physical nature as well. Solution of
the 3-D heat equation for a hollow spherical heat source enclosed in
a homogeneous medium yields exactly (19) as source-to-ambient
impedance. Therefore, the case g ¼ 1/2 corresponds to spherical
heat spreading.

From inverse Laplace transform ðsubstituting ju/sÞ we obtain,
using x ¼ t/s0:

aðxÞ ¼ 1� expðxÞ$erfc
� ffiffiffi

x
p 

(20)

with erfc(�) the complimentary error function 1 � erf(�). On the
other hand, the approximated heating curve (18) reduces to:

a*ðxÞ ¼
ffiffiffi
x

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ

ffiffiffiffiffi
2x

p
þ 1

q (21)

We have compared the analytical solution (20) to the heating
curve obtained indirectly from R(z) as carried out earlier in (9). The
relative deviation between the two transients is less than 10�6 over
the entire time range, which validates the numerical integration
adopted earlier. As we already know from the previous analysis, the
relative error between the exact solutions and approximated curve
drops monotonically as time progresses. The worst case relative
deviation is found to be:

lim
x/0

aðxÞ � a*ðxÞ
aðxÞ ¼ 1�

ffiffiffi
p

p
2

z0:114 (22)

Fig. 5(c) indicates that this serves as an upper bound to the
relative deviation for g ˛ [0.1.0.7].
3.4. 1-D heat flow in homogeneous medium

With one-dimensional we mean that the temperature and heat
flux fields depend on only one mathematical coordinate; the heat
may still be spreading in two or three directions. These cases are of
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Fig. 5. Analysis for various samples of the FuosseKirkwood time constant distribution:
(a) exact heating curves; (b) approximated heating curves; (c) relative error; (d)
absolute error.
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interest because the calculations can be performed analytically. In
addition they contain representative physics, since these kinds of
heat diffusion, at least in approximate form, are regularly encoun-
tered in practice.

In the previous section we already analysed spherical heat
spreading, i.e. depending on a radial coordinate. In this section we
will consider 1-D cartesian coordinate heat flow, as it would occur
in a homogeneous substrate with adiabatic sides and completely
covered by a heat source at the top. The substrate is characterised
by a thickness d, cross-section area S, thermal conductivity k and
volumetric heat capacity Cv¼ rCp. The situation is sketched in Fig. 6.
Note that the thermal resistance and capacitance are invariant
throughout each elementary section of the heat flow path. There-
fore, the equivalent ladder network (Cauer form) is an RC trans-
mission line. Two variants can be considered, depending on the
boundary condition at the bottom of the substrate.

3.4.1. Isothermal boundary condition (shorted RC line)
The substrate bottom is perfectly cooled, i.e. kept at ambient

temperature T ¼ 0. Normalised to the thermal resistance
Rth ¼ d=kS, the source impedance is given by:

ZthðjuÞ ¼
tanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
ju=u0

p 
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ju=u0

p (23)

in which u0 ¼ k=Cvd2 is a characteristic angular frequency. Series
expansion of the hyperbolic tangent and inverse Laplace transform
yields the associated heating curve in closed form:

aðxÞ ¼ 2

ffiffiffi
x

p

r
þ4

XN
n¼1

ð�1Þn
" ffiffiffi

x

p

r
exp

�
�n2

x

�
�nerfc

 
nffiffiffi
x

p !#
(24)

with x ¼ t/t0 (t0 ¼ u0
�1) a dimensionless time variable. Taking into

account that (see [19])

tan hðxþ jyÞ ¼ sinhð2xÞ þ j sinð2xÞ
coshð2xÞ þ cosð2yÞ (25)

the application of (4)e(23) results in:

