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Transient Energy and Heat
Transport in Metals: Effect of the
Discrete Character of the Lattice
A recently developed Shastry’s formalism for energy transport is used to analyze the
temporal and spatial behaviors of the electron energy and heat transport in metals under
delta function excitation at the surface. Comparison with Cattaneo’s model is performed.
Both models show the transition between nonthermal (ballistic) and thermal (ballistic-
diffusive) regimes. Furthermore, because the new model considers the discrete character
of the lattice, it highlights some new phenomena, such as damped oscillations, in the
energy transport both in time and in space. The energy relaxation of the conduction band
electrons in metals is considered to be governed by the electron-phonon scattering, and
the scattering time is taken to be averaged over the Fermi surface. Using the new
formalism, one can quantify the transfer from nonthermal modes to thermal ones as
energy propagates in the material and it is transformed into heat. While the thermal
contribution shows a wave-front and an almost exponentially decaying behavior with
time, the nonthermal part shows a wave-front and a damped oscillating behavior. Two
superimposed oscillations are identified, a fast oscillation that is attributed to the non-
thermal nature of energy transport at very short time scales and a slow oscillation that
describes the nature of the transition from the nonthermal regime to the thermal regime
of energy transport. �DOI: 10.1115/1.4003577�

Keywords: energy transport, Bloch oscillations, electron dynamics, nonequilibrium,
thermalization
Introduction
Starting 1980 and triggered by the development of high power

aser sources, tremendous efforts both theoretically and experi-
entally have been made to address the question of energy and

eat transport mechanisms at short time and length scales. A phe-
omenon that has become crucial to be understood, especially
uring short-pulse laser heating of solid material in order to better
ontrol the increasing number of applications in which these
hort-pulse laser sources are used for. From a microscopic point of
iew, energy deposits into and propagates through a material in
ifferent ways, depending on the excitation, the structure of the
aterial, and the nature of the energy carriers. At short time and

ength scales, Fourier’s law becomes invalid and many non-
ourier heat conduction models both local and nonlocal have been
eveloped to overcome problems associated with the Fourier’s
odel �e.g., infinite speed of propagation of heat� �1–6�. As a
atter of fact, nonlocal effects may become very important at

ery short length scale �5,6�. Besides, the distinction between dif-
usive and nondiffusive �ballistic� regimes of energy transport be-
omes very relevant at these short time and length scales �7–13�.
ne of the remarkable experimental evidence of ballistic energy

ransport at small length scales has recently been reported �13�.
Shastry has recently developed a new formalism based on lin-

ar theory to describe coupled charge and energy transport in sol-
ds �14�. The formalism is general and gives a set of equations for
he electrothermal transport coefficients in the frequency-wave
ector domain. One of the most important results of this formal-
sm is the introduction of new response functions describing the
hange in energy density, charge density, and charge and heat
urrents arising from the input excitation �coefficients M1, M2, N1,
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and N2, as defined in Ref. �14��. Among these response functions,
the most interesting one is N2, which gives a measure of the
change in the energy density and hence the temperature at various
points in the system in response to the applied excitation at the top
free surface of the system, and, as such, represents the energy
�heat� Green’s function of the system.

In previous works �15,16�, we have analyzed the transient en-
ergy and heat transport at the top free surface of a metal occurring
after application of a delta function heating in the frame work of
the above mentioned Shastry’s formalism. We distinguished be-
tween a ballistic and a diffusive contribution to the total electron
energy density. The decomposition we made is based on the
physical picture of ultrafast electron dynamics in the momentum
space, where highly energetic electrons are accelerated ballisti-
cally and undergo reflections on the boundaries of the first Bril-
louin zone �FBZ�, as we shall review later in the discussion sec-
tion. The motivation behind the current paper is to extend this
work and give a more complete description of the electron dynam-
ics in terms of their energy density variations as a function of both
time and space coordinates. When looking at the physical picture
from the real space point of view, it is more appropriate to speak
of nonthermal and thermal contributions to the energy density
rather than ballistic and diffusive contributions, respectively. We
will see that in the nonthermal regime, energy oscillates and one
should not really assign a temperature to it. On the other hand, in
the thermal regime, heat propagates first ballistically, then diffu-
sively. As we have done earlier �15,16�, a detailed comparison
with Cattaneo’s local model �17� is presented both in time and
space domains. A short discussion of the frequency dependence of
the electron energy and heat transport at the top free surface of the
metal is also presented in the frame work of both models.

This paper is organized as follows. In the first section, we
present the theory of energy transport due to a pulsed perturbation
at the top free surface of a metal by pointing out the similarities
and differences between Shastry’s and Cattaneo’s models. In the

second section, the calculation results will be presented by first
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Downlo
nalyzing the transient electron energy transport at the top free
urface of the metal in both time and frequency domains. Then,
e will extend the analysis and describe the evolution of the elec-

ron energy density as the observation point is moved through the
edium far away from the excitation location at the surface.

Theory

2.1 Shastry’s Model. In order to have a consistent frame of
nalysis, we follow the same procedure of calculation as the one
reviously performed in recent papers �15,16�, and the starting
oint of our analysis will be the Shastry–Green function N2

S in the
ecoupled limit for metals. According to Shastry’s work �14�, the
oupling factor � between charge and energy modes can be ex-
ressed using the high frequency value of the thermoelectric
gure-of-merit Z�T

� =
Z�T

1 + Z�T
�1�

Here, Z� is the high frequency limit of the Seebeck coefficient
quare times the electrical conductivity divided by the thermal
onductivity. It is well known, however, that metals are very poor
hermoelectric materials with a very low ZT �18�. The decoupled
imit is thus justified. By turning off the coupling between the
harge and energy modes ��=0�, N2

S can be expressed as

N2
S��,q� =

− i + �q�

� + i�q�2 − iDeq
2 �2�

We should note here that Eq. �2� is given for an arbitrary ap-
lied power excitation function P�t� at the top free surface of a
etal once it is described as a function of its Fourier components

14�. � is the angular frequency, q is the electron wave vector, De
s the electronic thermal diffusivity, and �q is the total electron
cattering time, which, in general, is a function of q. Remarkably,
n the case of a q-independent �q, the form of N2

S in the frequency-
ave vector domain, resembles the expression of the electron en-

rgy density change in the metal, one would have derived using
he hyperbolic local model of Cattaneo in the case of a delta
ower excitation applied to its top free surface. We will get back
o this analogy with Cattaneo’s model more in detail in Sec. 2.2.

