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Lecture 3 

The Elastic Resistor 

3.1. How an Elastic Resistor Dissipates Heat 

3.2. Conductance of an Elastic Resistor  

3.3. Why an Elastic Resistor is Relevant  

 

We saw in the last Lecture that the flow of electrons is driven  by the 

difference in the "agenda" of the two contacts as reflected in their 

respective Fermi functions, f1(E) and f2(E). The negative contact with its 

larger f(E) would like to see more electrons in the channel than the 

positive contact. And so the positive contact keeps withdrawing electrons 

from the channel while the negative contact keeps pushing them in. 

This is true of all conductors, big and small. But it is generally difficult 

to express the current as a simple function of f1(E) and f2(E), because 

electrons jump around from one energy to another and the current flow at 

different energies is all mixed up. 

 

 
Fig. 3.1. 

An elastic resistor: 

Electrons travel along 

fixed energy channels. 

 

But for the ideal elastic resistor shown in Fig.1.4, the current in an 

energy range from E to E+dE is decoupled from that in any other energy 

range, allowing us to write it in the form (Fig.3.1) 

 dI =
1

q
dE G(E) ( f1(E) − f2 (E))  
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and integrating it to obtain the total current I. Making use of Eq.(2.7), 

this leads to an expression for the low bias conductance 

 
I

V
= dE −

∂ f0

∂E







− ∞

+ ∞

∫ G(E)   (3.1) 

where  can be visualized as a rectangular pulse of area equal 

to one, with a width of ~  ± 2kT (see Fig.2.3, right panel). 

 

Let me briefly comment on a general point that often causes confusion 

regarding the direction of the current. As I noted in Lecture 2, because 

the electronic charge is negative (an unfortunate choice, but something 

we cannot do anything about) the side with the higher voltage has a 

lower electrochemical potential. Inside the channel, electrons flow from 

the higher to the lower electrochemical potential, so that the electron 

current flows from the source to the drain. The conventional current on 

the other hand flows from the higher to the lower voltage. 

 

 
 
 
 
Fig.3.2. 

Because an electron carries negative 

charge, the direction of the electron current 

is always opposite to that of the 

conventional current. 

 

 

 

 

 

Since our discussions will usually involve electron energy levels and the 

electrochemical potentials describing their occupation, it is also 

convenient for us to use the electron current instead of the conventional 

current. For example, in Fig.3.2 it seems natural to say that the current 

flows from the source to the drain and not the other way around. And 

(− ∂ f0 / ∂E)
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that is what I will try to do consistently throughout these Lectures. In 

short, we will use the current, I, to mean electron current. 

 

Getting back to Eq.(3.1), we note that it tells us that for an elastic 

resistor, we can define a conductance function G(E) whose average over 

an energy range ~ ± 2kT around the electrochemical potential µ0 gives 

the experimentally measured conductance. At low temperatures, we can 

simply use the value of G(E) at E = µ0. 

This energy-resolved view of conductance represents an enormous 

simplification that is made possible by the concept of an elastic resistor 

which is a very useful idealization that describes short devices very well 

and provides insights into the operation of long devices as well. 

Note that by elastic we do not just mean “ballistic” which implies that 

the electron goes straight from source to drain, “like a bullet.” We also 

include the possibility that an electron takes a more traditional diffusive 

path as long as it changes only its momentum and not its energy along 

the way: 

 

 

 

 

 

In Section 3.2 we will obtain an expression for the conductance function 

G(E) for an elastic resistor in terms of the density of states D(E). 

The concept of an elastic resistor is not only useful in understanding 

nanoscale devices, but it also helps understand transport properties like 

the conductivity of large resistors by viewing them as multiple elastic 

resistors in series, as explained in Section 3.3. This is what makes the 

bottom-up approach so powerful in clarifying transport problems in 

general. 

 

But before we talk further about the conductance of an elastic resistor, let 

us address an important conceptual issue. Since current flow (I) through 
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a resistor (R) dissipates a Joule heat of I
2
R per second, it seems like a 

contradiction to talk of an elastic resistor where electrons do not lose 

energy? The point to note is that while the electron does not lose any 

energy in the channel of an elastic resistor, it does lose energy both in the 

source and the drain and that is where the Joule heat gets dissipated. This 

is a very non-intuitive result that seems to be at least approximately true 

of nanoscale conductors: An elastic resistor has a resistance R 

determined by the channel, but the corresponding heat I
2
R is entirely 

dissipated outside the channel.  