a*ðxÞ ¼
�����tanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j=ðu0tÞ

p 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j=ðu0tÞ

p ����� ¼
������
tanh

�
1ffiffiffiffi
2x

p þ j 1ffiffiffiffi
2x

p
�

ffiffiffiffiffiffi
j=x

p
������

¼
ffiffiffi
x

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2

� ffiffiffiffiffiffiffiffi
2=x

p 
þ sin2

� ffiffiffiffiffiffiffiffi
2=x

p r
cosh

� ffiffiffiffiffiffiffiffi
2=x

p 
þ cos

� ffiffiffiffiffiffiffiffi
2=x

p  (26)
Fig. 6. Substrate geometry used for 1-D cartesian heat diffusion analysis (RC trans-
mission line).
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Fig. 7 compares the exact and approximated heating curves. The
overall agreement is fairly good. The largest deviations (reaching
about 4% of the steady state value) occur in the vicinity of the
characteristic time (x ¼ 1), but relative errors stay below 12%
everywhere. The early transients are characterised by:

aðxÞ/2

ffiffiffi
x

p

r
; a*ðxÞ/

ffiffiffi
x

p
for x/0 (27)

The relative error hence converges to 1� ffiffiffiffiffiffiffiffiffi
p=2

p
z0:114, which

is exactly the same result as found for spherical heat spreading.
There is indeed a strong similarity between both forms of 1-D heat
diffusion, especially right after the heat source is switched on: the
affected region is limited to a thin material section, with cross-
section area nearly equal to the heat source area.

3.4.2. Adiabatic boundary condition (open RC line)
The substrate bottom is subjected to a perfect thermal isolation:

vT=vxjx¼0 ¼ 0. High frequency modes (early transients) will
remain unaffected, but since the heat becomes trapped inside the
substrate, the steady state solutions will tend to infinity. Still nor-
malising the impedance scale to d=kS and using unmodified values
for u0 and t0 we obtain:

ZthðjuÞ ¼
cotanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
ju=u0

p 
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ju=u0

p (28)

and

aðxÞ ¼ 2

ffiffiffi
x

p

r
þ 4

XN
n¼1

" ffiffiffi
x

p

r
exp

�
�n2

x

�
� n erfc

 
nffiffiffi
x

p !#
(29)
b

a

Fig. 7. One-dimensional heat diffusion in substrate with isothermal bottom (shorted
RC line): (a) exact and approximated heating curve; (b) relative and absolute error.
The only difference between (29) and (24) is the lack of the
weighting factor (�1)n in the summation of the former. This can be
easily understood in terms of a multiple reflection technique: an
isothermal surface requires image sources with opposite sign,
while an adiabatic one conserves the sign. The approximated step
response readily becomes:

a*ðxÞ ¼
ffiffiffi
x

p cosh
� ffiffiffiffiffiffiffiffi

2=x
p 

þ cos
� ffiffiffiffiffiffiffiffi

2=x
p 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2

� ffiffiffiffiffiffiffiffi
2=x

p 
þ sin2

� ffiffiffiffiffiffiffiffi
2=x

p r (30)

As shown in Fig. 8, the agreementwith the exact heating curve is
reasonably good. The extremal relative error, still occuring around
x ¼ 1, more than doubled as compared to the isothermal case, to
just over 24%. We also observe that the absolute error tends to
a constant value of about 1/3, suggesting that a fixed offset between
the two curves starts to form. It remains unclear whether this is
related to the fact that in practice only a finite number of summa-
tion terms of (29) can be taken into account. Increasing the number
of terms and internal decimal digits, from 500 to 10 000 and 10 to
50 respectively, produced extremely similar results.
3.5. Generic proof