In what follows, we consider a one dimensional energy trans-
ort problem, in which case we assume the top metal free surface
eing excited by an input perturbation pulse such as a laser pulse
f power P�t�. The one dimensional approximation is reasonable
t short time scales, considering the ratio of the size of the laser
ulse spot ��10 �m� to the diffusion length in few picoseconds.
he delta function excitation is valid since the optical penetration
epth is small. The latter quantity depends on the wavelength of
he laser but it is less than 10 nm over a large range of wave-
engths for most metals �19�. The optical penetration depth is on
he order of 1 nm if very short wavelengths are used �e.g., ultra-
iolet �UV� with a frequency lower than the Plasmon frequency of
he corresponding metal to avoid any resonance phenomenon�
19�. This is very useful since it justifies the assumption for sur-
ace excitation. Figure 1 shows a schematic of the metal under

ig. 1 Schematic diagram of the metal being excited by a laser
elta pulse at its free top surface „x=0…
xcitation, where we assume a laser pulse to excite the top free
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surface �x=0�.
After excitation of the top metal free surface with an input

power P�t�, the change in the electron energy density propagation

in the material in the frequency-wave vector domain �K˜

S�� ,q�
can be expressed as �14–16�

�K˜

S��,q� = N2
S��,q� � P̄��� �3�

where P̄��� is the Fourier transform of P�t� in the frequency
domain. The change in the energy density at any point of the
metal as function of time is obtained by a double inverse Fourier
transform with respect to � and q

�KS�t,x� =
1

�2��2�
−�/a

�/a ��
−	

+	

N2
S��,q�P̄���ei�td��eiqxdq �4�

The integration over q is taken over the FBZ in the one dimen-
sional case, where a refers to the lattice constant of the metal. The
power source P�t� can be of any form but we will limit our study
to the ideal case of a Dirac delta function P�t�= P0���t� in order
to capture the intrinsic evolution of the electron energy density
�K�t ,x� as a function of time at different locations of the metal,
i.e., the time-space behavior of the energy density Green’s
function.

The integral within the square brackets in Eq. �4� can be ana-
lytically calculated using the residue theorem. The integrand of
this integral has two single poles that lie in the upper complex half
plane. These poles are given by

�
 = i
1 
 	1 − 4De�qq2

2�q
�5�

A straightforward calculation of the residues at these two single
poles leads to

�
−	

+	

N2
S��,q�ei�td� = 2�e−t/2�q
ch�Rqt

2�q
� +

sh�Rqt

2�q
�

Rq


= 2�N2
S�t,q�

with Rq = 	1 − 4De�qq2 �6�
Based on this complex analysis calculation, we can demonstrate

also that N2
S is a causal function �N2

S�t�0,q�=0∀q�.
Equation �4� can then be re-expressed as

�KS�t,x� =
P0

2�
�

−�/a

�/a

e−t/2�q
ch�Rqt

2�q
� +

sh�Rqt

2�q
�

Rq
eiqxdq �7�

Up to now, the equations are completely general regardless the
dependence of the scattering time �q on the wave vector. Electron
energy relaxation in the conduction band of metals is governed by
the electron-phonon scattering processes �20�. The electron-
electron scattering processes are generally faster but they do not
change the total energy of the electron gas. In most metals, the
transport of energy by phonons themselves can be neglected. Us-
ing the fact that electrons and phonons in a metal can be charac-
terized by different temperatures when their respective distribu-
tions reach a quasi-equilibrium state, it has been shown that
scattering of electrons by phonons can be either elastic or inelas-
tic, and the scattering time is inversely proportional to the lattice
temperature �21–23�. In what follows, we consider the case of a
constant scattering time �q=�F, which we consider to be the av-
erage scattering time of electrons over the Fermi surface of the
metal. Equation �7� can be split into two parts, depending on the

sign of the argument of Rq. We can write it down as
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KS�t,x� = �KS
��t,x� + �KS

��t,x�

KS
��t,x� =

P0

�
e−t/2�F�

0

q0 
ch� Rqt

2�F
� +

sh� Rqt

2�F
�

Rq
cos�qx�dq �8a�

KS
��t,x� =

P0

�
e−t/2�F�

q0

qm 
cos� Rqt

2�F
� +

sin� Rqt

2�F
�

Rq
cos�qx�dq �8b�

m =
�

a
, q0 =

1

2	De�F

=
1

2U�F
and Rq = 	4De�Fq2 − 1

Equation �8� was simplified using the fact that N2
S�t ,q� is an

ven function of q, only the integral of the real part remains while
he integral of the imaginary part vanishes. U=	De /�F represents
he propagation speed of the energy pulse. We should note here
hat this decomposition of the integral in Eq. �7� is allowed be-
ause both of the integrals in Eq. �8� are finite integrals and that
here is no singularity of the integrand at the separation wave
ector q0. Indeed, it is very easy to show that

lim
q→q0

−

ch� Rqt

2�F
� +

sh� Rqt

2�F
�

Rq
cos�qx� = lim

q→q0
+

cos� Rqt

2�F
�

+

sin� Rqt

2�F
�

Rq
cos�qx� = �1 +

t

2�F
�cos� x

2U�F
�,

∀ t  0 and ∀ x �9�
The first part in Eq. �8� describes the diffusive-hyperbolic con-

ribution; it is exponentially decaying as function of time and it
as the energy front propagation, as we shall see later. One could
ssign a “temperature” to this part of the energy propagation and,
s such, this part constitutes the thermal contribution to the energy
ensity. On the other hand, the second part describes the nonther-
al behavior. It is interesting to note the damped oscillating char-

cter of the integrand in Eq. �8b�, which can be seen after inte-
ration over q. Since the energy propagation will oscillate
moving back and forth�, it does not make sense to assign a tem-
erature to this aspect of energy transport.

When dealing with energy and heat transfer problems, it is pref-
rable to write down the representative equations using nondimen-
ional variables. Let us put �= t /�F and y=x /U�F as the nondi-
ensional time and space coordinates, respectively. Equation �8�

an then be rewritten as

KS��,y� = �KS
���,y� + �KS

���,y�

KS
���,y� =

P0

�U�F
e−�/2�

0

1/2 
ch�RQ
�

2
� +

sh�RQ
�

2
�

RQ
cos�Qy�dQ

�10a�

KS
���,y� =

P0

�U�F
e−�/2�

1/2

Qm 
cos�RQ
�

2
�

+

sin�RQ
�

2
�

RQ
cos�Qy�dQ �10b�

2

m = U�Fqm and RQ = 	1 − 4Q = iRQ
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In Sec. 2.2, we will show that a similar decomposition in the
time-space domain can be performed using the hyperbolic model
of Cattaneo.

2.2 Cattaneo’s Model. Cattaneo’s model is one of the sim-
plest, most powerful, and widely used non-Fourier local models
that have been developed to overcome the shortcoming or paradox
of an infinite propagation speed of thermal signals, which is a
characteristic of Fourier’s parabolic diffusion equation. Cattaneo’s
model provides a very good approximation to many heat transport
problems at short time and length scales �1�. Its application to
very short distances is, however, questionable since it does not
contain nonlocal effects. The latter effects become very important
at these short length scales �5,6�.

According to Fourier’s model, the energy density Green’s func-
tion using nondimensional variables � and y is given by

�KF��,y� =
P0

2U�F
	��

e−y2/4� �11�

As we shall see below, the resulting energy equation based on
Cattaneo’s model is hyperbolic and is often used to study the
temperature and heat flux fields in metallic and dielectric materi-
als with submicrometer thickness as well as in tightly packed
microelectronic devices with imposed boundary conditions �24�.

Our starting point here is the one dimensional Cattaneo’s equa-
tion applied to electrons in the conduction band of a metal. This
equation relates the heat flux rate of electrons to their temperature
gradient and is given by �16,17�

�F

��e

�t
+ �e = − �e�Te�

�Te

�x
�12�

where �e represents the thermal conductivity of the electrons. To
this equation, we add the energy conservation equation for a
metal, which is given by

���KC�
�t

+
��e

�x
= P�t,x� �13�

where P�t ,x� represents the input power applied to the top free
surface of the metal. On the other hand, the energy density of
electrons is related to their temperature via the equation �20,22�

�KC�t,x� =
1

2
Ce�Te�Te�t,x� �14�

where Ce is the temperature dependent specific heat per unit vol-
ume of the electronic system. Ce�Te�= ��2 /3�kB

2g��F�Te=�Te,
where g��F� is the electronic density of states at the Fermi energy
�F. For gold, the linearity coefficient is given by �
=66 J /m3 /K2 �11�.