3.1. How an Elastic Resistor Dissipates Heat 

How could this happen? Consider a one level elastic resistor having one 

sharp level with energy ε . Every time an electron crosses over through 

the channel, it appears as a "hot electron" on the drain side with an 

energy ε  in excess of the local electrochemical potential µ2 as shown 

below: 
 

 

Energy dissipating processes in the contact quickly make the electron get 

rid of the excess energy ( ε − µ2 ). Similarly at the source end an empty 

spot (a "hole") is left behind with an energy  that is much less than the 

local electrochemical potential µ1, which gets quickly filled up by 

electrons dissipating the excess energy ( µ1 − ε ). 

In effect, every time an electron crosses over from the source to the 

drain, 

ε
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The total energy dissipated is  

                    

which is supplied by the external battery that maintains the potential 

difference µ1 - µ2. The overall flow of electrons and heat is summarized 

in Fig.3.3 below. 

 

 
Fig.3.3. Flow of electrons and heat in a one-level elastic resistor having one level with 

E = ε . 

 

If N electrons cross over in a time t 

  

since  

Note that V*I is the same as I
2
R and V

2
G. 

 

The heat dissipated by an "elastic resistor" thus occurs in the contacts. As 

we will see next, the detailed mechanism underlying the complicated  

process of heat transfer in the contacts can be completely bypassed 

simply by legislating that the contacts are always maintained in 

equilibrium with a fixed electrochemical potential. 

an energy (µ1 − ε ) is dissipated in t he source

an energy (ε − µ2 ) is dissipated in t he drain

µ1 − µ2 = qV

Dissipated power = qV * N / t = V * I

Current = q * N / t
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3.2. Conductance of an Elastic Resistor 

Consider first the simplest elastic resistor having just one level with 

energy  in the energy range of interest through which electrons can 

squeeze through from the source to the drain. We can write the resulting 

current as 

    (3.2) 

where t is the time it takes for an electron to transfer from the source to 

the drain. 

 

We can extend Eq.(3.2) for the current through a one-level resistor to any 

elastic conductor (Fig.3.1) with an arbitrary density of states D(E), 

noting that all energy channels conduct independently in parallel. We 

could first write the current in an energy channel between E and E+dE 

 dI = dE
D(E)

2

q

t
( f1(E) − f2 (E))  

since an energy channel between E and E+dE contains D(E)dE states, 

half of which contribute to carrying current from source to drain. 

Integrating we obtain an expression for the current through an elastic 

resistor: 

 I =
1

q
− ∞

+ ∞

∫ dE G(E) ( f1(E) − f2 (E))  (3.3) 

where 

G(E) =
q

2
D(E)

2t(E)  (3.4) 

If the applied voltage µ1 - µ2 = qV is much less than kT, we can use 

Eq.(2.7) to write 

ε

Ione level =
q

t
f1(ε) − f2(ε)( )
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I = V dE

− ∞

+ ∞

∫ −
∂ f0

∂E







G(E)

 

which yields the expression for conductance stated earlier in Eq.(3.1).  

3.2.1. Degenerate and Non-Degenerate Conductors 

Eq. (3.1) is valid in general, but depending on the nature of the 

conductance function G(E) and the thermal broadening function 

− ∂ f0 / ∂E , two distinct physical pictures are possible. The first is case A 

where the conductance function G(E) is nearly constant over the width of 

the broadening function. 

 

 

 

 

 

 

 

 

 

 

 

 

We could then pull G(E) out of the integral in Eq.(3.1) to write 

 
I

V
≈ G(E = µ0 ) dE −

∂ f0

∂E







− ∞

+ ∞

∫ = G(E = µ0 )  (3.5)  

This relation suggests an operational definition for the conductance 

function G(E): It is the conductance measured at low temperatures for a 

channel with its electrochemical potential µ0 located at E. 

