
 
 
 
 
 
 

PHYSICS AND SIMULATION OF NANOSCALE ELECTRONIC AND 
THERMOELECTRIC DEVICES 

 
 
 
 

A Dissertation 
 

Submitted to the Faculty 
 

of 
 

Purdue University 
 

by 
 

Ra Seong Kim  
 
 
 
 

In Partial Fulfillment of the 
 

Requirements for the Degree  
 

of 
 

Doctor of Philosophy 
 
 
 
 

August 2011 
 

Purdue University 
 

West Lafayette, Indiana 



 ii

ACKNOWLEDGMENTS 

I would like to express my deepest appreciation to my advisor, Prof. Mark S. 

Lundstrom, for giving me a chance to work in the exciting area of nanoscale devices and 

supervising my research throughout my PhD course. Any of research achievements 

reported in this thesis would not have been realized without his guidance. With his 

insights and attitudes, Prof. Lundstrom also showed me an excellent example of a great 

scientific researcher and engineer. 

I would also like to thank Prof. Supriyo Datta, Prof. Muhammad A. Alam, and Prof. 

Timothy S. Fisher for being in my advisory committee. I especially acknowledge Prof. 

Datta’s help. His insightful and “to the point” comments have given me chances to think 

about my research problems in different points of view and achieve breakthroughs. I also 

thank Prof. Timothy D. Sands for reading my preliminary exam report. He gave us a lot 

of guidance when we first started thermoelectric research, and his comments and 

suggestions on my preliminary report helped me take the right direction for my 

dissertation. 

I am also deeply indebted to my former and current colleagues at Purdue University. 

Dr. Gengchiau Liang taught me a lot when I joined the group and first started the 

nanowire research. I also thank my seniors, Dr. Sayed Hasan, Dr. Siyuranga O. Koswatta, 

and Dr. Neophytos Neophytou for their help and support. I would like to thank Dr. 

Mathieu Luisier and Abhijeet Paul for their help regarding tight-binding band structure 

calculations. I also acknowledge a lot of fruitful discussions with Dr. Yang Liu, Dr. 

Himadri Pal, Dr. Tony Low, Dr. Lutfe Siddiqui, Yunfei Gao, Xufeng Wang, Kurtis 

Cantley, Nicholas Vargo, Hoon Ryu, Seokmin Hong, Honghyun Park, Sebastian Steiger, 

and Abu Naser Zainuddin. I was also lucky to work closely with Changwook Jeong and 

Shuaib Salamat for my thesis research. 



 iii 

I also thank Cheryl Haines and Vicki Johnson for their administrative support. They 

have kindly helped me with travel and meeting arrangements and many administrative 

issues between me and professors or the department. 

I have been also fortunate in having chances to work with outstanding external 

collaborators. I would like to thank Dr. Navab Singh and Dr. Subhash Rustagi at 

Singapore IME for providing us with their experiemental data so that we could analyze 

their results and co-author a paper. I am also thankful to Dr. Phaedon Avouris and Dr. 

Vasili Perebeinos at IBM T. J. Watson Research Center for supervising my internship in 

summer 2009, guiding me into the area of graphene research (which was very new to me 

then), and helping me finalize the project and write a paper. I also thank Dr. Cory E. 

Weber, Dr. Titash Rakshit, and Dr. Roza Kotlyar at Intel Corporation for offering me an 

internship in summer 2010, supporting my project on III-V transistors that are very 

relevant to the cutting-edge technology, and giving me a chance to publish the interesting 

results. 

I would also like to thank National Science Foundation (NSF) and Semiconductor 

Research Corporation (SRC) for funding my research. I also acknowledge the IBM PhD 

fellowship. Computational resources provided by the Network for Computational 

Nanotechnology (NCN) have been also essential to my research. 

Finally, I would like to thank my family for their continuous support. This work is 

dedicated to them. 