Combination of Eqs. �12�–�14� allows us to write the energy
density equation as

�F

�2��KC�
�t2 +

���KC�
�t

− De

�2��KC�
�x2 = �F

�P

�t
+ P �15�

As we have done in Shastry’s model, we assume the metal to be
excited at its top free surface by a laser delta pulse of power
P�t ,x�= P0���t ,x�.

The solution of the hyperbolic Eq. �15� either for an infinite or
semi-infinite domain has been extensively investigated using dif-
ferent methods �see, for example, Refs. �24–27��. In this particular
case of time and space Dirac delta excitation, we can easily dem-
onstrate that the solution for a semi-infinite bounded body is just a
factor of 2 times the solution for an infinite unbounded body. This
can be derived using the symmetry property of the energy density
with respect to x. Although our case study lies within the configu-
ration of a semi-infinite domain, we continue to use the solution of
an infinite body throughout the whole paper, which simplifies the

analysis. As mentioned in Ref. �24�, when P�t ,x�= P0���t ,x� is
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iewed as a volumetric heat source, one can consider the x=0
urface to be insulated. The solution of Eq. �15� can be written
sing nondimensional variables � and y as

�KC��,y� =
P0

2U�F
e−�/2�I0����,y����� − �y�� +

1

2
�I0����,y��

+
�

2���,y�
I1����,y���H�� − �y��� with

���,y� =
1

2
	�2 − y2 �16�

here I0, I1, and H are the zero order and first order modified
essel functions of the first kind, and Heaviside function, respec-

ively. This solution is characterized by two main terms. The pres-
nce of the Dirac delta function in the first term is a reproduction
f the initial pulse source damped by the exponential factor and
ropagating with speed U. The second term, which includes the
eaviside function, corresponds to the wake, which is a manifes-

ation of the causality requirement so that a perturbation front
ropagates with a speed U while the positions beyond the front
y��� are unaltered by the action of the energy pulse �25,26�. For
ufficiently long times ���y�, it is this term that yields the usual
iffusion solution in Eq. �11�, as we shall see later in the discus-
ion section.

We can obtain the same solution in Eq. �16� by proceeding in a
imilar way as in Shastry’s model by first transforming the whole
nergy Eq. �15� using a double nonunitary Fourier transform with
espect to time and space. In fact, by doing so, Eq. �15� becomes

�− �F�2 + i� + Deq
2��K˜

C = �1 + i�F��P0 �17�

rom which we can easily extract the expression of the energy
ensity in the frequency-wave vector domain

�K˜

C��,q� =
1 + i�F�

− �F�2 + i� + Deq
2 P0 =

− i + �F�

� + i�F�2 − iDeq
2 P0

�18�
It is very interesting to note the resemblance between Eqs. �2�

nd �18�. Both Shastry and Cattaneo models give similar expres-

ions to the ratio �K˜�� ,q� / P0.
The change in the electron energy density Green’s function at

ny point of the metal as function of time is obtained by a double

nverse Fourier transform of �K˜

C�� ,q� with respect to � and q,
he difference with respect to Shastry’s model is that q can vary
etween −	 and +	

�KC�t,x� =
P0

2�
e−t/2�F�

−	

+	 
ch� Rqt

2�F
� +

sh� Rqt

2�F
�

Rq
eiqxdq �19�

This equation can also be written in another form by noting the
elation between the two terms of the integrand

�KC�t,x� =
P0

2�
e−t/2�F��

−	

+	 sh� Rqt

2�F
�

Rq
eiqxdq

+ 2�F

�

�t
�
−	

+	 sh� Rqt

2�F
�

Rq
eiqxdq� �20�
Using complex analysis �25�, we can easily show that
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�
−	

+	 sh� Rqt

2�F
�

Rq
eiqxdq =

�

2U�F
I0�1

2
	� t

�F
�2

− � x

U�F
�2�H�Ut

− �x�� �21�

Introducing Eq. �21� into Eq. �20� will result after simplification
in

�KC�t,x� =
P0

2U�F
e−t/2�F�U�FI0���t,x����Ut − �x�� +

1

2
�I0���t,x��

+
t/�F

2��t,x�
I1���t,x���H�Ut − �x���

with ��t,x� =
1

2
	� t

�F
�2

− � x

U�F
�2

�22�

This is exactly the classical solution in Eq. �16� by replacing
dimensional variables t and x by nondimensional ones � and y.

We have thus derived similar expressions for the ratio

�K�� ,q� / P0 from both Shastry and Cattaneo models, which
means we can perform the same time-space decomposition of the
electronic energy density in a metal using Cattaneo’s model. The
causality requirement, which is described mathematically using
Heaviside function H in Eq. �21�, is a direct consequence of ap-
plication of Jordan’s lemma in complex analysis for the case of
Cattaneo’s model. Based on this, we can write the left hand side of
Eq. �21� as

�
−	

+	 sh� Rqt

2�F
�

Rq
eiqxdq =�

−	

+	 sh� Rqt

2�F
�

Rq
eiqxdq � H�Ut − �x��

= 2
�
0

q0
sh� Rqt

2�F
�

Rq
cos�qx�dq

+�
q0

+	 sh� Rqt

2�F
�

Rq
cos�qx�dqH�Ut − �x��

�23�
To write the second line in Eq. �23�, we used the fact that the

integrand is an even function of q. By using the decomposition in
Eq. �23� with nondimensional variables � and y, and arranging the
terms, Eq. �20� can be split and expressed as

�KC��,y� = �KC
���,y� + �KC

���,y�

�KC
���,y� =

P0

�U�F
e−�/2�2��� − �y���

0

1/2 sh�RQ
�

2
�

RQ
cos�Qy�dQ + H��

− �y���1/2 
ch�RQ
�

2
� +

sh�RQ
�

2
�

RQ
cos�Qy�dQ� �24a�
0
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KC
���,y� =

P0

�U�F
e−�/2�2��� − �y���

1/2

+	 sin�RQ
�

2
�

RQ

cos�Qy�dQ

+ H�� − �y���
1/2

+	 
cos�RQ
�

2
� +

sin�RQ
�

2
�

RQ
cos�Qy�dQ�

�24b�

Q = 	1 − 4Q2 = iRQ

We can see that by following this procedure, the electron en-
rgy density Green’s function in the frame work of Cattaneo’s
odel is expressed as the sum of two contributions, the ballistic-

iffusive �thermal� contribution �KC
��� ,y� and the oscillatory

nonthermal� contribution �KC
��� ,y�.

