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BTE: 
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coupled current equations 
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  Jx = σE x − σS dTL dx

   Jx
q = TLσSE x −κ 0 dTL dx

  
E x = ρJx + S

dTL

dx

 
Jx

q = π Jx −κ e

dT
dx

(diffusive transport) 

We know how to compute these 
parameters with the Landauer 
approach. How do we do the same 
with the BTE? 
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moments 

( ) ( ) ( ) ( )0 0
1 1, , ,

k k
n r f r k f r k f r kδ= + ≈
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     

( ) ( ) ( ) ( )1 ,n
k

J r q k f r k
A

υ δ= −∑
   

( ) ( )( ) ( ) ( )1 ,Q n
k

J r E k F k f r k
A

υ δ= −∑
   
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( ) ( ) ( ) ( )1 ,W
k

J r E k k f r k
A

υ δ= ∑
    

To evaluate these 
quantities, we need to 
work out sums in k-
space. 
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( ) ( )

( )

0
1

1
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E E p E k T
f p e

e
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+
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


even in momentum 
“symmetric” 

( ) ( )0 0f p f p= −
 

( ) ( )

( )
1

1

n C

B L

C n B L

F E E p
k T

S E E p F k T
f p e

e

− −  

+ −  
= ≈

+






( ) ( ) ( )ˆ S

m m

f p f p f p
Cf

δ
τ τ
− 

= − = − 
 

  

( ) ( ) ( )Sf p f p f pδ= +
  

odd in momentum 
“anti-symmetric” 

( ) ( )f p f pδ δ= − −
 
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moments 

( ) ( ) ( ) ( ) ( )1 ,n n n
k

J r q k f r k F q
A

υ δ σ= − = ∇∑
   
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electric current in 2D 

( ) ( ) ( )1 ,n
k

J r q f r k
A

υ δ= −∑
   0

m
ff
E

δ τ υ∂ = − • ∂ 
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
F
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n m

k

q fJ r
A E

τ υ υ
− ∂   = − •   ∂ 

∑
   F

( ) ( ) ( )0
n m

k
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A E
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∑
   F tensor 
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an isotropic, isothermal, 2D conductor 
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δ f = τm −

∂f0

∂E






υxFx generalized force in x-direction 

( ) ( ) ( )1 ,nx x
k

J r q f r k
A

υ δ= −∑
  current density in x-direction 

( ) 20 01 n
nx x m x x x m

k k

q f f dFJ q
A E A E dx

υ τ υ υ τ
−   ∂  ∂   = − = − ×     ∂ ∂      

∑ ∑F

  
Fx = −

dFn

dx
isothermal, spatial variations only in 
x-direction 
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conductivity 

( )n
nx S

d F q
J

dx
σ=

2 2 01
S x m

k

fq
A E

σ υ τ ∂ = − ∂ 
∑

To work out this expression, we need to evaluate the sum. 
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conductivity 

2 2 01
S x m

k

fq
A E

σ υ τ ∂ = − ∂ 
∑
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2
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1 1 1
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∞
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∞
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0

2π
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isotropic bands 

cosxυ υ θ=
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conductivity 

  
σ S =

gv q2

2π 2 cos2θ dθ υ 2 τm k( ) −
∂f0

∂E




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*

2
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0
2

0

v
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g q fE E E dE
E
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π
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τm E( )= τ 0 constant scattering time 
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conductivity 

change variables 

c
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E E
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η −
=
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2
0

2 /
0 1 F B L

cv
S E E k T

F

E E dEg q
E e

τσ
π

∞

−

− ∂
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E E
k T
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2
0
2

0 1 F

v B L
S

F
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τ η ησ
π η

∞

−
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v B L
S F
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F
Lundstrom ECE-656 F11 



14 

conductivity 

( )
2

0
02

v B L
S F

g q k Tτσ η
π

=


F

We have our answer. Why does it look so unfamiliar? 

Recall…. 

( ) ( )
*

2 0 02
v

S D F B L F
g mn N k Tη η
π

 
= =  

 
F F

✔ 

  
σ S = nS q

qτ 0

m*







= nS qµn

For energy-dependent scattering: 

( )0 m Eτ τ→
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conductivity 

( )
2

0
02

v B L
S F

g q k Tτσ η
π

=


F

We have our answer, but how does it relate to the Landauer approach ? 

Let’s go back…. 

( )
2

2 2 20 0

0

1
2
v

S x m m
k

f g q fq k kdk
A E E

σ υ τ υ τ
π

∞∂ ∂   = − = −   ∂ ∂   
∑ ∫

✔ 

change variables to energy 
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conductivity 
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2 *

2 0
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

2
π
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drift current 
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δ f = τm −

∂f0

∂E






υxFx generalized force in x-direction 

( ) ( ) ( )1 ,nx x
k

J r q f r k
A

υ δ= −∑
  2D current density in x-direction 

   Fx = −qE x
(for the drift current) 

( ) 2 2 01
nx x m x
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fJ r q
A E

υ τ ∂ = − ∂ 
∑

 E result 
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drift current (ii) 
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( ) 2 2 01
nx x m x

k

fJ r q
A E

υ τ ∂ = − ∂ 
∑
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∂E
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1
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2

2
0

1
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k B L
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A k T

υ τ σ
 

= = 
 
∑

 E E

( )