Let us now turn to the most general case, described in terms of
the blueprint expressions (8) and (9) for Zth and a, with R(z) an
arbitrary, unknown, time constant density function. From (9) we
can derive:
a

b

Fig. 8. One-dimensional heat diffusion in substrate with adiabatic bottom (open RC
line): (a) exact and approximated heating curve; (b) relative and absolute error.
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a2ðzÞ ¼
ZN

dz
ZN

dz Rðz ÞRðz Þ½1� expð� expðz� z ÞÞ�

�N

1

�N

2 1 2 1

½1� expð� expðz� z2ÞÞ� ð31Þ

Transformation to a new set of variables

u ¼ z1 � z ; v ¼ z2 � z (32)

yields:

a2ðzÞ ¼
ZN

�N

du
ZN

�N

dv Rðuþ zÞRðvþ zÞ

� ½1� expð�expð�uÞÞ�½1� expð�expð�vÞÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Fðu;vÞ

(33)

On the other hand, the approximated heating curve satisfies

a*2ðzÞ ¼ jZthðjuÞj2u¼1
t¼expð�zÞ ¼ ZthðjuÞ$bZ thðjuÞju¼expð�zÞ (34)

with ^ the complex conjugation operator. Inserting (8) provides:

a*2ðzÞ ¼
ZN

�N

Rðz1Þdz1
1þ jexpðz1 � zÞ

ZN
�N

Rðz2Þdz2
1� jexpðz2 � zÞ (35)

Applying the substitution (32) and some manipulations give:

a*2ðzÞ ¼
ZN

�N

du
ZN

�N

dvRðuþ zÞRðvþ zÞ 1þ expðuþ vÞ
½1þ expð2uÞ�½1þ expð2vÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Gðu;vÞ
(36)

�j
ZN

�N

du
ZN

�N

dv Rðuþ zÞRðvþ zÞ expðuÞ � expðvÞ
½1þ expð2uÞ�½1þ expð2vÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

G2ðu;vÞ
(37)

Owing to the antisymmetry of the second integrand, namelyG2(a,
b) ¼ e G2(b, a) for each a, b ˛ ] �N, N[, the integral (37) vanishes,
leaving apurely real expression fora* 2, as appropriate. Comparisonof
(33) with (36) learns that a*(z) is able to provide a good approxi-
mation for a(z) when F(u, v)z G(u, v) overℝ2. Good resemblance of F
and G can be seen as a necessary and sufficient generic condition for
good performance of the transform (4). Note, however, that from the
absolute or relative deviation between FandG in a givenpoint (u0, v0)
it is not possible to directly assess the impact on the heating curve,
due to the density function R and the fact that the integral expres-
sions provide the square of the step response.

A simple initial analysis shows that 0 � F(u, v), G(u, v) � 1 over
the entire (u, v) plane. This knowledge provides a framework to
assess the severity of absolute errors. The functions vanish when at
least one of the variables approachesþN, while the upper limit of 1
is observed when both ðu; vÞ/ð�N;�NÞ.

The general investigation is presented in Fig. 9. The integrands are
reasonably similar: both show a steep drop from almost 1 to nearly
zero around u ¼ 0 and v ¼ 0. However, the gradients are different,
especially along lines parallel to the u and v axes. This is clearly
noticeable in the plots of F and G on logarithmic scale (Fig. 9(a)e(b))
and is also signaled by peak absolute errors (�0.19) in the transition
zone (see Fig. 9(f)). In the second and fourth quadrant of the (u, v)
plane, relative errors exceeding 90% are observed, giving the
impression that the integrands deviate significantly, leading to a poor
match. However, these zones are characterised by virtually zero
absolute errors, which can be explained by the fact that both F and G
quickly become zero in these regions. The eventual impact on the
heating curve will therefore remain very limited. Most other areas
have nearly zero absolute and relative errors.

Overall, we can conclude that the condition F(u, v) z G(u, v) is
reasonably fulfilled. This demonstrates that the proposed trans-
formation (4) is universally able to provide a good approximation of
the heating curve for an arbitrary linear thermal system.