In analyzing Shastry’s model, we have not taken into consider-
tion any causality requirement since it does not appear automati-
ally in the mathematical procedure. This is in contrary to Catta-
eo’s model, as mentioned above. Not having the causality
equirement will produce anomalies in the behavior of the energy
ensity in the time-space domain. In order to overcome these
nomalies, one can look at Shastry’s model from another angle.
ecause of the finite wave vector bounds in Shastry’s model, we
an mathematically analyze this model differently by writing

�KS�t,x� =
P0

2�
�

−qm

qm

N2
S�t,q�eiqxdq =

P0

2�
�

−	

	

rectqm
�q�N2

S�t,q�eiqxdq

=
1

2�
�

−	

	

rectqm
�q�eiqxdq � �KC�t,x� �25�

here rectqm
�q�=H�q+qm�−H�q−qm� is the rectangular function

28� whose inverse Fourier transverse is the kernel function
m /� sin c�qmx� with sin c�x�=sin�x� /x being the sinc function
28�. The inconvenience of following this procedure in the analy-
is is the difficulty to separate the effect of the cut-off in the wave
ector domain on the behavior of the energy density Green’s func-
ion for electrons in the metal. However, it constitutes a robust
rgument to add the causality requirement to Shastry’s model to
eet physical requirements, even though this is not mathemati-

ally rigorous. On the basis of this idea, the expressions of both
he ballistic-diffusive �thermal� and oscillatory �nonthermal� con-
ributions in Shastry’s model, as given by Eq. �10a� and �10b�,
ave to be multiplied by H��−y�, respectively, in the reminder of
ur discussion.

We close this section on the theory of both formalisms, by
iscussing the frequency dependence of the electron energy den-
ity Green’s function at the top free surface of the metal.

Using the same expression of the separation wave vector q0, the
ime decomposition can be translated to decomposition in the fre-
uency domain. For both Shastry and Cattaneo models, the
reen’s function N2

S is directly integrated in the wave vector do-
ain.

�KS,C��,0� = �KS,C
� ��,0� + �KS,C

� ��,0�

�KS,C
� ��,0� =

P0

�
�

0

q0

N2
S��,q�dq �a� �26a�

�KS
���,0� =

P0

�
�

q0

qm

N2
S��,q�dq �b� �26b�

�KC
���,0� =

P0

�
�

q

	

N2
S��,q�dq �c� �26c�
0
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The thermal and nonthermal contributions to the total electron
energy density Green’s function variation at the top free surface of
a metal are given in the frequency domain by the following ex-
pressions for both Shastry �Eq. �27�� and Cattaneo �Eq. �28�� mod-
els:

�KS
���,0� =

P0

�
	1 + i�F�

iDe�
Atan� 1

2	i�F� − �F
2�2� �27a�

�KS
���,0� =

P0

�
	1 + i�F�

iDe�
�Atan��

a
	 De

i� − �F�2�
− Atan� 1

2	i�F� − �F
2�2�� �27b�

�KC
���,0� =

P0

�
	1 + i�F�

iDe�
Atan� 1

2	i�F� − �F
2�2� �28a�

�KC
���,0� =

P0

�
	1 + i�F�

iDe�
��

2
− Atan� 1

2	i�F� − �F
2�2��

�28b�

In these equations, �a� and �b� describe the thermal �ballistic-
diffusive� and nonthermal �ballistic� contributions, respectively.
We can see that the difference between Shastry and Cattaneo mod-
els appears only in the first term of the nonthermal contribution.
While this term is a constant equals � /2 in Cattaneo’s model, it
depends, on the other hand, on frequency in Shastry’s model. The
total electron energy density Green’s function in the frequency
domain at the top free surface of a metal can be deduced straight-
forwardly and is given by

�KS��,0� =
P0

�
	1 + i�F�

iDe�
A tan��

a
	 De

i� − �F�2� �29a�

�KC��,0� =
P0

2
	1 + i�F�

iDe�
�29b�

One can easily check that Eqs. �27a�, �28a�, �29a�, and �29b�
tend to a Fourier type equation at low frequencies

�KS
��� → 0,0� = �KC

��� → 0,0� =
P0

2
	 1

iDe�
= �KF��,0�

�30�

3 Results and Discussion
We start our discussion section by first analyzing both time and

frequency behaviors of the change in the electron energy density
Green’s function at the top free surface of the metal, then we will
expand the analysis to look for the behavior at different locations,
y in the direction of the energy transport through the medium.

At electron temperatures Te smaller than the Fermi temperature
TF, the electron thermal conductivity is given by �e=CevF

2�F /3
�20�, where vF is the Fermi velocity and �F is the scattering time
of electrons averaged over the Fermi surface of the metal. The
thermal diffusivity of the electronic system takes, then, a simple
expression De=�e /Ce=vF

2�F /3 whose temperature dependence is
due to �F. This is under the assumption that vF is temperature
independent.

In Figs. 2�a� and 2�b�, we have plotted the temporal behavior of
the different contributions to the electron energy density Green’s
function in Shastry’s model at the top free surface of two metals,
gold and aluminum, at room temperature T=300 K, as given by
Eq. �8a� and �8b�. More specifically, the vertical axis in Figs. 2�a�
and 2�b� represents the quantity �KS�t ,0� / P0, which has the unit

−1
of the absorption coefficient �m �. The higher this quantity, the
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igher the energy density and hence the temperature at the top free
urface of the metal. The values of the scattering time �F are
stimated based on the values of the electrical resistivity using
rude theory �20�. Table 1 summarizes these values as well as the
alues of the Fermi velocities and lattice constants of gold and
luminum at room temperature �20�.

The left side of the integral, as described by Eq. �8a�, shows a
mooth decaying behavior as a function of time, which is almost
n exponential �Fig. 2�a��. This behavior is characteristic of the
iffusive regime of heat transport by electrons. On the other hand,
he right side of the integral described by Eq. �8b� shows an os-
illating behavior as a function of time �Fig. 2�b��. Two oscilla-
ions can be identified and are damped out exponentially with

Fig. 2 Temporal behavior of the „a… thermal „Eq. „8a…… and
Green’s function in Shastry’s model at the top free surface
shows a zoom of the behavior of the nonthermal contribu
thermal contributions „dashed line…, the sum of the nonther
energy density Green’s function at the top free surface of go
Comparison between the temporal behaviors of the nonthe
function at the top free surface of gold at room temperat
Cattaneo’s model „dashed line in the inset….

able 1 Properties of gold and aluminum used in the calcula-
ions at room temperature †20‡

etal Gold Aluminum

attice constant �Å� 4.08 4.05
cattering time �F �fs� 28 5.2
ermi velocity vF �106 m /s� 1.4 2.03
72401-6 / Vol. 133, JULY 2011
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time. The periods of these oscillations can be estimated using Eq.
�8b� expressed at the top free surface of the metal �x=0� as fol-
lows.

If we consider values of the wave vector q between q0 and qm,
we can, with a very good approximation, neglect 1 in the argu-
ment of Rq, the latter becomes, then, Rq�2q	De�F=2qU�F and
Eq. �8b� can be written as

�KS
��t,0� =

P0

�
e−t/2�F�

q0

qm �cos�qUt� +
sin�qUt�
2qU�F

�dq �31�

This integral can be calculated analytically, the result of which
is given by

�KS
��t,0� =

P0

�
e−t/2�F
 sin�qmUt� − sin� t

2�F
�

Ut

+

Si�qmUt� − Si� t

2�F
�

2U�F
 �32�

where Si represents the sine integral function given by Si�z�
z z

nonthermal „Eq. „8b…… parts of the electron energy density
gold and aluminum at room temperature. The inset in „b…
at long time scale for gold. „c… Comparison between the

l and thermal contributions „solid line… to the total electron
at room temperature, with Fourier’s model „dotted line…. „d…
l contribution to the total electron energy density Green’s

, as calculated based on Shastry’s model „solid line… and
„b…
of

tion
ma
ld

rma
ure
=�0�sin�x� /x�dx=�0sin c�x�dx �28�.
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As we can see in this equation, the result contains two main
eriods or pseudo-periods �F=2� /qmU=2a /U=2	3�a /vF� and

S=4��F, where �F and �S describe the fast and slow oscillation
eriods, respectively. �S can be seen as the damped oscillation of
he envelope.

