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• Last day we derived the matrix version of n(E). 
Today we want to derive the matrix version of        .
• For the matrix version, we have the Hamiltonian 
matrix which describes the channel and the two 
self energy functions which describe the coupling 
to the contacts. 
• The broadening function Г is related to the 
imaginary part of the self energy as
• We’ve written the matrix version of n(E) as 

• The current’s matrix equation: 

• Where

• In going through the derivation of matrix versions, 
we’ll just think of ONE contact to make the algebra 
simpler.
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• The Schrödinger equation for the 
system of channel and one contact is: 

• The approach is to think of the system 
in two steps before connection and after 
connection. With this strategy the wave 
function in the contact can be described 
by the summation of what it was before 
coupling and what was induced after 
connection. 
• We’ll have:

• Focusing on  the channel’s 
equation in this system of two 
equations, we have: 

Where

• The device will react back on the 
contact and result in the induced 
term: 
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• Next we want to derive the Density 
Matrix. As we know the density is defined 
as ψψ.  Density Matrix is a matrix whose 
(i, j)th component is                         .

• Therefore density matrix can be written 
as:

• But could we write the density matrix like 
this?

• This just gives us a number (Trace of 
density matrix) NOT the density matrix 
itself. 

• We can derive ψ from 
Schrödinger equation:

• For Density Matrix we then have:
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• What is {ψ}α?
Answer:  It is a column 

vector describing the wave 
function inside the channel 

due to excitation by the 
(α)th eigenstate in the 

contact.

• What is ψα?
Answer: It is a number. It 
is the (α)th component of 

the wave function ψ inside 
the device.

• Remember

• There are lots of eigenstates in the contact, 
however there is NO coherence between them 
and in that sense they all act independently.  
• For instance, consider Young’s double-slit 
experiment: 
• For thermal sources without
coherence we should add
intensities whereas for coherent 
sources like laser we might
have situations for which
we’d want to add the electric fields.
• Electrons are more like thermal sources and 
they act incoherently.
• We should find ψ due to each excitation in the 
contact and then add the intensities (squares of 
the wave function).
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• So to get the total density matrix inside the channel we should add ψ ψ* and sum 
over all eigenvalues α corresponding to the occupied eigensates inside the contact. 
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• What we want to do today is to derive the 
current matrix equation; similar to the 
derivation of density matrix.  In other words 
we want to derive:

• Question: What is the definition of the 
current? How do we define current?

• In order to get the answer, we have to look 
at the time-dependent version of Schrödinger 
Equation:

• Then we can ask the question: what is the 
rate at which the probability is changing inside 
the device. So this is what we want:

• Note that ψ*ψ is a number.

• If the probability inside the 
device is changing, then 
there must be a current flow 
and calculating the rate at 
which this probability 
changes is a good measure 
of current.

• On the next page we will 
derive an expression for 

in terms of Hamiltonians and 
τ’s.
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• For current we then have:

• What we want to get at is like:

• To get the Inflow and Outflow, we’ll replace      by                 in 1. The term that 
has        in it will be the Inflow and the one which has    , will become Outflow.

• Inflow and Outflow are calculated on the following pages.
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• Expression For     inI
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• Expression For     outI
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How do we do the general problem of obtaining the matrix versions of our one level 
model equations?

• We’ve derived the expressions for electron density and current for the one-level device. 
We’ve then spent the rest of the course to figure out what Hamiltonian and self energy 
matrices are. Having these matrices, we have now derived the matrix versions of electron 
density inside the device and current through it. Well, how did we do this?  

• We started with the Schrödinger equation for the whole system. We then partition the 
Schrödinger equation into two equations describing the channel and the contact. After that 
we eliminate the contact and focus on the channel with the idea that it started out empty and 
gets filled by the electron wave functions from the contact causing inflow. It then responded 
back and induces an electron wave function inside the contact causing outflow. 

• To get the electron density or the current you DO NOT add up the wave functions, you add 
up the electron or current density i.e. you add up ψψ* instead of ψ’s arising from each 
eigenstate of the contact. 

• Once you’ve derived the equations, then you can use it for any device no matter how 
complicated it is. 

• If H and Sigma could be diagonalized simultaneously, then we wouldn’t need to go through 
all this to prove the matrix versions because we could write the equations for each diagonal 
element which would be INDEPENDENT and then you could just add them up. How ever 
this is NOT doable because in general H and Sigma cannot be diagonalized simultaneously. 

Summary
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