4. Applications

In the following, we present the application of our technique to
a number of case studies. This provides a more practical illustration
of the proposed method, in addition to the mathematical demon-
stration of its validity given in the previous section. First we present
the reconstruction of the heating curve for both simulated (BEM
analysis of a SiC diode) and experimental (wind tunnel character-
isation of a power amplifier) data. Next, a theoretical analysis of
a circular integrated heat source clearly illustrates that the method
can be equally applied to transfer thermal impedances. In addition,
an extension to the reconstruction of the impulse response, and
related transients of practical interest, is provided. We comment on
the (limited) applicability to lumped electrical networks as well.
Finally, some general limitations of the method are discussed.

4.1. BEM simulation of SiC diode

Let us consider a design for a silicon carbide (SiC) power diode as
shown in Fig. 10. The semiconductor die is soldered to a copper heat
spreader using a thermal interface material TIM-1. This structure is
then attached by a second solder TIM-2 to an aluminium baseplate.
Further geometrical and material data is listed in Table 1. The
impact of delamination of the solders (modelled by the introduc-
tion of an air void in the material interface) on the thermal
behaviour is studied by boundary element method (BEM) simula-
tion, using a numerical solver developed particularly for calcula-
tions directly in the frequency domain [3]. The simulator provides
the thermal impedance of the heat source, from which we can
evaluate the heating curve, either by Fourier techniques or by the
proposed method. Fig. 11 summarises the results. The approxi-
mated heating curves agree fairly well with the actual ones, and are
able to capture the general characteristics. Still, some typical
underestimations during the final transients are observed. Obvi-
ously the structure without any delaminations yields the smallest
thermal resistance. Despite that void B is twice as large in area and
100 times thicker than void A, the former only mildly affects the
thermal performance. This is because the void lies further from the
junction, where the heat has a large spreading area available and
can easily flowaround the delaminated zone. As void A is a lotmore
upstream it leads to a significant increase of the thermal resistance,
with the according heating curve separating much earlier from the
reference case.

4.2. Experimental measurement on power amplifier

We have investigated an integrated power amplifier. Since we
weremainly interested to characterise the behaviour of the internal
components in this particular experiment, attempts are made to
minimise the case-to-ambient thermal resistance. The package is
screwed to a large multifin heat sink. Thermal grease is applied to



Fig. 9. Analysis of the integral kernels in the generic blueprint for a2(z) and a*2(z).
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enhance the thermal contact of the interface. The entire setup,
shown in Fig. 12, is placed in the laminar test section of a wind
tunnel blowing at full power (air speed 4.15m/s). The heating curve
can be recorded by using a protection diode inside the package,
close to the active junction, as temperature sensor. After adequate
calibration, the forward voltage drop observed during a constant
sensing current bias provides the temperature of the device. The
result is shown in Fig.13(a). Through forward Fourier transform, the
thermal impedance is obtained, illustrated in Nyquist form in
Fig. 13(b). As the diode is a short distance away from the active
junction, we have actually measured a transfer response: the
impedance curve spirals around the origin. Three circular arcs can
be clearly distinguished. The low-frequency part (in this case the
largest arc) corresponds to the forced convective cooling from the
heat sink to the ambient air. We can now apply (4) to the imped-
ance, to evaluate an approximate heating curve. Obviously this
would not be done in practice as the heating curve is already
available; we simply wish to validate our proposed method on
experimental data. As we can see in Fig. 13(a), the reconstructed
curve corresponds very well to the measured transient.

4.3. Transfer impedances

Although technically speaking the previous case provided
a transfer impedance, the active and sensing junctions were still in
close proximity. We wish to investigate whether the proposed
technique also holds for temperature transients far away from the
active junction. We consider a circular heat source (radius R)
mounted on a semi-infinite medium, as illustrated in Fig. 14. On top
of the structure we assume perfect thermal insulation. From t ¼ 0
onwards the source dissipates a uniform power density ps (W/m2).
We will study the temperature transients induced in various loca-
tions at the substrate surface, both inside and outside the heat
source. First, we calculate the thermal impedances in the frequency
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Fig. 10. SiC diode structure used for numerical simulations. Thicknesses (z-direction)
not drawn to scale; indicated dimensions in mm. See also Table 1 for additional
parameters.