The fast oscillation period is function only of the lattice con-
tant of the metal and its Fermi velocity; moreover, it is indepen-
ent of the scattering time of the electrons in the conduction band.
or almost all metals, a�4 Å and vF is of the order of 1.4
106 m /s �20�, a simple application shows, then, that the period

f this oscillation is very small �F�1 fs, which makes it the
astest oscillation �Fig. 2�b��. On the other hand, the slow oscilla-
ion period is proportional to the total scattering time of electrons,
hich can be of few tenths of femtoseconds. Furthermore, by

hanging the temperature, only the scattering time is affected; the
cattering time �F increases by decreasing the temperature
20,22,29�. Since the fast oscillation period is independent of �F,
his period is also independent of the temperature �15� while the
low oscillation period increases by decreasing the temperature.

The fast oscillating behavior in the electron energy �heat� trans-
ort that results from Shastry’s formalism is a consequence of the
and cut-off due to the discrete character of the lattice; the oscil-
ations are caused by Bragg reflections of ballistically accelerated
lectrons at the boundaries of the FBZ. Based on the physical
icture in the momentum space �reciprocal space�, these electrons
an make many round-trips within the FBZ bouncing back and
orth on the boundaries, before they damp out due to inelastic
cattering mechanisms inside this zone. This is characteristic of
he nonthermal aspect of the energy density, during which the
istribution of electrons is in a nonequilibrium state. Based on the
hysical picture in the real space, the nonthermal �ballistic� elec-
rons become afterward thermal �ballistic-diffusive�. This is illus-
rated by the difference of the amplitudes of �KS

� / P0 and �KS
� / P0

n Figs. 2�a� and 2�b�. At short time scales, energy is mostly in a
onthermal state; the amplitude of the nonthermal contribution is
igher than the amplitude of the thermal contribution and as the
ime goes by, the nonthermal regime transition to a thermal re-
ime. For higher electron energies �high Fermi velocities�, the
scillation period is shorter and the number of reflections is in-
reased before nonthermal energy transport damps out to a ther-
al regime.
This fast oscillating behavior in the electron energy density
odes can be viewed as the analogous of the Bloch oscillations of

he electronic charge density in the material subject to a uniform
lectric field �30,31�. The period of charge density Bloch oscilla-
ions is inversely proportional to the lattice constant while this
eriod is proportional to the lattice constant for the energy density
odes oscillations, as shown from the expression of the fast os-

illation period �F.
While the fast oscillations are attributed to the nonthermal char-

cter of electron energy transport at short time scales, the slow
scillations, on the other hand, can be interpreted as a manifesta-
ion of the nature of the thermalization process, which means the
ransition between the nonthermal �ballistic� and thermal
ballistic-diffusive� regimes in energy transport by the electronic
ystem in the conduction band of the metal. Two arguments sup-
ort this conclusion: (i) the amplitude of the slow oscillations as
ompared with the amplitude of the fast oscillations and (ii) the
roportionality between the slow oscillation period �S and the
cattering time �F. We should note here that for the value of �F of
old considered here at room temperature ��30 fs�, the value of
he slow period �S is in the range of �300–400 fs�, which corre-
ponds to the range of electron thermalization time observed ex-
erimentally �10,32�. The transition from the nonthermal regime
o the thermal regime in energy transport does not happen sud-
enly but it rather occurs in a damped oscillating manner.

In Fig. 2�c�, we show separately the temporal behavior of the

hermal contribution and the sum of the nonthermal and thermal

ournal of Heat Transfer
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contributions to the total electron energy density Green’s function
at the top free surface of gold at room temperature, as calculated
based on Shastry’s model �Eq. �8a� and �8a�b�, in comparison to
Fourier’s diffusion prediction, which is simply given by
�KF�� ,0�= P0 /2U�F

	��. While the nonthermal contribution
�KS

��� ,0� is the dominant one at short time scales, it becomes
insignificant after about 8�F–10�F. During this time interval, the
thermal contribution �KS

��� ,0� undergoes two different temporal
regimes; for ��1, before any scattering event happens,
�KS

��� ,0� is almost constant, then it starts decaying exponentially
with time up to about ��8, from where it changes the trend and
it starts following a Fourier type energy diffusion law. After that
moment, the total energy is transported diffusively. As it can be
seen in Fig. 2�c�, Shastry and Fourier models converge perfectly
at long time scales.

As we have mentioned above, the closest non-Fourier model to
Shastry’s model with constant scattering time is Cattaneo’s local
model �1,17�. We have shown that both models allow the separa-
tion between the nonthermal and thermal contributions to the total
energy density variation as a function of time and space. Both
models describe the thermal regime using similar expression �Eqs.
�10a� and �24a��. On the other hand, because of the continuous
character of Cattaneo’s model, the upper limit in the integral of
Eq. �24b� is infinity, and the nonthermal regime is expected to
show a different behavior than Shastry’s. As we did before, for
values of the wave vector q between q0 and infinity, we neglect 1
in the argument of Rq and we use the approximating expression
Rq�2qU�F. Using this approximation and dropping off the first
term in Eq. �24b�, the latter equation expressed at the top free
surface of the metal x=0 can be calculated analytically and the
result is given by

�KC
��t,0� =

P0

U
e−t/2�F
��t� +

�

2
− sin c� t

2�F
� − Si� t

2�F
�

2��F


�33�
In this expression, we recognize the slow oscillation term while

the fast oscillation term in Shastry’s model has vanished because
of the continuous character of Cattaneo’s model.

In order to shed more light on the difference between the non-
thermal contributions to the total electron energy density, as de-
scribed by Shastry’s model and Cattaneo’s model, we plot in Fig.
2�d� the results of these two models in the case of gold at room
temperature for comparison. Due to the band cut-off effect in
Shastry’s model, the nonthermal contribution shows exponentially
damped oscillating behaviors as a function of time composed of
two superimposed oscillations: a fast and a slow one. On the other
hand, because of the continuous character of Cattaneo’s model,
the fast oscillating behavior disappears and only remains the slow
oscillations with very small amplitude. The nonthermal contribu-
tion shows almost an exponential decay as a function of time,
much faster than the thermal contribution. As we can see in the
inset of Fig. 2�d�, the nonthermal contribution to the total electron
energy density in Cattaneo’s model becomes almost insignificant
after about 4�F–6�F. This is faster than the time constant decay of
the nonthermal contribution, as calculated by Shastry’s model.

We have mentioned earlier in the theory section that the same
time domain, decomposition can be made in the frequency domain
for both Shastry and Cattaneo models. In Fig. 3, we show the
frequency behaviors of the amplitude and phase of the nonthermal
and thermal contributions to the total electron energy density
Green’s function at the top free surface of gold and aluminum at
room temperature, as calculated based on both models. The be-
havior of the total energy density is also reported for comparison.
In Fig. 4, we show only the result for gold at room temperature, to
which we added Fourier’s law prediction to check the behavior at

the low frequency regime.

