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l Understanding the math . l T T

today: form and rhythm

SUMHSS HOYb.

Merno, merno no eceu 3emrie
Bo ece nipederei.

Ceeya eoperna Ha cmorie,
Ceeya 2operna.

Kak nemom poem mowkKopa
Jlemum Ha nnams,
Crniemarnuchk xJsorbsi co deopa
K okoHHOU pame.

Memenb nenuna Ha cmorie
Kpyxku u cmpernsbi.

Ceeya eoperna Ha cmorie,
Ceeya 2operna.

Ha o3apeHHbIU nomoriok
Jloxunucb meHu,
CKpeweHbs PyK, CKPKUWEHbS HO2,

CyObbb! CKpew,eHbsl. ... Boris Pasternak
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— Inverse problems
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— Inverse problems

Magnetic Resonance Imaging
*lan Atkinson

Synthetic Aperture Radar
*Rob Morrison

Optical Coherence Tomography
*Spectral Domain
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— Shadowgrams to structure

Physics 5
4 i P S 154 1) S
[(P) — I(Pg)e_ fpo a(r)dl ¥ LW

CT

IliC=Iliac Crest SPbR=Superior Pubic Ramus
LatScrm=Lateral Sacrum SymP=Symphysis Pubis
Cx=Coccyx IPbR=Inferior Pubic Ramus

X-ray projection

Maxwell Eq. - gsﬁgetncal == Beers law
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The discovery of x-rays

Wilhelm Roentgen Philipp Lenard

1st Nobel Prize in physics Cathode rays
Units named (the rontgen) 1905 Nobel

Father of diagnostic radiology Nazi
Institutes —

Deflectlng c0|Is

Devices Control Grid
Rays B D e

etc...

Cat"hode Electron

beam \ )
Focusing coil
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— X-ray absorption, 1onization

1s to 10s of eV binding energy

ca

I

100s to 100,000s of of eV x-rays
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— X-ray absorption, 1onization

1s to 10s of eV binding energy

ca

100s to 100,000s of of eV x-rays ®
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Electrons provide contrast through
metals like Ca, Mg, Ba

=]

contrast agents

soft tissue
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Beers law
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Beers law
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Beers law
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Beers law
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Back-Projections

NN

a=P 'S




Computed tomography

Johan Radon 1917

— mathmatics

Bracewell 1956

— filtered back propagation for astronomy

Cormack 1963

— reinvented Radon transform

Hounsfield 1967

Detector
Array

ECE Tllinois oTJ>
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Spectra to structure

Physics

NMR spectroscopy

Maxwell Eq. =+ Q.M. w/spin === Larmor freq.
-|- Stat mech. w=p 71, T2

OS5 )
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The discovery of spin
Wolfgang Paul1 1924

Paraphrase of the scientific question: Why is
helium a noble element and not hydrogen?
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The discovery of spin
Wolfgang Paul1 1924

Paraphrase of the scientific question: Why is
helium a noble element and not hydrogen?

| Yk
o i}&m‘u . . .
gt Exclusion principle

~ (Nobel prize 1949):
PV =Wg1 =—-V,
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The discovery of spin
Wolfgang Paul1 1924

Paraphrase of the scientific question: Why is
helium a noble element and not hydrogen?

| Yo
=0, V{‘w\.u

gt Exclusion principle

(Nobel prize 1945):
PV =Wg1 =—-V,

BUT... it would seem

Vo1 =V
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The discovery of spin
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The discovery of spin
Wolfgang Paul1 1924

Paraphrase of the scientific question: Why is
helium a noble element and not hydrogen?

| Yo
=0, V{‘w\.u

gt Exclusion principle

(Nobel prize 1945):
PV =Wg1 =—-V,

BUT... it would seem

Vo1 =V

So Vi =0

Pull an accounting trick: W12 = ( ":i; > - ( % )
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The discovery of spin
Wolfgang Paul1 1924

Paraphrase of the scientific question: Why is
helium a noble element and not hydrogen?

| Yo
=0, V{‘w\.u

gt Exclusion principle

(Nobel prize 1945):
PV =Wg1 =—-V,

BUT... it would seem

Vo1 =V

So Vi =0

spin up ‘
Pull an accounting trick: V12 = i) (v .
() spin down '

OS5 )
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Spin as a little quantum magnet:
The Stern-Gerlach experiment 1922

Classical

prediction
What was Silver atoms

actually observed
/ Q
. L]
vl

Furnace

Inhomogeneous
magnetic field

Theresa Knott

5 G http://phet.colorado.edu/en/simulation/stern-gerlach



http://phet.colorado.edu/en/simulation/stern-gerlach
http://phet.colorado.edu/en/simulation/stern-gerlach
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— Nuclear magnetic resonance

B * AE—QILLB‘

w=2Bu/h
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Field gradient

Frequency

Position
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MRI images
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Nobel Prizes 1n [Magnetic Resonance