 

 



 

 

iv

TABLE OF CONTENTS 

  Page 

LIST OF TABLES ........................................................................................................... viii 

LIST OF FIGURES ........................................................................................................... ix 

ABSTRACT ..................................................................................................................... xix 

1. INTRODUCTION .......................................................................................................... 1

1.1. Overview .................................................................................................................. 1
1.2. Nanowire Transistors ................................................................................................ 2
1.3. Quantum-Engineered Thermoelectrics ..................................................................... 4

1.3.1. Background – Thermoelectric Energy Conversion ............................................ 4
1.3.2. Thermoelectric Effects and Applications ........................................................... 5
1.3.3. Advances in Thermoelectrics ............................................................................. 7

1.4. Thesis Outline ......................................................................................................... 13
1.5. List of Associated Publications .............................................................................. 15

2. CHARACTERISTIC FEATURES OF ONE-DIMENSIONAL BALLISTIC 
TRANSPORT IN NANOWIRE MOSFETS ............................................................... 17

2.1. Preface .................................................................................................................... 17
2.2. Introduction ............................................................................................................ 18
2.3. Theory of 1D MOSFETs ........................................................................................ 19

2.3.1. I−V Characteristics of Planar MOSFETs ......................................................... 19
2.3.2. I−V Characteristics of 1D MOSFETs: One Subband ....................................... 21
2.3.3. I−V Characteristics of 1D MOSFETs: Two Subbands .................................... 25

2.4. Simulation Results .................................................................................................. 27
2.4.1. Simulation Models ........................................................................................... 28
2.4.2. Model Problem ................................................................................................. 28
2.4.3. Discussion ........................................................................................................ 31

2.5. Dimensionality and MOSFETs: 1D and 2D ........................................................... 33
2.6. Nanowire Band Structure and I−V ......................................................................... 36
2.7. Nanowire Band Structure and C−V ........................................................................ 39



 

 

v

Page 

2.8. Comparison with Experiment ................................................................................. 40
2.9. Conclusions ............................................................................................................ 43

3. PHYSICS OF CARRIER BACKSCATTERING IN ONE- AND TWO-
DIMENSIONAL NANOTRANSISTORS................................................................... 45

3.1. Preface .................................................................................................................... 45
3.2. Introduction ............................................................................................................ 45
3.3. Analytical Treatment of Backscattering in 1D ....................................................... 48

3.3.1. Model Device ................................................................................................... 48
3.3.2. Elastic Scattering in 1D .................................................................................... 49
3.3.3. Analytical Derivation of R ............................................................................... 50

3.4. MC Simulation of Backscattering in 1D ................................................................ 53
3.4.1. MC Simulator ................................................................................................... 53
3.4.2. Comparison with the Analytical Formula ........................................................ 54
3.4.3. Inelastic Scattering in 1D ................................................................................. 56

3.5. Backscattering in 2D .............................................................................................. 58
3.5.1. Model Device ................................................................................................... 59
3.5.2. Elastic Scattering in 2D .................................................................................... 59
3.5.3. Inelastic Scattering in 2D ................................................................................. 63

3.6. Conclusions ............................................................................................................ 64

4. INFLUENCE OF DIMENSIONALITY ON THERMOELECTRIC DEVICE 
PERFORMANCE ........................................................................................................ 66

4.1. Preface .................................................................................................................... 66
4.2. Introduction ............................................................................................................ 67
4.3. Approach ................................................................................................................ 68
4.4. Results .................................................................................................................... 71
4.5. Discussion ............................................................................................................... 76
4.6. Conclusions ............................................................................................................ 81

5. MOMENTUM CONSERVATION AND THERMIONIC EMISSION COOLING .... 83

5.1. Preface .................................................................................................................... 83
5.2. Introduction ............................................................................................................ 83
5.3. Top-of-the-Barrier and Thermionic Emission Models ........................................... 86
5.4. Thermionic Emission across Heterojunctions ........................................................ 88
5.5. Conductance and Minimum Number of Modes ..................................................... 94
5.6. Discussion ............................................................................................................... 95
5.7. Conclusions ............................................................................................................ 98 

 



 

 

vi

Page 

6. COMPUTATIONAL STUDY OF THE SEEBECK COEFFICIENT OF ONE-
DIMENSIONAL COMPOSITE NANO-STRUCTURES ......................................... 100

6.1. Preface .................................................................................................................. 100
6.2. Introduction .......................................................................................................... 100
6.3. Approach .............................................................................................................. 102