JULY 2011, Vol. 133 / 072401-7

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



h
n
m
q
c
p
z
a
a
s
t
r
t
m

e
q

de

0

Downlo
As we can see in both Figs. 3 and 4, the thermal contributions
ave similar behaviors in both models. On the other hand, the
onthermal contributions show different behaviors. In Cattaneo’s
odel, the amplitude and phase are constant up to a certain fre-

uency, where their trends start to change. The amplitude de-
reases and stabilizes at a lower value at high frequencies, and the
hase goes through a minimum and then comes back to the initial
ero value. In Shastry’s model, the nonthermal contribution shows
similar behavior to Cattaneo’s model up to a certain frequency,

fter which, the behavior changes. The amplitude goes through a
harp maximum before it starts decaying at high frequencies, and
he phase does not come back to the initial value but it falls out
apidly to a value of � /2. These interesting additional features in
he frequency behavior of the nonthermal contribution in Shastry’s

odel are a consequence of the discrete character of the lattice.
Also, we have reported in Fig. 4�c� the behavior of the total

lectron energy density Green’s function as a function of fre-
uency, as calculated according to Cattaneo, Shastry, and Fourier

Fig. 3 †„a… and „b…‡ Frequency behavior of the thermal cont
„f…‡ the total electron energy density Green’s function at the
at room temperature in both †„a…, „c…, and „e…‡ Cattaneo’s mo

Fig. 4 Frequency behavior of „a… the thermal contribution, „b
density Green’s function at the top free surface of gold at

Shastry’s model „solid-dashed line…. The dashed line in „c… des

72401-8 / Vol. 133, JULY 2011
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models. We can see the perfect overlapping of the three models in
the low frequency regime both for the amplitude and the phase
while in the high frequency regime, the three models show differ-
ent behaviors.

In a previous work �15�, we presented the effect of temperature
on the time behavior of both the thermal and nonthermal contri-
butions to the electron energy density Green’s function at the top
free surface of a metal, as calculated based on Shastry’s model.
We showed that, by decreasing the temperature, the amplitude of
the thermal contribution decreases and flattens, on the other hand,
the oscillating behavior is still the same and shows the same fea-
tures, especially at short time scales, where the fast oscillation
dominates since the period of this latter oscillation �F is �F inde-
pendent and, as such, temperature independent.

In Fig. 5, we report the temperature effect on the frequency
behaviors of the amplitude and phase of the thermal and nonther-
mal contributions to the total electron energy density Green’s
function at the top free surface of gold, as calculated based on

tion, †„c… and „d…‡ the nonthermal contribution, and †„e… and
free surface of gold „solid line… and aluminum „dashed line…
l and †„b…, „d…, and „f…‡ Shastry’s model

e nonthermal contribution, and „c… the total electron energy
om temperature in both Cattaneo’s model „solid line… and
ribu
top
… th
ro
cribes Fourier’s model.
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oth Cattaneo and Shastry models. Decreasing temperature has a
ystematic and straightforward effect. By decreasing the tempera-
ure, the total scattering time �F increases and the characteristic
eatures in each model shift to the low frequency regime. The
alues of the total scattering time �F are calculated from the mea-
ured values of the electrical resistivity of gold at different tem-
eratures �29� and the Fermi velocity is assumed to be constant.
able 2 summarizes the values of �F at different temperatures.
Let us get back to the time domain. So far, we have made a full

nalysis of the time and frequency behavior of the nonthermal
ballistic� and thermal �ballistic-diffusive� contributions to the to-
al energy density Green’s function of electrons in the conduction
and at the top free surface of a metal, as calculated by both
hastry and Cattaneo models. We pointed out the similarities and
ifferences between these two formalisms. Next we will see how
he characteristic features in the energy transport, as predicted by
hese models, will change as we move the observation location in
he direction of the energy transport through the medium far away
rom the excitation location. We will see that both terms, which
ere called the “thermal” and “nonthermal” components in Sec.
, have actually a distinct wave-front, giving a finite speed of
ropagation to the energy density. As we discussed previously, the
onthermal component was called as such because it has oscilla-

Fig. 5 †„a… and „b…‡ Frequency behavior of the thermal cont
„f…‡ the total electron energy density Green’s function at the
„c…, and „e…‡ Cattaneo’s model and †„b…, „d…, and „f…‡ Shastry

able 2 Properties of gold used in the calculations at different
mbient temperatures †29‡

Temperature T
�K�

Electrical resistivity �
�10−8 � m�

Scattering time �F
�fs�

273 2.04 30
169 0.592�2.04 50
90 0.270�2.04 109
68 0.177�2.04 167
ournal of Heat Transfer
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tions due to the energy density that moves back and forth, and
assigning a temperature to this part of energy does not really make
sense.

We report in Figs. 6�a� and 6�b� the temporal and spatial be-
haviors of the thermal contribution to the total electron energy
density Green’s function at different locations or different times
and the result is compared with the Fourier’s model. As we have
concluded in the theory section, both Shastry and Cattaneo models
predict the same behavior of the thermal contribution to the total
energy density. The thermal contribution exhibits an energy pulse
front shape that propagates with speed U= �De /�F�1/2 and whose
amplitude decreases as one moves through the metal far from the
excitation location. Because of the causality requirement, this con-
tribution vanishes for location y��. The locations beyond the
energy pulse front remain unaltered while at locations before the
front, the behavior of the thermal contribution tends to a Fourier
diffusive type law at long time scales, as we can see in Fig. 6.

In Figs. 7�a�–7�d�, the temporal and spatial behaviors of the
nonthermal contribution to the electron energy density Green’s
function is reported for both Shastry and Cattaneo models. The
nonthermal contribution exhibits a kind of a perturbed or distorted
energy pulse front that propagates with the same speed U, rather
than a smooth pulse front shape. In virtue of the causality require-
ments, the nonthermal contribution vanishes for locations y��.
The locations beyond the distorted energy pulse remain unaltered
while at locations before that, the nonthermal contribution mani-
fests a damped oscillating behavior not only in time domain but
also in space. Indeed, by using the approximation we made earlier
regarding the argument of RQ, meaning RQ�2Q for Q1 /2, we
can show that the nonthermal contribution to the total electron
energy density in Shastry and Cattaneo models can be evaluated
analytically using nondimensional variables � and y. Based on

tion, †„c… and „d…‡ the nonthermal contribution, and †„e… and
free surface of gold at different temperatures in both †„a…,

odel
ribu
top

’s m
Eq. �10b�, this gives for Shastry’s model

JULY 2011, Vol. 133 / 072401-9

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



�

a

F
t
o
S
„

„

C

0

Downlo
KS
���,y� =

P0

�U�F
e−�/2�Qm

2
�sin c�Qm�� + y�� + sin c�Qm�� − y���

−
1

4
�sin c�� + y

2
� + sin c�� − y

2
�� +

1

4
�Si�Qm��

+ y�� + Si�Qm�� − y��� −
1

4
�Si�� + y

2
�

+ Si�� − y

2
���H�� − �y�� �34�

For Cattaneo’s model, dropping off the first term in Eq. �24b�
nd using the approximation on RQ results on

�KC
���,y� =

P0

�U�F
e−�/2��

2
���� + y� + ��� − y��

−
1

4
�sin c�� + y

2
� + sin c�� − y

2
�� +

�

8
�1 + Sgn��

− y�� −
1

4
�Si�� + y

2
� + Si�� − y

2
���H�� − �y��

ig. 6 Comparison between the behaviors of the thermal con-
ribution to the total electron energy density Green’s function
f gold at room temperature, as calculated based on both
hastry and Cattaneo models „solid line… with Fourier’s model

dashed line…, „a… temporal behavior at different locations y and
b… spatial behavior at different times �. C, F, and S refer to
attaneo, Fourier, and Shastry, respectively.
�35�
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where Sgn refers to the sign function Sgn�x�=+1 if x0 and −1 if
x�0 �28�.

