
 

15 

Lecture 2 

Why Electrons Flow 

2.1. Two Key Concepts  

2.2. Fermi Function 

2.3. Non-equilibrium: Two Fermi Functions 

2.4. Linear Response 

2.5. Difference in “Agenda” Drives the Flow 

 

 

It is a well-known and well-

established fact, namely that when 

the two terminals of a battery are 

connected across a conductor, it 

gives rise to a current due to the 

flow of electrons across the 

channel from the source to the drain. 

 

If you ask anyone, novice or expert, what causes electrons to flow, by far 

the most common answer you will receive is that it is the electric field. 

However, this answer is incomplete at best. After all even before we 

connect a battery, there are enormous electric fields around every atom 

due to the positive nucleus whose effects on the atomic spectra are well-

documented. Why is it that these electric fields do not cause electrons to 

flow, and yet a far smaller field from an external battery does? 

 

The standard answer is that microscopic fields do not cause current to 

flow, a macroscopic field is needed. This too is not satisfactory, for two 

reasons. Firstly, there are well-known inhomogeneous conductors like p-

n junctions which have large macroscopic fields extending over many 

micrometers that do not cause any flow of electrons till an external 

battery is connected. 
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Secondly, experimentalists are now measuring current flow through 

conductors that are only a few atoms long with no clear distinction 

between the microscopic and the macroscopic. This is a result of our 

progress in nanoelectronics, and it forces us to search for a better answer 

to the question, “why electrons flow.” 

2.1 Two Key Concepts 

To answer this question, we need two key concepts. First is the density 

of states per unit energy D(E) available for electrons to occupy inside 

the channel (Fig.2.1). For the benefit of experts, I should note that we are 

adopting what we will call a "point channel model" represented by a 

single density of states D(E). More generally one needs to consider the 

spatial variation of D(E), as we will see in Lecture 8, but there is much 

that can be understood just from our point channel model. 

 

 

 

 
 
Fig.2.1. 

The first step in understanding the operation 

of any electronic device is to draw the 

available density of states D(E) as a function 

of energy E, inside the channel and to locate 

the equilibrium electrochemical potential µ0 

separating the filled from the empty states. 

 

 

The second key input is the location 

of the electrochemical potential, µ0 

which at equilibrium is the same 

everywhere, in the source, the drain 

and the channel. Roughly speaking (we will make this statement more 

precise shortly) it is the energy that demarcates the filled states from the  
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empty ones. All states with energy E < µ0 are filled while all states with 

E > µ0 are empty. For convenience I might occasionally refer to the 

electrochemical potential as just the “potential”. 

 

 
 

 

 

 

 

 

Fig.2.2. 

When a voltage is applied 

across the contacts, it lowers 

all energy levels at the positive 

contact (drain in the picture). 

As a result the electrochemical 

potentials in the two contacts 

separate: µ1 - µ2 = qV. 

 

 

 

 

 

When a battery is connected across the two contacts creating a potential 

difference V between them, it lowers all energies at the positive terminal 

(drain) by an amount qV, - q being the charge of an electron (q = 1.6 x 

10
-19

 coulombs) making the two electrochemical potentials separate by 

qV as shown in Fig.2.2: 

   µ1 − µ2 = qV   (2.1) 

Just as a temperature difference causes heat to flow and a difference in 

water levels makes water flow, a difference in electrochemical potentials 

causes electrons to flow. Interestingly, only the states in and around an 

energy window around µ1 and µ2 contribute to the current flow, all the 

states far above and well below that window playing no part at all. Let us 

explain why. 
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2.1.1 Energy Window for Current Flow 

Each contact seeks to bring the channel into equilibrium with itself, 

which roughly means filling up all the states with energies E less than its 

electrochemical potential µ and emptying all states with energies greater 

than µ.  

 

Consider the states with energy E that are less than µ1 but greater than µ2. 

Contact 1 wants to fill them up since E < µ1, but contact 2 wants to 

empty them since E > µ2. And so contact 1 keeps filling them up and 

contact 2 keeps emptying them causing electrons to flow continually 

from contact 1 to contact 2. 

 

Consider now the states with E greater than both µ1 and µ2. Both contacts 

want these states to remain empty and they simply remain empty with no 

flow of electrons. Similarly the states with E less than both µ1 and µ2 do 

not cause any flow either. Both contacts like to keep them filled and they 

just remain filled. There is no flow of electrons outside the window 

between µ1 and µ2, or more correctly outside ± a few kT of this window, 

as we will discuss shortly. 

 

This last point may seem obvious, but often causes much debate because 

of the common belief we alluded to earlier, namely that electron flow is 

caused by the electric field in the channel. If that were true, all the 

electrons should flow and not just the ones in any specific window 

determined by the contacts. 

