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Outline

The problem of matching data with theoretical
distribution

Parameter extractions: Moments, linear regression,
maximum likelihood

Goodness of fit: Residual, Pearson, Cox, Akika

Conclusion
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Problem of matching the moments

01— Log-hormal distribution | -
Weibull distribution

In(-In(1-F))
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Log-normal distribution is considerably optimistic



(1) Linear regression: balanced errors

W =In(-In(1-

=) = Alnt + ¢

‘heory. y=ax+Db

Miminize SSR

Data: y, =ax, +b

:Zi(y_yi)z

e

X

a:(ZXiZZyi _in in Yi)x D™

b:(nzxi Yi _in ZYi )XD_l

D=n) X —(in )2

Alam ECE 695



Uncertainty in regression coefficients

Dependent variable subject to random Gaussian Error of same
magnitude at each data point

Theory: y=ax+Db t-distribution with (n-2)
degree of freedom

Gazzs(ZXiz)x D™ /

ol = 3\/ﬁx D™ at t95%,(n—2)0a
D= nz X —(Z X ) b+ 1:95%,(n—2)0b

=Y (y-v ) /(n-2)

* Note s and (n-2) ... So called Bessel correction, Because we
needed data to calculate a and b.

Use Excel LINEST() function.
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Methods of least squares for weibull

T. obtained from measurement,
F. obtained from Hazen or Kaplan-Meier formula.

Define E(a, f) = Z( |:i,exp (ti) - Fi,theroy (ti ’ a"B)Z

dE _, dE _

=0 /= =0
da dj

Minimize

Error and Residual ...

E(O‘o J :Bo) — Z( |:i,exp (tl) o I:i,theroy (tl ’ao J IBO))Z
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Fitting of physical models: challenges

Is the error in W Gaussian distributed ?

W =gInt+c Int=pg"W-pg7c=aW+b

Inverse fitting is more appropriate ... X = a + b*y

SRR (e

AR i
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Method of correlation coefficient

r=+bxb’

b — nzxiyi _ZXiZyi
nz Vi _(Z Yi )2
b = nZXiyi _ZXiZYi

Ny X = (D )2

y=a+bx x=a +by
Prob. of r when x-y are uncorrelated
n/r 0.5 0.7 0.9
3 0.667 |0.506 |0.287
4 0.1
6
7
10 0.141 ]0.024

Example. If r=0.9 for n=4, there

Is only 10% chance (0.1 value) that
this is accidental. If however r=0.5
with n=10, there is 14.1% chance
that it is accidental.
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(2) Fisher’s Maximum Likelihood Method

Towering figure, showed that Mendel
manipulated data; MALAB fitdist functions

t(t,a,p)
L:ﬁf(ti,a,,b’)
InL:Zn:In f(t,a, B)

dinL
do

dinL
dp

=0 0
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Maximum Likelihood estimator
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Example: origin of least square method

Let the error around each data point be distributed Normally ...

_(Yi—Y(Xi))2
1 20'i2

f(yi’/u)za_\/ge

Then the Likelihood function for this problem is :
_(yi—y(xi))2

N N
— i — 1 20’
L—l;[f(y.,u) | el

i1 Oi

LT y)) (v (oY)

1 20,2 20,2 2652
= e 1 e ! ...6 3
| V27 | HUi
_ — Yi—Y(Xi)Z
. 1 " 1 ez( 20i2 )
| V27 | H(Ti
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Example (continued)

olnL(a,b) _i
oa oa

i1=1

. (Yi — y(xi))2

(Yi — Y (X ))2

207

=0

=0

nln(nln[a lzﬂj_z(Yi Zii(ZXi))z_ B
a:(ZXiZZYi _in in Yi)x D™
b:(nzxi Yi _in ZYi )X D™
D=n>"%-(D % )2

Linear fit is a special case of MLE with
requirement that error is distributed normally



Example: MLE estimator for one-parameter
distribution

f(tK) =K xtxe 72

L= ( Ktle‘Ktlz/z)x ( Ktze‘th/Zj X ( the‘th/z)x ( Kt4e‘Kt5/2)><

il 156

INnL=nInK+> Int —%thf
=1 i=1

dinL
dK

=0 =K=2n Zn:tf
=1
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Example: MLE estimator for Weibull