a

b

Fig. 11. Simulated thermal characterisation of the SiC diode shown in Fig. 10: (a)
Nyquist thermal impedance plots; (b) heating curves.
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domain. The Green's function, i.e. fundamental solution of the heat
equation for the temperature in r! induced by a point source in r!0,
is known for the semi-infinite medium:

G
�
r!�� r!0	 ¼ 1

2pj r!� r!0jexp
 
�

ffiffiffiffiffiffiffiffiffiffi
juCv
k

r �� r!� r!0��! (38)

The temperature anywhere in the substrate is then obtained
using superposition:

Tð r!Þ ¼
Z Z
source

p
�
r!0	G� r!�� r!0	dS0 (39)

Using cilindrical coordinates, the impedance at the substrate
surface becomes:

Ztransth ðju; rÞ ¼ 1
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� 1 (40)
Table 1
Layout and material properties for the structure in Fig. 10.

Material Area
[mm � mm]

Thickness
[mm]

k
[W/m K]

Cv
[ � 106 J/m3 K]

SiC chip 2 � 1 100 370 2.1
TIM-1 2 � 1 20 30 1
Cu spreader 6 � 4 500 380 3.47
TIM-2 6 � 4 75 3 1
Al baseplate 6 � 4 1250 200 2.4
void A (still air)

(right half of interface)
1 � 1 0.1 0.025 negligible

void B (still air)
(centered in interface)

2 � 1 10 0.025 negligible
inside the source, and
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(41)

outside the source, in which fmin ¼ arccosðR=rÞ. We note that in
both cases we have normalised the impedance scale to the steady
state resistance in the source center, being Rth ¼ 1=pkR, while
u0 ¼ 2k=CvR2 is a characteristic angular frequency. The transfer
impedance was evaluated over a wide frequency range, for various
r=R ratios. Heating curves can then be finally derived, using either
inverse Fourier transform or the proposed transformation method.
The results are shown in Fig. 15, using t0 ¼ u0

�1 as a characteristic
time. The techniques produce very similar transients, illustrating
that the proposed method is also valid for transfer impedances. It is
clearly visible that as we move further away from the heat source,
the temperature field is attenuated and initial transients are
delayed, as expected.

4.4. Impulse response and related transients

So far, we have studied the thermal step response. The impulse
response can also be of interest for dynamic characterisation. It is
well known that both responses are related by:

hðtÞ ¼ daðtÞ
dt

(42)

Note that the transfer function of a system is nothing else than
its transformed impulse response and vice versa, hence h(t) ¼ IFT
[Zth(ju)]. The differentiation in (42) can be performed by filtering
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Fig. 12. Integrated power amplifier mounted on a heat sink and placed in a wind
tunnel: (a) front view; (b) top view.

Fig. 14. Circular heat source on a homogeneous semi-infinite medium (top view).
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the Fourier transform in the frequency domain, namely by multi-
plication by ju. Unfortunately, this property no longer holds in the
proposed transformation:

jjuZthðjuÞju/1
t
¼ 1

t
jZthðj=tÞj ¼

a*ðtÞ
t

s
da*ðtÞ
dt

(43)

Avoiding derivatives is useful when dealing with sparse data,
but apparently this cannot be achieved here. The operator can still
be transferred to the frequency domain, if desired:

h*ðtÞ ¼ da*ðtÞ
dt

¼ djZthðj=tÞj
dt

¼ djZthðjuÞj
du

$
du
dt

���
u41

t

¼ �u2djZthðjuÞj
du

���
u/1

t

(44)
a

b

Fig. 13. Thermal characterisation of the power amplifier setup shown in Fig. 12: (a)
measured and reconstructed heating curve; (b) Nyquist thermal impedance plot.
In practice, the differentiation of the step response with respect
to the logarithmic time variable, i.e. gðzÞ ¼ daðzÞ=dz, is of great
interest for further processing, because it enables to extract the time
constant spectrum by numerical deconvolution [9]. The function is
obviously related to the regular impulse response by h(z)¼ exp(e z)
g(z). In terms of the proposed transformations, it can be obtained as:

g*ðzÞ ¼ da*ðzÞ
dz

¼ �u
djZthðjuÞj

du

���
u/expð�zÞ

(45)