Whether in Shastry’s model or Cattaneo’s model, both the tem-
poral and spatial behaviors of the nonthermal contribution to the
total electron energy density are characterized by damped oscilla-
tions with the same periods, fast and slow ones for Shastry’s while
only the slow oscillation remains in the case of Cattaneo’s because
of the continuous character of the latter. Slow oscillations are
characterized by very small amplitude in comparison with fast
oscillations. Generally, the amplitude of both oscillations de-
creases enormously at long times or farther distances and they
become totally insignificant after about � ,y30, as can be seen
in the insets of Figs. 7�a�–7�d�. The nondimensional fast and slow
periods are given, respectively, by

� f
time = � f

space = 2�/Qm = 2	3
a

vF�F
= 2	3

a

�F

�S
time = �S

space = 4� �36�

where we have introduced the mean free path �MFP� of an elec-
tron in the conduction band of the metal �F=vF�F.

The expressions of the periods in the nondimensional time-
space domain can be related to their analogous in the dimensional
time-space domain as

� f
time =

� f
time

�F
and � f

space =
� f

space

U�F
⇒ � f

space = 2a

�S
time =

�S
time

�F
and �S

space =
�S

space

U�F
⇒ �S

space = 4�U�F =
4�

	3
�F

� f
space

� f
time =

�S
space

�S
time = U �37�

The fast spatial period is nothing other than the size of the
Wigner–Seitz unit cell, which is the reciprocal of the FBZ �20�,
while the slow spatial period is proportional to the MFP of the
electron. Similar to the oscillations in the time domain, the oscil-
lations in the space domain describe the same sequence of physi-
cal phenomena, namely, the nonthermal �ballistic� transport of the
energy density at short time scales when the distribution of the
electronic system in the conduction band of the metal is still in a
nonequilibrium state, followed by an oscillating transition to the
thermal �ballistic-diffusive� regime as the electronic distribution
tends toward an equilibrium thermal distribution and a tempera-
ture can be defined. A remarkable point in this analysis is the ratio
of the spatial to the temporal periods of the fast and slow oscilla-
tions. This ratio is the same for both oscillation types and it is the
speed of the energy pulse U.

Furthermore, based on the wave vector separation value q0

=1 /2U�F=	3 /2�F and the boundary of the FBZqm=� /a in
Shastry’s model, we can define the range of the wavelengths of
electrons that contribute to the nonthermal and thermal regimes in
energy transport separately. It is straightforward to show that the
wavelengths of electrons that contribute to the nonthermal regime
are between the fast and slow spatial oscillation periods 2a
��nonth

e � �4� /	3��F⇔� f
space��nonth

e ��S
space and all electrons

with a wavelength longer than the slow spatial oscillation period
�th

e  �4� /	3��F⇔�th
e �S

space contribute to the thermal regime of
energy transport. The separate contributions of electrons with dif-
ferent wavelengths are the result of neglecting electron-electron
interactions in this analysis.

To end this section, we report in Figs. 8 and 9, respectively, the
temporal and spatial behaviors of the total electron energy density
Green’s function, as calculated using Shastry, Cattaneo, and Fou-
rier models. For Cattaneo’s model, we report both results of the
conventional solution �Eq. �16�� and the approximated solution

�Eq. �24��. The total energy density undergoes similar behaviors
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s the thermal and nonthermal contributions separately, in each
odel. The amplitude decreases as the observation location is
oved through the medium far from the excitation location and

ecause of the causality requirement, the energy density vanishes
or locations y��. The locations beyond the energy pulse front
emain unaltered while at locations before the front, the energy
ensity tends to a Fourier type behavior at long time scales, as we
an see in both Figs. 8 and 9. In Figs. 8�b� and 9�b�, there is a
light discrepancy between the full conventional solution of Cat-
aneo’s model and the approximated solution presented in this
aper based on the decomposition of the total energy density
reen’s function to nonthermal and thermal contributions, even

hough both solutions show similar energy pulse front behavior.
his slight discrepancy observed at short time scales tends to dis-
ppear at long time scales, and may come from the approximation
e made on RQ to calculate analytically the behavior of the non-

hermal contribution. It should not, however, shadow the funda-
ental oscillating nature of the transition from the nonthermal

egime to the thermal regime in electron energy transport pre-
icted by this decomposition procedure that originates essentially
rom Shastry’s model and that we extended to Cattaneo’s model.
ne should note here that because of the high amplitude of the
scillations, and in order to show how Shastry’s model tend to
ourier’s model at long time scales, we represented the vertical
xis in Figs. 8�a� and 9�a� in a logarithmic scale. This hides the
nergy front but as we can see in the inset of Fig. 8�a�, Shastry’s
odel shows a front just as Cattaneo’s but with high amplitude

Fig. 7 †„a… and „b…‡ Temporal and †„c… and „d…‡ spatial behav
density Green’s function of gold at room temperature, as c
Cattaneo’s model. The insets in †„a… and „b…‡ show a zoom o
spatial behavior of the nonthermal contribution at �=30.
scillations superimposed.

ournal of Heat Transfer

aded 06 Apr 2011 to 193.49.242.2. Redistribution subject to ASME
One characteristic feature of the hyperbolic model of Cattaneo,
which is reproduced by Shastry’s model, is the competition be-
tween diffusion and accumulation of energy as the energy pulse
moves through the medium far from the excitation location. This
is illustrated in the insets of Figs. 8�a� and 8�b�. As one can see,
when the observation location is far from the excitation location,
the energy density tends to increase due to the accumulation effect
before the diffusion catches on and starts to take over.

It may appear shocking or anomalous to have negative values
of the electron energy density at short time scales, one should not
forget, however, that at these short time scales, the electronic dis-
tribution in the conduction band of the metal, is still in a nonequi-
librium state and the energy density is mostly transported ballis-
tically before it thermalizes. As the electronic distribution tends to
an equilibrium thermal one, there is an exchange in energy density
between different locations of the metal both ballistically and
through diffusion �represented by De�. This nonthermal �ballistic�
transport of the energy density damps out with time very quickly
as the nonthermal regime transition to a full diffusive thermal
regime.

Many authors reported the observation of an oscillating reflec-
tivity change at the top free surface of semimetals using the fem-
tosecond pump-probe transient thermoreflectance technique
�33–35�. Probing the relative change of the surface reflectivity is
proportional to probing the change of the energy density at this
surface. Nevertheless, these oscillations have been identified as
due to a generation and relaxation of coherent phonon in such

of the nonthermal contribution to the total electron energy
lated using †„a… and „c…‡ Shastry’s model and †„b… and „d…‡

e slow oscillations while the insets in †„c… and „d…‡ show the
iors
alcu
f th
semimetals. The frequencies of which have been confirmed using
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aman spectroscopy techniques �33–35�. By consequence, these
scillations are not related to the Bloch-type oscillation in the
nergy transport by the conduction band electrons in metals pre-
icted by Shastry’s formalism. Two main reasons can explain the
ack of Shastry oscillations: (i) the smallness of the oscillation
eriod (1 fs), which makes it impossible to observe unless using
ttosecond sources and (ii) the optical penetration depth of metals
t long excitation laser wavelengths.