Recall f(t,a, B) = 'B AL, (é)ﬂ

InL = Zlnf(t a, )
_nln,B nna+(B-1>" Int/a->" (t/a)

dInL:O dInL:O
do dj

(iti“ In(ti)ﬂ itiﬂj_%iln(ti)ﬂ ~1 o :{

Solve for unknowns a, 3




HW: MLE for Log-Normal

.exp{_{]na)-nm;o}z}

20

f(t;u,o0) =
toN27

In L:anln f(t,a,p)

dInL:O dInL:O
da dg
Zn:tlﬁ In(ti)ﬁ n 1 ;
—— —izm(t.)ﬂ =1 z :{ﬁZtiﬂ}
. =1



Outline

Introduction: The problem of matching data with theoretical
distribution

Parameter extractions: Moments, linear regression, maximum
likelihood

Goodness of fit; Residual, Pearson, Cox, Akika

Conclusion
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(1) Goodness of Fit: First check visually

f(x)

fal)

>

X

Statistical analysis is helpful only when there is
a intuitive feel that the fit looks good ...
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(2) Goodness of Fit: Residual method

Discard (>3s)

residue residue
A e A
o o
e ® 4 @ ° .
————— ¢-----—---—> ————_— -
mean mean o )
o ]
> X > X
A good fit (normal A bad fit (systematic

distribution of residue)) distribution in residual)
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(3) Goodness of fit: Q-Q Method

g-Quantile and quartile are different
things. Median is 2-quantile, Quartile
» is 4-quantile, decile is a 10-quantile,
' percentile is 100-quantile, etc.

___________ ¢
9 | / Take the g-quantile values of the
original data and plot in the y-axis.

Take the g-quantile values of the test-
distribution (i.e., calculate x=F(-1) (q))
to define the x-axis.

Visually inspect and establish deviation
from linearity.
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Q-Q Method: An example

@

y

{3,6,7,8,8, 10, 13, 15, 16,20}
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fo
|0x1/4~3 10x2/4~5
ql=(7,9,15)

|0x3/4~8

Exponential distribution

Q(p; \) = ~Inl =)

Ist q: In(4/3)/A
2nd g: In(2)/A

3rd q: m(4)/x

|

Optimize A
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Data Quantiles

Q-Q method: an example

FTO ITO ITO ITO
p a-Si:H (10 nm) NiO (10 nm) i ZnO (25 nm) i SnO2 (50 nm)
o ‘ | | n CdS (50 nm) n CdS (80 nm)
[ (250 nm) [ f (200nm) W
I — &= (¢ pCGS(2um) $ " ][t pCdTe(3um) %
2 || na-Si:H (20 nm) ] LiF (5 nm) 5
1 L
0 |
g SE =011 || SE =0.12 SE,=0.21
21 SE =0.08 SE =0.08 SE =0.15
(8] a g
-2 0 2 -2 0 2 -2 0 2
N(0,1) Quantiles

N(0,1) Quantiles

N(0,1) Quantiles

N(0,1) Quantiles

Data against log-normal plot: Optimize (u, o)
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(4) Goodness of Fit: Cox-Oakes measure

«  Hj :_1”,[_ 2 _ 1 £\
H3_§ H nizzlll o n—lizl(l IU)

Solid lines are known for various distributions.
Example. For a given a, 3, Weibull has a specific u,o,u; (blue triangle)
Logic: Every distribution has different shape.

I Log-normal
Hs3 o

weibull

y=0/u
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(5) Kolmogorov-smirnov algorithm

Compute ... Dn = Max Fobs (ti) - Ftheory (ti )‘ 5% significance level

Sample size : (?2?3(:)
crit - .
IfD > D", fitis poor ... 0405
D, 20 [0.2941
A Nn=20 50 [0.1884

n=>5

0.2941 confidence
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Example: Kolmogorov-Smirnov Test

n | D(n)
Compute ... Dn = MaX Fobs (ti) — Ftheory (ti)‘ 5 10.5633
_ Sample size 10 10.4092
If D. > D™, fitis poor ... 20 |0.294]
50 |0.1884
t, 3 |20 |40 |52 |53 |54 |85 |318 [429 553
F=(i-.3)/(n+.4)
@
F
A good fit ...
Max D,=0.218 < D, ;~0.4092

> t.