6.3.1. 1D Poisson ..................................................................................................... 104
6.3.2. 1D NEGF ....................................................................................................... 105
6.3.3. Lattice Heat Transport .................................................................................... 107
6.3.4. Seebeck Coefficient Calculation .................................................................... 107

6.4. Results .................................................................................................................. 109
6.5. Discussion ............................................................................................................. 117

6.5.1. Measured S and TE Performance ................................................................... 117
6.5.2. Effect of a Non-Uniform L............................................................................ 118
6.5.3. Improving the Power Factor ........................................................................... 119

6.6. Conclusions .......................................................................................................... 120

7. COMPUTATIONAL STUDY OF ENERGY FILTERING EFFECTS AND POWER 
FACTOR IMPROVEMENT IN ONE-DIMENSIONAL COMPOSITE NANO-
STRUCTURES .......................................................................................................... 122

7.1. Introduction .......................................................................................................... 122
7.2. Approach .............................................................................................................. 124

7.2.1. Model Device ................................................................................................. 124
7.2.2. Simulation Methods ....................................................................................... 125
7.2.3. Comparing S vs. G ......................................................................................... 126

7.3. Results and Discussion ......................................................................................... 127
7.3.1. Uniform L ...................................................................................................... 127
7.3.2. Non-Uniform L ............................................................................................. 136
7.3.3. Discussion: 3D Composite Nano-Structures .................................................. 140

7.4. Conclusions .......................................................................................................... 141

8. SUMMARY AND FUTURE WORK ........................................................................ 143

LIST OF REFERENCES ................................................................................................ 147 

APPENDICES 

A.CALCULATION OF ELASTIC AND INELASTIC SCATTERING RATES IN ONE- 
AND TWO-DIMENSIONAL CONDUCTORS ........................................................ 166

B.THERMOELECTRIC COEFFICIENTS IN ONE-, TWO-, AND THREE-
DIMENSIONAL BALLISTIC AND DIFFUSIVE CONDUCTORS ....................... 176 



 

 

vii

Page 

C.MATHEMATICAL FORMULATIONS OF THERMOELECTRIC AND 
THERMIONIC DEVICES ......................................................................................... 180

D.MATHEMATICS OF THE TOP-OF-THE-BARRIER MODEL AND THERMIONIC 
EMISSION MODEL WITH CONSERVED AND NON-CONSERVED LATERAL 
MOMENTUM ........................................................................................................... 182

E.EXTRACTING THE ENERGY RELAXATION LENGTH FOR COMPOSITE 
NANO-STRUCTURES ............................................................................................. 189

VITA ............................................................................................................................... 193 

 



 

 

viii 

LIST OF TABLES 

Table  Page 

4.1 .  Comparison of power factor per mode, S2G/Meff, for 3D, 2D, 1D, and a Dirac delta-
shaped M(E). The power factor per mode increases as dimensionality decreases, 
and it is maximized for the Dirac delta-shaped M(E), where modes are used most 
effectively. The improvements over 3D, 2D, and 1D are about 53 %, 23 %, and 10 
%, respectively. ....................................................................................................... 79

5.1 .  Summary of the general rule that determines the emission current across 
heterojunctions. The CLM model is consistent with the “minimum number of 
modes” rule in Fig. 5.8 and gives correct results. The TOB model represents an 
upper limit to the possible current and is equivalent to the CLM model in many 
cases. The NCLM model represents the maximum current that could be supplied by 
the well, but it overestimates the current for the homo- and heterojunction cases we 
consider. .................................................................................................................. 95

 

 



 

 

ix

LIST OF FIGURES 

Figure Page 

1.1 .  Schematics of thermocouples for (a) refrigeration and (b) power generation. The 
thermocouple is composed of p-type and n-type conductors connected at the top 
[44]. h and e denote holes and electrons respectively. When the current flows in (a), 
h and e move in the same direction conducting heat, so cooling occurs at the top. 
When there is a temperature difference as shown in (b), h and e move from the hot 
side to the cold side generating a voltage difference................................................. 7

2.1 .  ID − VDS characteristics of planar MOSFETs at room temperature. As VGS increases, 
ID increases smoothly, and RCH = VDS/ID decreases................................................. 20