The question now arises whether (45) resembles the actual
function da=dz. Recalling that dX2=dz ¼ 2XðdX=dzÞ, we obtain
from (33):

gðzÞ ¼ 1
2aðzÞ

d
dz

ZN
�N

du
ZN
N

dvRðuþ zÞRðvþ zÞFðu; vÞ (46)

Likewise, (36) yields:

g*ðzÞ ¼ 1
2a*ðzÞ

d
dz

ZN
�N

du
ZN
N

dvRðuþ zÞRðvþ zÞGðu; vÞ (47)

We already know that a(z) z a*(z) and F(u, v) z G(u, v), within
an acceptable tolerance. As a consequence, g and g* will reasonably
agree if:
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(48)
Fig. 15. Heating curves at the substrate surface for various locations inside and outside
the circular heat source as indicated in Fig. 14.
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in which we used (32) to obtain that du=dz ¼ dv=dz ¼ �1. After
some manipulations we have:

F 0ðu; vÞ ¼ expð�uÞexpð�expð�uÞÞ½1� expð�expð�vÞÞ�
þ expð�vÞexpð�expð�vÞÞ½1� expð�expð�uÞÞ� (49)

and

G0ðu;vÞ¼ 2
½1þexpð2uÞ�½1þexpð2vÞ�

�
expð2uÞ½1þexpðuþvÞ�

1þexpð2uÞ

þexpð2vÞ½1þexpðuþvÞ�
1þexpð2vÞ �expðuþvÞ

�
(50)

The two kernel functions are compared in Fig. 16. Earlier
observations learned that the main transitions of F and G occur
around the boundaries of the third quadrant, leading to peak values
for the derivatives. Elsewhere F0 and G0 vanish quickly, because F
and G tend to either 1 or 0. Absolute errors in the order of 0.15 are
noticed, which amounts to over 25% of the peak values of around
0.55. We can therefore expect that the agreement between g(z) and
g*(z) is less good than for the heating curves themselves.

As an example, we revert to the spherical heat spreading studied
earlier (see Section 3.3.2). Starting point is a high-resolution (100
points per frequency decade) sampled version of the impedance
function (19). Several ways providing the desired da=dz can now be
considered: (i) evaluation of the heating curve through inverse
Fourier transform, as done earlier, followed by differentiation in the
time domain; (ii) inverse Fourier transform of juZth; (iii) direct
approximation by means of (45). In order to validate these three
Fig. 16. Analysis of the integral kernels in the generic
curves, they are compared with the analytical one which is
obtained by differentiation of (20):

gðzÞ ¼ expðzÞ
"

1ffiffiffiffiffiffi
px

p � expðxÞ erfc
� ffiffiffi

x
p #

x/expðzÞ
(51)

The results are shown in Fig. 17. Differentiation of the heating
curve, obtained using inverse Fourier transform, does not provide
fully satisfactory results. The initial part corresponds very well with
the analytical result but the signal becomes increasingly noisy and
oscillating for positive z. Minor artefacts are also visible around
z¼ e 9. These observations further increase the concerns about the
use of Fourier transforms: even when the obtained heating curve
appears smooth, it may render further processing difficult. The
direct inversion of the impedance function turned out to be even
muchworse as awildly fluctuating signal is obtained. The proposed
method (45), on the other hand, does not suffer from such anom-
alies, and produces a smooth curve that agrees very well with the
actual one. The relative and absolute deviation from the analytical
result stay below 15% and 0.008 respectively over the considered z
range.
4.5. Applications in the electrical and other domains

The only major assumption made thus far is that the step
response under study can be characterised by an either discrete or
continuous spectrum of relaxation time constants. Our method is
therefore not strictly limited to heat transfer problems, but could
also be applied to transient analysis of dielectric relaxation, RC
blueprint for gðzÞ ¼ da=dz and g*ðzÞ ¼ da*=dz.