 

Case A is a good example of the so-called degenerate conductors. The 

other extreme is the non-degenerate conductor shown in case B where 
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the electrochemical potential is located at an energy many kT’s below the 

energy range where the conductance function is non-zero. As a result 

over the energy range of interest where G(E) is non-zero, we have 

 x ≡
E − µ0

kT
>> 1 

and it is common to approximate the Fermi function with the Boltzmann 

function 

 
1

1+ e
x

≈ e
−x  

so that 
I

V
≈

dE

kT
− ∞

+ ∞

∫ G(E) e
−(E−µ

0
)/kT

 

This non-degenerate limit is commonly used in the semiconductor 

literature though the actual situation is often intermediate between 

degenerate and non-degenerate limits. 

 

We will generally use the degenerate limit expressed by Eq.(3.5) writing 

  

with the understanding that the quantities D and t are evaluated at E = µ0 

and depending on the nature of G(E) may need to be averaged over a 

range of energies using − ∂ f0 / ∂E  as a “weighting function” as 

prescribed by Eq.(3.1).  

 

Eq.(3.4) seems quite intuitive: it says that the conductance is proportional 

to the product of two factors, namely the availability of states (D) and 

the ease with which electrons can transport through them (1/t). This is 

the key result that we will use in subsequent Lectures. 

G =
q

2
D

2t
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3.3. Why an Elastic Resistor is Relevant 

The elastic resistor model is clearly of great value in understanding 

nanoscale conductors, but the reader may well wonder how an elastic 

resistor can capture the physics of real conductors which are surely far 

from elastic? In long conductors inelastic processes are distributed 

continuously through the channel, inextricably mixed up with all the 

elastic processes (Fig.3.4). Doesn't that affect the conductance and other 

properties we are discussing? 

 

 

 
 

 

 

 

 

 

 

 

 

Fig.3.4 

Real conductors have inelastic scatterers distributed throughout the channel. 

 

 

 

 

 

 

 

Fig.3.5 

A hypothetical series of elastic resistors as an approximation to a real resistor with 

distributed inelastic scattering as shown in Fig.3.4. 

One way to apply the elastic resistor model to a large conductor with 

distributed inelastic processes is to break up the latter conceptually into a 

sequence of elastic resistors (Fig.3.5), each much shorter than the 

physical length L, having a voltage that is only a fraction of the total 



36 Lessons from Nanoelectronics 

 

voltage V. We could then argue that the total resistance is the sum of the 

individual resistances. 

This splitting of a long resistor into little sections of length shorter than 

Lin (Lin: length an electron travels on the average before getting 

inelastically scattered) also helps answer another question one may raise 

about the elastic resistor model. We obtained the linear conductance by 

resorting to a Taylor’s series expansion (see Eq.(2.6)). But keeping the 

first term in the Taylor’s series can be justified only for voltages V < 

kT/q, which at room temperature equals 25 mV. But everyday resistors 

are linear for voltages that are much larger. How do we explain that? The 

answer is that the elastic resistor model should only be applied to a short 

length < Lin and as long as the voltage dropped over a length Lin is less 

than kT/q we expect the current to be linear with voltage. The terminal 

voltage can be much larger. 

However, this splitting into short resistors needs to be done carefully. A 

key result we will discuss in the next Lecture is that Ohm’s law should 

be modified 

 

 

from R =
ρ

A
L

Eq.(1.1)
� ������

to R =
ρ

A
L + λ( )

Eq.(1.4)
� ����������

 

to include an extra fixed resistance ρλ / A  that is independent of the 

length and can be viewed as an interface resistance associated with the 

channel- contact interfaces. Here λ  is a length of the order of a mean 

free path, so that this modification is primarily important for near 

ballistic conductors (L ~ λ ) and is negligible for conductors that are 

many mean free paths long (L >> λ ). 

Conceptually, however, this additional resistance is very important if we 

wish to use the hypothetical structure in Fig.3.5 to understand the real 

structure in Fig.3.4. The structure in Fig.3.5 has too many interfaces that 

are not present in the real structure of Fig.3.4 and we have to remember 

to exclude the resistance coming from these conceptual interfaces. 
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For example, if each section in Fig.3.5 is of length L having a resistance 

of 

 R =
ρ(L + λ )

A
 

then the correct resistance of the real structure in Fig.3.4 of length 3L is 

given by 

 R =
ρ(3L + λ)

A
and NOT by R =

ρ(3L + 3λ)

A
 

Clearly we have to be careful to separate the interface resistance from the 

length dependent part. This is what we will do next. 