2.2 .  ID − VGS and gm − VGS characteristics of planar MOSFETs for low and high VDS at 
room temperature. (a) ID increases linearly with VGS when VDS is low, and ID ~ (VGS 
− VT) with 1 <  < 2 when VDS is large. (b) The transconductance gm is almost 
constant for low VDS, and for high VDS, it increases and saturates as VGS increases.20

2.3 .  Sketches of ID − VDS characteristics of 1D MOSFETs occupying one subband at T = 
0 K. When VDS is small, ID is independent of VGS, and the channel conductance is 
constant. When VDS > VD,sat, ID saturates. ................................................................ 24

2.4 .  Sketches of ID − VGS and gm − VGS characteristics of 1D MOSFETs occupying one 
subband at T = 0 K. (a) For a low VDS, ID increases in a graded step around VT. For 
a high VDS, ID increases with 1 <  < 2. (b) For a low VDS, gm has a spike at VGS = 
VT. For a high VDS, gm increases with VGS. .............................................................. 25

2.5 .  Physics of 1D MOSFETs with one subband for low and high VDS values. (a) For a 
low VDS, the energy for current flow is constant. (b) For a high VDS, the energy 
range for current flow increases with VGS. .............................................................. 25

2.6 .  Sketches of ID − VDS characteristics of 1D MOSFETs occupying two subbands at T 
= 0 K. The channel resistance changes in steps. ..................................................... 26

2.7 .  Sketches of ID − VGS and gm − VGS characteristics of 1D MOSFETs occupying two 
subbands at T = 0 K. (a) For a low VDS, ID increases in steps. (b) For a low VDS, gm 
becomes a series of spikes. For a high VDS, gm has a step-like shape. ................... 27 

 



 

 

x

Figure Page 

2.8 .  Physics of 1D MOSFETs with two subbands for low and high VDS values. (a) For a 
low VDS, the energy range for current flow is constant, but ID increases in steps 
because the number of conducting channels increases. (b) For a high VDS, the 
energy range for current flow increases with VGS, but ID increases further because 
the number of current-carrying modes also increases. ............................................ 27

2.9 .  Simulation results for the model device for VDS = 1 mV. (a) ID vs. VGS. (b) gm vs. 
VGS. At T = 77 K, ID increases in steps, and gm spikes occur. At T = 300 K, such 
features smooth out due to thermal broadening. ..................................................... 29

2.10  Simulation results for the model device for VDS = 1.5 V. (a) ID vs. VGS. (b) gm vs. 
VGS. Unlike the low VDS case, ID increases with VGS. The gm − VGS curve at T = 77 K 
shows that this device operates close to the  = 2 limit, and the features smooth out 
at room temperature. ............................................................................................... 30

2.11  Simulation results for ID vs. VDS of the model device. (a) At T = 77 K. (b) At T = 
300 K. Channel conductance changes in discrete steps at lower temperatures, but it 
smoothes out at T = 300 K. ..................................................................................... 31

2.12  Simulation results for ID vs. VGS of the model device at T = 77 K with various VDS 
values. As VDS increases, ID steps become less evident. ......................................... 31

2.13  Approach to compare the performance of 1D and 2D transistors. (a) For a given 
VDD, the VDD window is swept in ID vs. VGS. The right end of the VDD window is 
denoted as V1. (b) For a desired ION/IOFF, we choose a new gate bias range, V´GS. 
Then, 1D and 2D transistors are compared in the gate bias ranges that give us the 
same ION/IOFF. .......................................................................................................... 34

2.14  Simulation results of ID vs. VDS of 1D and 2D Si n-MOSFETs at T = 77 K and T = 
300 K. In (c) and (d), the 1D and 2D transistor characteristics look similar at room 
temperature. ............................................................................................................. 35

2.15  Simulation results for (a) CQ/COX vs. VGS at T = 77 K and T = 300 K, (b) inj vs. VGS 
at T = 77 K and T = 300 K, and (c) the intrinsic device delay vs. ION/IOFF at T = 300 
K. Device dimension itself makes little difference to the device performance. ...... 36