Fig. 17. Comparison of various techniques for evaluation of da=dz (illustrated for
spherical heat spreading).
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filters and on-chip interconnects. Time constants associated with
electrochemical reactions at the electrodes of solid state fuel cells
have also been studied by means of electrochemical impedance
analyses [20]. One should keep in mind however that from an
electrical point of view the technique provides the response to
a current step, while in this domain a voltage step may be more
common or appropriate. In addition, any presence of inductive
elements is problematic. Analysis of a single RLC stage has shown
that for weak resonances (very low Q factor) the method is able to
reproduce the overshoot of the transient. The multiple oscillations
typical for moderate and high Q factors, however, are not visible in
the impedance magnitude and consequently not reproduced,
leading to an overall poor approximation of the transient. We
remind that in the case of (R)LC transmission lines, as commonly
encountered in telecommunication applications, other authors
have developed dedicated approximative methods to bypass or
facilitate inverse Fourier transforms [13,14].

4.6. Limitations

As mentioned and demonstrated earlier, our method to extract
an approximated heating curve from frequency domain data is
particularly useful when one only has sparse data available. If,
however, further advanced processing of the obtained transients is
desirable, e.g. to extract the spectrum of thermal time constants or
structure functions through network identification by deconvolu-
tion (NID) methods [9], high resolution input is required (either in
the time or frequency domain). Regular IFT techniques or direct
transient characterisation become competitive and even preferable
again, given the accumulated errors which would arise from our
approximation. For all other cases, i.e. where to obtain the heating
curve is the goal itself without need for further processing, the
method can be expected to have a broad validity and practical use.
The reason is that, provided one defines the impedance function
properly, any given linear thermal system fulfills the generic
‘blueprints’ (8) and (9). Finally, limitations related to applications
outside of the thermal domain have been discussed in the previous
section.
5. Conclusions

We have proposed a new method that enables approximate
reconstruction of heating curves from the impedance function
Zth(ju) without the need of inverse Fourier transforms. Such
a technique is highly functional when dealing with low-resolution
frequency domain data. The transformation simply consists of
plotting jZth(ju)j versus 1/u as time scale. The fact that only the
magnitude is required is an additional benefit, since accurate phase
information can be difficult to obtain experimentally. A variety of
mathematical analyses and practical case studies demonstrated the
validity of the method. Errors typically range in the order of 10%.
Finally, an extension was provided to evaluate the impulse
response and related transients.

Acknowledgements

At the time of research, B. Vermeerschwasworking as a Research
Assistant for the Research Foundation e Flanders (FWO e

Vlaanderen). He wishes to thank FWO for sponsoring the work
presented in this paper.

References

[1] P. Hui, A transmission-line theory for heat conduction in multilayer thin films.
IEEE Trans. Compon. Packag. Manuf. Technol. B 17 (3) (1994) 426e433.

[2] L. Godinho, A. Tadeu, N. Simoes, Study of transient heat conduction in 2.5D
domains using the boundary element method. Eng. Anal. Bound. Elem. 28
(2004) 593e606.

[3] B. Vermeersch, G. De Mey, BEM calculation of the complex thermal impedance
of microelectronic devices. Eng. Anal. Bound. Elem. 31 (4) (2007) 289e298.

[4] J. Altet, W. Claeys, S. Dilhaire, A. Rubio, Dynamic surface temperature
measurements in ICs. Proc. IEEE 94 (8) (2006) 1519e1533.