194 Y 1952 1991 2002 2003

Isidor Isaac Rabi Felix Bloch and Edward Mills Purcell Richard R, Ernst Kurt Wuthrich Paul €. Lauterbur and Sir Peter Mansfield

L930s 1940s 1950s L960s 1970s 1980s

Isidor 1saac Rabi Felix Bloch Nicolaas Bloembergen Erwin Hahn Richard R, Ermnst Alan M. Cormack Paul C. Lauterbur Sir Peter Mansfield Kurt Wuthrich
: Edward Mills Purcell Robert Pound Py o he e 01he phmneme Weston A, Anderson Godfrey N, Hounsfield '
——— Edward Mills Purcell b e S te

Timeline of the Chain of Research that Led to the Development of MRI
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Echograms to structure
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Synthetic Aperture Radar
*Rob Morrison

S(r,w) = A(w)/ d°r" h(r' —r,w)n(r)

RADAR

Maxwell Eq. -+ Reflectance === Stolt mapping
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Radar

J. C. Maxwell 1861 - Lightis a
disturbance of the electromagnetic
field

Heinrich Hertz 1886
Marconi 1899
Taylor and Young 1922

ECE Illinois |ofd]
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— SAR

« Carl Wiley 1951
e Chalmers Sherwin (UIUC) 1952

- e =" _.~DOPPLER

50cm
L]

Figure 9. Raw strip-map radar image of a 1:32 scale model of a F14 fighter aircraft before Stolt Fourier

resampling (a), and after Stolt Fourier resampling (b).

\yyﬁom Gregory L. Charvat, Lincoln Labs.
22
22



SAR 1mages

Black Mesa Area, I-25 and US-85
South of Albuquerque, NM - 22 December, 1994

Time: 11:30pm
Conditions: Heavy Clouds

ECE Illinois |ofd]

Washington, D.C. Mall Area

Elevation Model from Interferometric SAR
12 December, 1995

Rendering Viewed from West to East

23
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The common approach

S=Kn

A linearizable forward model

n=KTS

A stable psudo-inverse
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Optical Coherence Tomography:
range finding with low-
coherence interferometry

=

- Sample
Reference
Mirror
Source /
Beam/
Splitter AL
Signal processing:
speckle reduction,

' numerical dispersion
Petector correction
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Transverse scanning in OCT imaging

Transverse Scanning
Backscatter Intensity >

I EEREARER!

Axial Scanning (Depth)

A

. Fissue Spécimen =
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OCT vs histology - human tumor

Blood vessel

Necrotic tissue

Luo W, Nguyen FT, Zysk AM, Ralston TS, Brockenbrough J, Marks DL, Oldenburg AL, Boppart SA, “Optical Biopsy of Lymph Node
Morphology using Optical Coherence Tomography.” Technology in Cancer Research and Treatment, 4 (5), 539-547, October 2005.
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— Beam Focusing

OCT Column Low-NA High-NA

2
s

--=-—-=--

B. Hermann, et.al., "Adaptive-optics ultrahigh-resolution optical coherence tomography,” Opt. Let., vol.
29, pp- 2142-2144, 2004.

W. Drexler et. al., “In vivo ultrahigh-resolution optical coherence tomography,” Opt. Let. Vol.24 No.17
pp. 1221-1223
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Strategy

e Develop forward model for
illumination, light-sample interaction,
and detection

» Simulate and compare to reality

* Apply appropriate approximations

 Invert, analytically 1f possible
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Mathematics
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Mathematics

U;(r,ro, k) = A(k)g(r — ro)




=

CE Ilinois |o]o|
E

atics
them
\Y%E

I'O)
k) = A(k)g(x —
Uz’ (I‘, I'o,

=

) k) (ja I'(),k)
(r', 1o, k . i
/ Uz 9 |
(', v, k)n(r’) l
/G 7
d>r
k) = /
I'o,
Us(r,




=]

ECE Illinois |ofd]

Mathematics
Ui(r7 Io, k) — A(k)g(r _ rO) ) S(I‘(),k)
Us(r,rg, k) = /der’G(r’,r, Kn(e"U;(x v, k)  —— IAli —————
U;(r,ro, k) Y I
S(ro, k) = / d*rU(r,ro, k)g(r —ro, k) l v [ [Us(r;xro, k)
z=0
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Mathematics
Ui(r7 Io, k) — A(k)g(r _ rO) ) S(I‘(), k)
Us(r,rg, k) = /dBfr’G(r’,r, Kn(e"U;(x v, k)  —— IAli —————
U;(r,ro, k) R I
S(ro, k) = / d*rU(r,ro, k)g(r —ro, k) l v [ [Us(r;xro, k)
z=0

Uz‘nG

S(ro, k) = A(k) /—0 dQT/dST,G(I‘,,I‘, K)g(r' —ro, k)g(r — rg, k)n(x").
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More math
ol k) = Ly —
’ 2 WE (k) —
a=7m/NA Wo(k) = a/k
S k) = e W/ _ -t (2 —

67llc|1c'—1c"| i . / e—ikz(q)(z—z’)
G(r' r k) = _ | 424 eta:(r—r")
(&', k) r — r/| 27‘(’/ e k.(q)

k.(q) = \/kz — q?
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Forward simulation

T.S. Ralston, D.L. Marks, F. Kamalabadi, S.A. Boppart. “Deconvolution methods for mitigation of transverse
blurring in optical coherence tomography.” IEEE Trans. Image Proc. Special Issue on Molecular and Cellular
Bioimaging, vol.14, no. 9, September 2005.