2.16  Band structures of (a) [1 0 0] Si, (b) [1 1 0] Si, and (c) [1 0 0] InAs cylindrical 
NWs calculated from the sp3s*d5 tight-binding model [97, 98]. The diameters are 
all 3 nm. ................................................................................................................... 37

2.17  (a) Simulation results for ID vs. VDS of [1 0 0] Si, [1 1 0] Si, and [1 0 0] InAs NWs 
at T = 300 K. The [1 0 0] and [1 1 0] Si NW results are similar while the InAs NW 
gives a higher ION and a lower conductance. Distinctive 1D features are observed in 
(b) ID vs. VGS and (c) gm vs. VGS for VDS = 1 mV at T = 77 K. Two subbands are 
occupied for the [1 1 0] Si NW. .............................................................................. 38 



 

 

xi

Figure Page 

2.18  C−V simulation results of [1 0 0] Si, [1 1 0] Si, and [1 0 0] InAs NWs at T = 77 K. 
A dip is observed in the [1 1 0] Si C−V curve due to the occupation of the second 
subband. ................................................................................................................... 39

2.19  Simulation results for the ballistic G vs. VGS for the twin silicon NWFET [32] for 
VDS = 5 mV with (a) the two-band model with the effective mass approximation in 
Section 2.4 and (b) the sp3s*d5 tight-binding model [98] calculated for Si [1 1 0] 
NW with D = 11. 2 nm [32]. In (a), E is estimated to be ~ 0.1 eV from Eq. (2.24) 
to reproduce the VGS value observed in the experiment. However, the estimated 
E is too large, and the steps are observed at up to T ~ 200 K. In (b), two 
conductance steps are observed, and the steps smear out for T > 60 K, which is 
similar to the experimental result. At T = 4.2 K, we do observe some effects of 
multi-subband occupation, i.e. more steps in G. ..................................................... 42

2.20  Band structures relative to the EF for (a) VGS = 1 V and (b) VGS = 2 V for the results 
in Fig. 2.19(b). The band structure is obtained from the sp3s*d5 tight-binding model 
[98]. Although only two clear conductance steps are observed in Fig. 2.19(b), each 
conductance step comes from multiple subbands. .................................................. 43

3.1 .  Fraction (F) of backscattered carriers that contribute to R vs. E/E0 for 1D and 2D 
elastic/isotropic scattering. ...................................................................................... 47

3.2 .  (a) Schematic of the 1D model device. The transport (x) direction is [1 1 0], and W 
is the width of the NW. (b) Schematic of the 2D model device. The wafer 
orientation is (0 0 1), and W is the body thickness. ................................................. 49

3.3 .  Comparison of the analytical formulas for R and MC simulation results considering 
elastic/isotropic scattering in the 1D model device with L = 100 nm/500 nm at TL = 
300 K. (a) R vs. Ex obtained from the (line) analytical formula and the (symbol) 
MC simulation for linear channel potentials. (b) R vs. Vd from the (line) analytical 
formula and the (symbol) MC simulation for parabolic potential profiles. ............ 55

3.4 .  (Symbol) MC simulation results for 1/R vs. Ex (linear potential) for the 1D model 
device and (line) comparison with the analytical results with L = 100 nm/500 nm at 
TL = 300 K. (Inset) l/LkT vs. Ex from the (symbol) MC simulation and (line) 
analytical formula. ................................................................................................... 56

3.5 .  F vs. x estimated from the (symbol) MC simulation and the (solid line) analytical 
formula for the 1D model device with L = 100 nm and Ex = 105 V/cm (linear 
potential) at TL = 300 K.  M and  are the mean and the standard deviation of the 
MC simulation result, respectively. M is shown as a dashed line. The error is 
estimated by taking the root mean square of the difference between the analytical 
and the simulation results. ....................................................................................... 56 

 



 

 

xii

Figure Page 

3.6 .  MC simulation results for 1/R vs. Ex (linear potential) for the 1D model device with 
L = 100 nm/500 nm at TL = 300 K, considering elastic and inelastic scattering. 
(Inset) MC simulation results for l vs. Ex and comparison with L0 = o/Ex, where 
o is the LO phonon energy. ................................................................................. 58