[5] B. Vermeersch, J. Christofferson, K. Maize, A. Shakouri, G. De Mey, Time and
frequency domain CCD-based thermoreflectance techniques for high-
resolution transient thermal imaging, in: Proc. IEEE 26th annual SEMI-
THERM Symposium, 2010, pp. 228e234.

[6] M. Farzaneh, K. Maize, D. Luerssen, J.A. Summers, P.M. Mayer, P.E. Raad, K.
P. Pipe, A. Shakouri, R.J. Ram, J.A. Hudgings, CCD-based thermoreflectance
microscopy: principles and applications. J. Phys. D: Appl. Phys. 42 (2009) Art.
No. 143001 20pp.

[7] V. Székely, On the representation of infinite-length distributed RC one-ports.
IEEE Trans. Circuits Syst. 38 (7) (1991) 711e719.

[8] V. Székely, Thermal monitoring of microelectronic structures. Microelectron. J.
25 (1994) 157e170.

[9] V. Székely, Identification of RC networks by deconvolution: chances and limits.
IEEE Trans. Circuits Syst. Fundam. Theory Appl. 45 (3) (1998) 244e258.

[10] A. Morched, Inverse Fourier transform for transient calculations, in: Proc. IEEE
Power Engineering Society General Meeting, 2004, pp. 1140e1142.

[11] J.M. Battisson, S.J. Day, N. Mullineux, K.C. Parton, J.R. Reed, Calculation of
switching phenomena in power systems. Proc. IEEE 114 (4) (1967) 478e486.

[12] A.S. Krylov, A.V. Liakishev, Numerical projection method for inverse Fourier
transform and its application. Numer. Funct. Anal. Optim. 21 (1) (2000)
205e216.

[13] F. Rachidi, C.A. Nucci, M. Ianoz, Transient analysis of multiconductor lines
above a lossy ground. IEEE Trans. Power Deliv. 14 (1) (1999) 294e302.

[14] H. Shi, A closed-form approach to the inverse Fourier transform and its
applications. IEEE Trans. Electromagn. Compat. 50 (3) (2008) 669e677.

[15] P. Kawka, G. De Mey, B. Vermeersch, Thermal characterization of electronic
packages using the Nyquist plot of the thermal impedance. IEEE Trans.
Compon. Packag. Technol. 30 (4) (2007) 660e665.

[16] K. Cole, R. Cole, Dispersion and absorption in dielectrics: i alternating current
characteristics. J. Chem. Phys. 9 (1949) 341e351.

[17] A. Jonscher, Dielectric relaxation in solids. J. Phys. D: Appl. Phys. 32 (1999)
R57eR70.

[18] R. Fuoss, J. Kirkwood, Electrical properties of solids: dipole moments in
polyvinyl chloride diphenyl systems. J. Am. Chem. Soc. 63 (1941) 385e394.

[19] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions. Dover
Publications, New York, 1972.

[20] H. Schichlein, A.C. Muller, M. Voigts, A. Krugel, E. Ivers-Triffé, Deconvolution of
electrochemical impedance spectra for the identification of electrode reaction
mechanisms in solid oxide fuel cells. J. Appl. Electrochem. 32 (2002) 875e882.


	A shortcut to inverse Fourier transforms: Approximate reconstruction of transient heating curves from sparse frequency domain data
	Introduction
	Core principle
	Mathematical validation
	General considerations concerning Zth(jomega) and a(t)
	Two discrete time constants
	Fuoss-Kirkwood time constant distribution
	General case
	Special case: gamma = 1/2

	1-D heat flow in homogeneous medium
	Isothermal boundary condition (shorted RC line)
	Adiabatic boundary condition (open RC line)

	Generic proof

	Applications
	BEM simulation of SiC diode
	Experimental measurement on power amplifier
	Transfer impedances
	Impulse response and related transients
	Applications in the electrical and other domains
	Limitations

	Conclusions
	Acknowledgements
	References