2
0

0

0

1
1

1

x m
k

S
kB L

k

f
q A f

k T q Af
A

υ τ
σ =

∑
∑

∑







  
σ S = nS q
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2τm

kBTL q( )
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X E( )f0 E( )

k
∑

f0 E( )
k
∑
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drift current (iii) 
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σ S = nSq

υx
2τm

kBTL q( )= nSqµn

  
µn =

υx
2τm

kBTL q( )=
1

kBTL q( )
υx

2τm

υx
2

υx
2

  

m* υx
2

2












=

kBTL

2
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q τm

m*

  
τm =

υx
2τm
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2
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X E( )f0 E( )

k
∑

f0 E( )
k
∑
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diffusion current 

   
δ f = τm −

∂f0

∂E






υxFx generalized force in x-direction 

( ) ( ) ( )1 ,nx x
k

J r q f r k
A

υ δ= −∑
  2D current density in x-direction 

   
Fx = −kBTL

1
nS

dnS

dx
(for the diffusion current) 

( )
2 2 01

x m
k S S

nx B L n
S

fq
dn dnA EJ r k T D

n dx dx

υ τ ∂  −  ∂  = − = − 
 
  

∑ result 
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drift current (ii) 
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∑∑ 

2
0

0
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1

x m
k

n

k

f
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f
A

υ τ
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∑

∑





  
Dn = υx

2τm
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drift and diffusion (non-degenerate) 
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Dn = υx

2τm

  
µn =

q τm

m*

  
τm =

υx
2τm

υx
2

 

Dn

µn

=
kBTL

q
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energy dependent scattering time 

Lundstrom ECE-656 F11 

  
τm =

υx
2τm

υx
2   

υ 2 = υx
2 +υ y

2 →υx
2 = υ 2 2( )

  
τm =

υ 2τm

υ 2

 
τm =

Eτm

E

( ) ( )0
s

f BE E k Tτ τ=

“power law scattering” 

  
τm = τ 0

Γ s + 2( )
Γ 2( )
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multiple scattering mechanisms 
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df
dt coll

= −
δ f
τm

→
df
dt coll

= −
δ f
τ1

−
δ f
τ 2

= −
δ f
τ tot

  

1
τ tot

=
1
τ1

+
1
τ 2

( ) 1

1 10
s

BE k Tτ τ= ( ) 2

2 20
s

BE k Tτ τ=

  

τ tot =
τ10τ 20 E kBT( )s1 + s2

τ10 E kBT( )s1 + τ 20 E kBT( )s2

≠ τ 0
tot E kBT( )stot

  
µn =

q τm

m*



 
28 

Mathiessen’s Rule 
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µn =

q τm

m*

( ) ( )10 20
0

10 20

s stot
tot B BE k T E k Tτ ττ τ

τ τ
= =

+1 2s s s= =

  
µtot =

qτ 0
tot

m*

Γ s + 2( )
Γ 2( )

1 2

1 1 1

totµ µ µ
= +

Mathiessen’s Rule 

( ) ( ) ( )1 2

1 1 1

tot E E Eτ τ τ
= +
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ellipsoidal bands 
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zk

xk

yk

*
00.9m m=

*
00.19tm m=

Si conduction band 
1,2 *6

mqn q
m
τ

σ =


1 2

3

45

6

  
σ 3−6 =

n
6

q
q τm

mt
*

 σ = 2σ1 + 4σ 3

* *

1 2
6 3 3 m

t

n q q
m m

σ τ
 

= + 
 

* * *

1 1 2
3 3c tm m m

= +


“conductivity effective mass” 
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transport tensors 
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( ) 1
r n L C n r

L

F T E E k F
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 

= −∇ + + − ∇    
 


F

0
m

ff
E

δ τ υ∂ = − • ∂ 
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( ) ( ) ( )1 ,n
k
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  

( ) ( )1
r n C n r L

L

F E E k F T
T

= −∇ + + − −∇  

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current equation in indicial notation 
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δ f = τm −

∂f0

∂E






υ jF j  

Ji =
1
Ω

−q( )υ iδ f
k
∑

   
F j = −∂ j Fn − EC + E k( )− Fn

 
1

TL

∂ jTL

   
Ji =

−q( )
Ω
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∂f0

∂E






υ iυ jτm F j

k
∑

  
Ji =

−q( )
Ω

−
∂f0

∂E






υ iυ jτm −∂ j Fn − EC + E k( )− Fn

 
1

TL

∂ jTL











k
∑

  

Ji =
1
Ω

q2 −
∂f0

∂E






υ iυ jτm











k
∑ ∂ j Fn q( )+

1
Ω

q −
∂f0

∂E






υ iυ jτm











k
∑ EC + E k( )− Fn

 
1

TL

∂ jTL
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current equation 
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Ji = σ ij ∂ j Fn q( )+ sT ij

∂ jTL

  
sT ij

=
kB

Ω

EC + E k( )− Fn

kBTL









 qυ iυ jτ f −

∂f0

∂E





k
∑

  
σ ij =

1
Ω

q2υ iυ jτ f −
∂f0

∂E





k
∑ 0ij ijσ σ δ=

 
τm =

Eτm

E  
σ 0 = nq

q τm

m*

parabolic E(k), non-degenerate 
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summary 
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We have discussed the formal procedure for solving the 
BTE in the presence of small gradients in electrostatic 
potential, concentration, and temperature. 

The same procedure can be used in 1D, 2D, and 3D and 
for semiconductors with different E(k) and scattering 
processes. 

In the diffusive limit, the results are the same as those we 
obtain from the Landauer approach. 
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