A possible candidate to observe the fast oscillations in the en-
rgy transport is a metallic superlattice with a high degree of
oherence for electron transport through the interfaces. As sug-
ested by the expression of the fast oscillation period � f, this latter
s proportional to the lattice constant, which is a consequence of
he integration over the FBZ. It is well known, however, that
uperlattice structures are characterized by a subdivision of the
lectronic and phononic bands into minibands. Particularly, the
BZ is divided into mini Brillouin zones of width � /d, where d is

he superlattice period. This spatial period d can be one to two
rders of magnitude larger than the lattice constant a, which will
ncrease the electron energy density oscillating period by the same
rder of magnitude and will bring its value from the femtosecond

ig. 8 „a… Temporal behavior of the total electron energy den-
ity Green’s function of gold at room temperature at different

ocations y, as calculated based on Shastry’s model „solid
ine…, in comparison with full Cattaneo’s model „dashed line…
nd Fourier’s model „dotted line…. „b… Temporal behavior of the
otal electron energy density Green’s function of gold at room
emperature at different locations y, as calculated based on
pproximated Cattaneo’s model „solid line…, in comparison with
ull Cattaneo’s model „dashed line… and Fourier’s model „dotted
ine…. C, F, and S refer to Cattaneo, Fourier, and Shastry,
espectively.
egime to the picosecond regime. This latter regime can be probed

72401-12 / Vol. 133, JULY 2011
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by the state of the art in femtosecond laser metrology. As a matter
of fact, the conventional Bloch oscillations have been only ob-
served in superlattice structures �30,31�.

In addition, short-pulse laser sources are in continuous devel-
opment and attosecond width pulses have been developed �36�.
Even though many other resonance phenomena of condensed mat-
ter have to be taken into account, these sources can be used to
observe the fundamental electron energy transport oscillations. It
is important to use short wavelengths, still longer than the Plas-
mon wavelength of the corresponding metal, in order to reduce
the laser absorption distance.

The treatment in this paper for energy and heat transport by
electrons in the conduction band of metals can easily be extended
to semiconductors, where the dominant energy and heat carriers
are phonons. In this case, and as mentioned in the first part of the
theory section, the scattering time in Shastry’s model is wave
vector dependent �see Eq. �7�� and cannot be taken to be constant.
This wave vector dependence of �q will allow Shastry’s model to
capture the nonlocal effects that are very crucial, especially at
very short length scales. It will be very interesting to study the
effect of the crystal lattice discrete character on phonon energy
transport and compare, then, the results of Shastry’s model with
other well known models such as Guyer–Krumhansl model �37�,

Fig. 9 „a… Spatial behavior of the total electron energy density
Green’s function of gold at room temperature at different times
�, as calculated based on Shastry’s model „solid line…, in com-
parison with full Cattaneo’s model „dashed line… and Fourier’s
model „dotted line…. „b… Spatial behavior of the total electron
energy density Green’s function of gold at room temperature at
different times �, as calculated based on approximated Catta-
neo’s model „solid line…, in comparison with full Cattaneo’s
model „dashed line… and Fourier’s model „dotted line…. C, F, and
S refer to Cattaneo, Fourier, and Shastry, respectively.
dual-phase-lag model �5,6�, or a more generalized nonlocal model

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



b
c
t

4

l
p
I
G
t
t
t
r
b
o
I
c
b
z
d
s
t
g
d
d
t

r
t
m
i
o
m
C
t
e

G
p
c
t

s
H
s
d
c
l
e
s
v
d
i
t

A

e
s
c
T

N

J

Downlo
ased on extended irreversible thermodynamics theory �26�. The
ase of semiconductors is being investigated and will constitute
he topic of a future work.

Summary
We have analyzed the transition between the nonthermal �bal-

istic� and the thermal �ballistic-diffusive� electron energy trans-
ort in metals using the recently developed Shastry’s formalism.
nteresting spatial and temporal oscillations in the energy density
reen’s function are reported under delta function excitation. Two

ypes of oscillations are identified. The fast oscillation behavior in
he energy transport is a consequence of the band cut-off due to
he discrete character of the crystalline lattice. This leads to Bragg
eflection of electrons in a metal. This fast oscillating behavior can
e viewed as an energetic analogous to the conventional Bloch
scillation in the charge density of the conduction band electrons.
t is an interesting manifestation of the ballistic and nonthermal
ontribution to the energy transport that results from the electrons
ouncing back and forth at the boundaries of the first Brillouin
one before they damp out into the diffusive and thermal regimes
ue to inelastic scattering mechanisms. On the other hand, the
low oscillation behavior describes the nature of the thermaliza-
ion process, which means the transition from the nonthermal re-
ime to the thermal regime of energy transport. This transition
oes not occur in an abrupt way or gradually but rather in a
amped oscillatory manner with a pseudo-period proportional to
he total scattering time of electrons.

Remarkably, Cattaneo’s model shows similar features as Shast-
y’s formalism. More specifically, a similar decomposition in the
otal electron energy density of the metal in the time-space do-

ain can be made. The thermal contribution to the energy density
s described using a formula similar to Shastry’s model. On the
ther hand, because of the continuous character of Cattaneo’s
odel, the nonthermal contribution shows a different behavior.
attaneo includes only the slow oscillations. The nonthermal con-

ribution to the energy density appears to decay on a time constant
ven faster than the one predicted by Shastry’s model.

In the frequency domain, the phase of the total energy density
reen’s function shows a � /2 shift at high frequencies. If the
hase could be detected at very high frequencies, this difference
an be probed and used as an indication of the additional oscilla-
ions in the time domain.

In this paper, we did not consider electron-electron interactions
ince they do not change the total energy of the electron gas.
owever, the redistribution of the electrons in the momentum

pace could affect the ballistic distance traveled by electrons with
ifferent wavelengths. Since the electron-electron scattering time
ould be on the order of the fast oscillation period described ear-
ier, a complete analysis should be based on the change in the
lectron distribution function more explicitly. While techniques,
uch as Monte Carlo, are very powerful, the complexity of indi-
idual scattering processes and the numerical accuracy make it
ifficult to detect wave-fronts and the very fast oscillations. This
s, however, a good direction to further study the transition be-
ween the energy wave oscillations and the thermal transport.
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omenclature
a � lattice constant �Å�

Ce � electronic specific heat per unit volume
�J m−3 K−1�

D 2

e � electronic thermal diffusivity �m /s�
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g � electronic density of states
H � Heaviside step function
I0 � zero order modified Bessel function of the first

kind
I1 � first order modified Bessel function of the first

kind
kB � Boltzmann constant �J/K�
P � input power �W /m3�
q � electronic wave vector �m−1�
t � time �s�

T � temperature �K�
U � speed of the heat pulse �m/s�
vF � Fermi velocity �m/s�

x � one dimensional space coordinate �m�
y � nondimensional space coordinate
Z � thermoelectric figure-of-merit �K−1�

Greek Symbols
�e � electronic thermal conductivity �W m−1 K−1�
� � Dirac delta function

�F � average scattering time of conduction band
electrons over the Fermi surface of a metal �fs�

� � angular frequency �rad/s�
� � nondimensional time

�K � energy density �J /m3�
�e � heat flux rate of electrons in the conduction

band of the metal �W /m2�
� � charge-energy modes coupling factor

�F � Fermi energy �J�
� � linearity coefficient in Ce �J m−3 K−2�
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