2.2 Fermi Function 

Let us now make the above statements more precise. We stated that 

roughly speaking, at equilibrium, all states with energies E below the 

electrochemical potential µ0 are filled while all states with E > µ0 are 

empty. This is precisely true only at absolute zero temperature. More 

generally, the transition from completely full to completely empty occurs 

over an energy range ~ ± 2 kT around E = µ0  where k is the Boltzmann 
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constant (~ 80 µeV/K) and T is the absolute temperature. Mathematically 

this transition is described by the Fermi function : 

 

f (E) =
1

exp
E − µ

kT







+ 1
        (2.2) 

This function is plotted in Fig.2.3 (left panel), though in an 

unconventional form with the energy axis vertical rather than horizontal. 

This will allow us to place it alongside the density of states, when trying 

to understand current flow (see Fig.2.4). 

 

 

 
 
 
 
 
 

 

 

 

 

 

 

 

 

Fig.2.3. Fermi function and the normalized (dimensionless) thermal broadening function. 

 

For readers unfamiliar with the Fermi function, let me note that an 

extended discussion is needed to do justice to this deep but standard 

result, and we will discuss it a little further in Lecture 16 when we talk 

about the key principles of equilibrium statistical mechanics. At this 

stage it may help to note that what this function (Fig.2.3) basically tells 

us is that states with low energies are always occupied (f=1), while states 

with high energies are are always empty (f=0), something that seems 

reasonable since we have heard often enough that (1) everything goes to 

its lowest energy, and (2) electrons obey an exclusion principle that stops 
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them from all getting into the same state. The additional fact that the 

Fermi function tells us is that the transition from f=1 to f=0 occurs over 

an energy range of ~ ± 2kT around µ0. 

2.2.1. Thermal Broadening Function 

Also shown in Fig.2.3 is the derivative of the Fermi function, multiplied 

by kT to make it dimensionless: 

 

FT (E,µ) = kT −
∂ f

∂E







 (2.3a) 

Using Eq.(2.2) it is straightforward to show that 

 

FT (E,µ) =
e

x

(ex +1) 2
, where x ≡

E − µ

kT
 (2.3b) 

Note: 

(1) From Eq.(2.3b) it can be seen that 

  FT (E,µ) = FT (E − µ) = FT (µ − E)  (2.4a) 

 (2) From Eqs.(2.3b) and (2.2) it can be seen that 

  FT = f (1− f )  (2.4b) 

(3) If we integrate FT over all energy the total area equals kT: 

 

dE

− ∞

+ ∞

∫ FT (E,µ) = kT dE

− ∞

+ ∞

∫ −
∂ f

∂E







 

 
= kT − f[ ] −∞

+∞
= kT (1− 0) = kT

 (2.4c) 

so that we can approximately visualize FT as a rectangular "pulse" 

centered around E=µ with a peak value of 1/4 and a width of ~ 4kT.  
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2.3 Non-equilibrium: Two Fermi Functions 

When a system is in equilibrium the electrons are distributed among the 

available states according to the Fermi function. But when a system is 

driven out-of-equilibrium there is no simple rule for determining the 

distribution of electrons. It depends on the specific problem at hand 

making non-equilibrium statistical mechanics far richer and less 

understood than its equilibrium counterpart. 

 

For our specific non-equilibrium problem, we argue that the two contacts 

are such large systems that they cannot be driven out-of-equilibrium. 

And so each remains locally in equilibrium with its own electrochemical 

potential giving rise to two different Fermi functions (Fig.2.4): 

 

f1(E) =
1

exp
E − µ1

kT







+ 1
        (2.5a) 

 

f2 (E) =
1

exp
E − µ2

kT







+ 1
        (2.5b) 

The "little" channel in between does not quite know which Fermi 

function to follow and as we discussed earlier, the source keeps filling it 

up while the drain keeps emptying it, resulting in a continuous flow of 

current. 

In summary, what makes electrons flow is the difference in the "agenda" 

of the two contacts as reflected in their respective Fermi functions, f1(E) 

and f2(E). This is qualitatively true for all conductors, short or long. But 

for short conductors, the current at any given energy E is quantitatively 

proportional to  

  

representing the difference in the probabilities in the two contacts. This 

quantity goes to zero when E lies way above µ1, µ2 since f1 and f2 are 

I(E) ~ f1(E) − f2(E)
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both zero. It also goes to zero when E lies way below µ1, µ2 since f1 and 

f2 are both one. Current flow occurs only in the intermediate energy 

window, as we had argued earlier. 

 

 
Fig.2.4. 

Electrons in the contacts occupy the available states with a probability described by a 

Fermi function f(E) with the appropriate electrochemical potential µ. 