[h,p] = kstest(x,'CDF',test_cdf,'Alpha’,0.01)




(6) Pearson x? — test algorithm

o ... Observed

2
n* Y
Calculate ...  y 2 :Z (Oi e') e=nxp € expected
T = e n* ... datapoints
P: -... probability
v 5% (y2) M=o v ... deg. of freedom
2 5.99
4 9.49 -
10 18307 | | ----- o
20 27.68 S > X

If the value observed y? value exceeds critical value, the fit is poor.
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A famous example: Schon story

2— | 2—
Degree of freedom 8-2-1=5 x°=0.125! Real data x*=1
? 8 B T 500 Chance of thls happenmg is 1 2%
B 26
g 6 - 24 1 ]
S B . 22 _— J __
b 20 - s
© 4 7 18l T i
@ I l 16 ]
= 7 @ 14t .
= - 1 S 12} J L y
< 0 S 10 |
1.00x10™° 1.25x10 1.50x10™ 1.75x10™ of | I ]
Peak Conductance (9 | s ‘ |
1 1 | | L | L | 1 1 i I 1 i Reported data N
12 14 16 18 20 22 o

Peak Conductance (2e?/h) 12 13 click to LOOK INSIDE!

Figure 46. Figure 3(3). from ”Sr'ﬂfgfe_-lifo.’emh?” P LAST ! CQ

Paper (XIII), showing a  histogram  of

conductances from diluted SAMFETs, L Figure 47 FA NTAST, C

devices in ea

The data indicating conductance quantization did not arise from an objec How THE BIGGEST
measurement process. At a minimum, the assignment of conductance values was colc FRA U D
by the expected shape of the final distribution. Such a biased process cannot pros i
convincing evidence for quantization. The response to this concern appears to
. : . . . . . IN PHYSICS SHOOK THE
deliberately deceptive, suggesting that this misrepresentation was intentional. SCIENTIFIC WORLD
The preponderance of evidence indicates that Hendrik Schén committed scient EUGENIE SAMUEL REICH

misconduct, specifically data fabrication, in this case. Alam ECE 695 S 26



Example: Shunt statistics is log-normal

In(ly,,) (@.u.)

Cut-Off p value
0 0.1 0.2 0 0.5
CdTe ®
i CIGS
OoPV
- Digde , , (@ (b)
151050051151 -05 0 05 1 0 0.1 0.2 0 10
Voltage (V) Voltage (V) KS Statistic Likelihood Ratio R
FTO ITO ITo ITO
p a-Si:H (10 nm) NiO (10 nm) iZnO (25 nm) i SnO2 (50 nm)
TS 'P3HT/PCBW n CdS (50 nm) n CdS (80 nm)
[ (250nm) ] (200 nm) | W
— pCIGS(2um) % ][t pCdTe (3 um)
2 n a-Si:H (20 nm) 0o
. A,
2 17 (a)a-SiH (d) CdTe
S
g o
[
T -1t
(@] SE“=0.11 s SE“=0.12 a SE“=0.21
2 SE =0.08 SE =0.08 SE =0.15
G a (o]
-2 0 2 -2 0 2 -2 0 2

N(0,1) Quantiles

N(0,1) Quantiles

N(0,1) Quantiles
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Parameter number vs. goodness of fit

n = number of samples, M=number of parameters

|) Method of adjusted residual ...

R=2(t -t

,  (M=DR*—(M -1
Radj o
n—M

2) Akaike Information Criterion

Error penalty
Parameter Penalty

AIC =nxInR*+2M
2) Schwarz Information Criterion

BIC=nxInR*+M xInn
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Conclusions

Assuming that we have a correct distribution, it is very important to
extract the parameters of the distribution and their error bars as
accurately as possible.

This must be followed by a rigorous check to see if the data and the
fit are statistically significant. Fisher found that Mendel’s analysis was
incorrect, the analysis that confirmed Einstine’s general theory of
relativity was flawed, and | found that Schon was cheating (see the
book ‘Plastic Fantastic’).

Once you are convinced that fit is reasonable, go back to these
checks as more data are collected. It is not uncommon to find that
while small dataset supported the possibility of statistical significant,
statistical significance is lost as more data are collected.
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Review Questions

With higher number of model parameters, you can always get a good fit —
why should you minimize the number of parameters?

Least square method is a subset of maximum likelihood approach to data
fitting. Is this statement correct?

What aspect of the distribution function does Cox-Oakes method
emphasize!

Can MLE be used for any distribution function?

How would you change the MLE condition if you had 3 independent
parameters to estimate!

Does increase in model parameters increase chances of passing y? test?

How does the methods affected by censored data (e.g., TDDB test yet to
finish?)
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