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Reaction coordinate



Free Energy as a function of a reaction 
coordinate

• Probability density function of ξ :

• Free energy function:

• Represents the mean potential acting on ξ.

• Canonical ensemble: probability density function



• The probability can be simply calculated

• We see that the free energy is nothing but U1 in this simple case.

• This shows that the free energy is identical to the usual notion of 
energy in simple cases, and generalizes it to an arbitrary coordinate ξ.

Example of free energy

• If ξ is a Cartesian coordinate, we recover the conventional notion of 
energy.

• Let’s assume that



Direct calculation using histograms
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Applying a bias
Force acting on ξ

Biasing force
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• This relation can be extended to an arbitrary coordinate ξ:

• dA/dξ is then simply the mean force acting on ξ.

Force acting on ξ
• In thermodynamic integration, the free energy profile is computed by 

integrating its derivative dA/dξ.

• Consider again the simple example with ξ = x1. In this case, 
A(ξ)=U1(x1) and the derivative is simply equal to



Computing the derivative of A
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Computing the adaptive bias

• Ideally, the biasing force should be:

• Instead, we use an approximation based on the samples 
obtained so far:

• External force added to system:



Uniform sampling

This leads asymptotically to a uniform sampling:
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Simulation starts at a 
minimum of the free 

energy and 
progressively moves 

away from it

Free Energy Estimates during simulation

Free energy profile at various times



Vector free energy
• Result can be extended to multiple dimensions.

• This is important since in practice the real reaction coordinate is 
rarely known. Therefore the free energy is often computed in terms 
of collective variables which are assumed to be closely related to the 
reaction coordinate.



Alanine dipeptide

Free Energy

Statistical error



Distribution of forces

• The variance of the force is large.
• Consequently, the statistical error is also large; this is one of the 

reasons why free energy calculations are difficult.



Ion channel: Bacterial K+ channel
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LS peptide

• Amphipathic peptide. Sequence is (LSLLLSL)3.
• Leucine residue is non-polar.
• Serine is polar and interact strongly with water.

Leucine pink (non-polar)
Residue type: Polar green, Non-polar white

Serine yellow (polar)

Strong hydrogen bonds



Structure of helix
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Tetrameric ion channel
By associating, LS can form tetrameric ion channels.

Top view Side view

Membrane Membrane

Schematic view



Insertion of LS peptide in a 
membrane

Sticky water



Calculation with short-range cutoff

The energy barrier is too high because we lack long range 
electrostatic forces which stabilize the system.



Choice of reaction coordinates?

Simplest choices:
• Distance z between center of mass of helix and membrane.
• Hydration parameter (number of water molecules in contact with 

hydrophilic residues).
• Angle between helix and normal to the water octane interface.

Angle Φ:

Considering two heavy 
atoms or the center of 
mass of the upper and 
lower parts of the 
protein can lead to 
spurious deformations 
of the helix



• Eigenvector of the moment of inertia tensor (principal axis) with the 
smallest eigenvalue. This vector points in the direction of maximum 
extension.

• Gradient of reaction coordinate can be computed from the gradient 
of this eigenvector

• Reaction coordinate defined by angle between this eigenvector and 
a vector normal to the water/octane interface.

Principal axis of the helix



Example for LS peptide

This definition avoids spurious 
artifacts due to definition of the 
reaction coordinate.

Properties of this gradient:
- Contained in the plane defined 

by the eigenvector and the 
interface normal.

- Small near the center of mass
- Corresponds to a “solid body”

rotation.



Alchemical transformations

Glycine Alanine



Free energy difference

• Free energy difference defined as:

• An auxiliary variable λ (along with momentum pλ) can be introduced 
which defines a path from H0 to H1:



Hamiltonian equations

• ABF can be applied to this extended system:

Even simpler!



Conclusion
• Efficient numerical method to calculate the 

potential of mean force: adaptive biasing force.

• Applicable to several reaction coordinates.

• Used to study the interaction between a 
membrane and an α helix.

• Can be extended to alchemical transformations 
using an extended system with variable λ.


	Vector free energy calculation with adaptive biasing force
	Reaction coordinate
	Free Energy as a function of a reaction coordinate
	Example of free energy
	Direct calculation using histograms
	Applying a bias
	Force acting on ξ
	Computing the derivative of A
	Computing the adaptive bias
	Uniform sampling
	Free energy profile at various times
	Vector free energy
	Alanine dipeptide
	Distribution of forces
	Ion channel: Bacterial K+ channel
	LS peptide
	Structure of helix
	Tetrameric ion channel
	Insertion of LS peptide in a membrane
	Calculation with short-range cutoff
	Choice of reaction coordinates?
	Principal axis of the helix
	Example for LS peptide
	Alchemical transformations
	Free energy difference
	Hamiltonian equations
	Conclusion