2.4 Linear Response 

Current-voltage relations are typically not linear, but there is a common 

approximation that we will frequently use throughout these lectures to 

extract the "linear response" which refers to the low bias conductance, 

dI/ dV, as V � 0. 

The basic idea can be appreciated by plotting the difference between two 

Fermi functions, normalized to the applied voltage 

 

F(E) =
f1(E) − f2 (E)

qV / kT
 

 (2.6) 

where µ1 = µ0 + (qV / 2)  

 µ2 = µ0 − (qV / 2)  
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Fig.2.5 shows that the difference function F gets narrower as the voltage 

is reduced relative to kT. The interesting point is that as qV is reduced 

below kT, the function F approaches the thermal broadening function FT 

we defined (see Eq.(2.3a)) in Section 2.2: 

  

so that from Eq.(2.6)  

  (2.7) 

if the applied voltage µ1 - µ2 = qV is much less than kT. 

 

                      

 
Fig.2.5. F(E) from Eq.(2.6) versus 

(E-µ0)/kT for different values of 

y=qV/kT. 

 

 

 

 

 

 

 

The validity of Eq.(2.7) for qV << kT can be checked numerically if you 

have access to MATLAB or equivalent. For those who like to see a 

mathematical derivation, Eq. (2.7) can be obtained using the Taylor 

series expansion described in Appendix A to write 

 f (E) − f0 (E) ≈ −
∂ f0

∂E







(µ − µ0 )   (2.8) 

Eq. (2.8) and Eq. (2.7) which follows from it, will be used frequently in 

these lectures. 

F(E) → FT (E), as qV / kT → 0

f1(E) − f2 (E) ≈
qV

kT
FT (E,µ0 ) = −

∂ f0

∂E







qV
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2.5. Difference in “Agenda” Drives the Flow 

Before moving on, let me quickly reiterate the key point we are trying to 

make, namely that current is determined by 

 −
∂ f0 (E)

∂E
and not by f0 (E) 

The two functions look similar over a limited range of energies  

 −
∂ f0 (E)

∂E
≈

f0 (E)

kT
if E − µ0 >> kT  

So if we are dealing with a so-called “non-degenerate conductor” where 

we can restrict our attention to a range of energies satisfying this 

criterion, we may not notice the difference. 

But in general these functions look very different (see Fig.2.3) and the 

experts agree that current depends not on the Fermi function, but on its 

derivative. However, we are not aware of any elementary treatment that 

leads to this result. 

Freshman physics texts start by treating the force due to an electric 

electric field F as the driving term and adding a frictional term to 

Newton’s law (τ m is the so-called “momentum relaxation time”) 

 

 

d(mv)

dt
= (−qF)

Newton 's Law
� ������������

−
mv

τ m

Friction
���

 

At steady-state (d/dt = 0) this gives a non-zero drift velocity, from which 

one calculates the current. This elementary approach leads to the Drude 

formula (discussed in Lecture 5) which played a major historical role in 

our understanding of current flow. But since it treats electric fields as the 

driving term, it also suggests that the current depends on the total number 

of electrons. This is commonly explained away by saying that there are 

mysterious quantum mechanical forces that prevent electrons in full 

bands from moving and what matters is the number of “free electrons”. 
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But this begs the question of which electrons are free and which are not, 

a question that becomes more confusing for atomic scale conductors. 

It is well-known that the conductivity varies widely, changing by a factor 

of ~10
20

 going from copper to glass, to mention two materials that are 

near two ends of the spectrum. But this is not because one has more 

electrons than the other. The total number of electrons is of the same 

order of magnitude for all materials from copper to glass.  

Whether a conductor is good or bad is determined by the availability of 

states in an energy window ~ kT around the electrochemical potential µ0, 

which can vary widely from one material to another. This is well-known 

to experts and comes mathematically from the dependence of the 

conductivity 

 on −
∂ f0 (E)

∂E
rather than f0 (E)  

a result that typically requires advanced treatments based on the 

Boltzmann (Lecture 7) or the Kubo formalism (Lecture 15). 

Our bottom-up approach, however, leads us to this result in an 

elementary way as we have just seen. Current is driven by the difference 

in the “agenda” of the two contacts which for low bias is proportional to 

the derivative of the equilibrium Fermi function: 

 f1(E) − f2 (E) ≈ −
∂ f0

∂E







qV  

There is no need to invoke mysterious forces that stop some electrons 

from moving, though one could perhaps call f1 - f2 a mysterious force, 

since the Fermi function (Eq.(2.2)) reflects the exclusion principle. In 

Lecture 11 we will see how this approach is readily extended to describe 

the flow of phonons which is proportional to n1 – n2 , n being the Bose 

(not Fermi) function which is appropriate for particles that do not have 

an exclusion principle. 
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