T.S. Ralston, D.L. Marks, P.S. Carney, S.A. Boppart, “Inverse scattering for optical coherence
tomography,” JOSA A, in press.

C 33
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Forward simulation

T.S. Ralston, D.L. Marks, F. Kamalabadi, S.A. Boppart. “Deconvolution methods for mitigation of transverse
blurring in optical coherence tomography.” IEEE Trans. Image Proc. Special Issue on Molecular and Cellular
Bioimaging, vol.14, no. 9, September 2005.
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C 33
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The inverse problem

S(ro, k) = A(k) /—0 dQT/dST,G(I‘,,I‘, K)g(r' —ro, k)g(r — rq, k)n(x").
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The inverse problem

S(ro, k) = A(k) /—0 dQT/dST,G(I‘,,I‘, K)g(r' —ro, k)g(r — rq, k)n(x").

_ 1 ) 2\ —20) ik, (q— 2’ —2g
S(Q, k) = iQWA(k)/dzq /dz, e ke (@)(='—20) ik (a—Q)(='—20)

—a?Q?  —o?|la-Q/2|?

e W e i(Q, )
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The inverse problem

S(rg, k) = / d*r /dST,GI‘ r,k)g(r' —rg,k)g(r —ro, k)n

S(Q, k) = i2r A(k) / dq / \ \

oik=(a) (2 —20) Sikz(q—Q)(2" —20)

—a2Q?2 —a?|q-Q/2|?

eI e (Q, )

asymptotic expansion r
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The inverse problem

S(rg, k) = / d*r /dST,GI‘ r,k)g(r' —rg,k)g(r —ro, k)n

\ \

oik=(a) (2 —20) Sikz(q—Q)(2" —20)

~a2Q2  —a?|la-Q/2% _ /
xe w2 e w2 (Q,2)

asymptotic expansion r

N L2 6—27jkz(Q/2)zo _azQz

S(Q. k) = —i2n* A(k) € 7(Q, —2k.(Q/2)]
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— Solution and regularization

S(Q. k) = K(Q,k)7(Q, —2k.(Q/2)]

Interferometric synthetic
aperture microscopy
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Polar vs. Hyperbolic Resampling
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3D Rendered
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— ISAM vs Histology

Slice A

Slice B
Histology

W
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Unpocessed Data

100 microns
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And now for something
completely different

Near-field

Also scanning

Also interferometric
Harder

ECE Illinois |ofd]
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B NSOM images

Fig. 4. Resolution in
NSOM as a function of
the probe-to-sample
separation. The separa-
tion in each case is (A)
near contact; (B) 5 nm;
(C) 10 nm; (D) 25 nm;
(E) 100 nm; and (F) 400
nm.

Betzig and Trautman, Science 257,189-195 (1992).
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PSTM/NSOM simple model

/ Monochromatic field wo = cko

Uq(r) = /dgr’ X DT Qe PV (1)

@ r|  Kylr) = [ @Q 0078 ()
g el (Q+q)r
gQ(T) o It
_iQer =2k (Q4q) —izk: (q)
B > Qx o\ 1€
k(q) = (q, \/ko q°) fq (*) Ak (Q + a)Ag

46
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Calculation of the pseudo-inverse

(
‘oL

47
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And the results are ...

terrible.
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Multiple interactions with the probe

Fix the physics:

U = [TS ST + TS TTS STT SST + ..U,
res

'

collectlon
|IIum|nat|on nonlinear

|mportant correction

E\- :
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Strong tip corrections

H I

#, i :
==, g -:J-_.F - -__ - 1 I a F r 1
i s xiFT
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The next thing: vNFOT

U=|S+T+ST+TS+TST|U,

data from adjacent planes are linearly dependent

| z ‘ except this one

scan in 3D

' 51
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What we know about vNFOT now

Simulations show 3-D
reconstructions are in
principle possible

Experiments verify a
dependence of the data on
depth (the forward model
works.

Resolution of
reconstructions 1s noise
dependent

Resolution 1s spatially
inhomogeneous for
fundamental reasons

< 0.05
N 015
o

0 02 04 06 08

/
/

el
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Conclusions

* Inverse scattering and computed 1imaging extend the utility and
scope of data collection methods

* Physics makes it go.