3.7 .  MC simulation results for the number of LO emissions vs. x for the 1D model 
device with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K. The 
slab size is 2 nm. (Bar) l coincides with the position where the LO emission is 
peaked. ..................................................................................................................... 58

3.8 .  MC simulation results for 1/R vs. Ex (linear potential) for the 2D model device with 
L = 100 nm/500 nm at TL = 300 K, considering elastic scattering. (Inset) l/LkT vs. Ex 
from the MC simulation. ......................................................................................... 61

3.9 .  F vs. x from the (symbol) MC simulation and the (line) analytical formula for the 
2D model device with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 
K. The error is estimated by taking the root mean square of the difference between 
the analytical and the simulation results. ................................................................ 61

3.10  MC simulation results for R vs. Ex (linear potential) for 1D and 2D model devices 
with L = 100 nm at TL = 300 K. The acoustic deformation potential DA for 2D has 
been artificially increased to make 0 the same for 1D and 2D. ............................. 62

3.11  Analytical estimates for (a) F vs. x, (b) S vs. x, and (c) F ×  S vs. x for 1D and 2D 
transistors with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K, 
where S is the scattering rate. .................................................................................. 62

3.12  MC simulation results for 1/R vs. Ex (linear potential) for the 2D model device with 
L = 100 nm at TL = 300 K.(Inset) MC simulation results for l vs. Ex and comparison 
with L0 = o/Ex, where o is the LO phonon energy. ......................................... 63

3.13  MC simulation results for the number of LO emissions vs. x for the 2D model 
device with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K. The 
slab size is 2 nm. (Bar) l falls near the position where LO emission is peaked. ..... 64

4.1 .  Sketches of (a)-(c) the density of states (D) and (d)-(f) the number of modes (M) for 
1D, 2D, and 3D conductors with single parabolic subbands. ................................. 71

4.2 .  Model calculation (T = 300 K) results for |S| vs. F for 1D, 2D, and 3D ballistic 
conductors. For the same F, |S3D| > |S2D| > |S1D|. The arrows indicate the magnitude 
of S at F,max where the power factor in Fig. 4.3 becomes the maximum in each 
dimension. We observe |S1D(F,max)| > |S2D(F,max)| > |S3D(F,max)|. .......................... 72

4.3 .  Model calculation (m* = m0, T = 300 K) results for the power factor (S2G) vs. F for 
(a) 1D (b) 2D and (c) 3D ballistic conductors. Power factor shows a maximum with 
F,max = –1.14, –0.367, and 0.668 in 1D, 2D, and 3D, respectively. ....................... 73 



 

 

xiii 

Figure Page 

4.4 .  Model calculation results for G vs. F for (a) 1D (b) 2D and (c) 3D ballistic 
conductors. It increases more rapidly with F in 1D than in 2D or 3D. .................. 74

4.5 .  Model calculation (m* = m0, T = 300 K) results for the size and packing density 
issues. Assuming 100 % packing fraction, to achieve the same power factor given 
by 3D bulk in (a), (b) 2D films should have a  thickness of ~ 2.35 nm, and (c) 1D 
nanowires should have a size of ~ 2.40×2.40 nm2. To realize the advantage of 
lower dimensionality, the wells or wires should be thin and closely packed. ......... 76

4.6 .  (a) A schematic of a Dirac delta-shaped mode distribution, M(E) = M0(E – EC), 
where M0 is given in units of [eV]. (b) Calculation results for the power factor vs. 
F for the Dirac delta-shaped M(E). The expression is shown in Eq. (4.19). The 
maximum power factor appears at F ~ ±2.4, and the maximum value is ~ 
2kBM0/(hT) ×  0.44. At this maximum, the power factor per mode is ~ 5.76 22 Bk h× .
 ................................................................................................................................. 79

4.7 .  Comparing G across 1D, 2D, and 3D. (a) For a 1D conductor, G1D is given in 
[1/]. For comparison with 3D, G1D is usually divided by the cross-sectional area 
of the quantum wire, a2. (b) For a 2D conductor, G2D is given per unit width (in 
[1/-m]). For comparison with 3D, it is usually divided by the quantum well 
thickness, a. (c) For a 3D conductor, G3D is given per unit area (in [1/-m2]). We 
note that as a decreases, G1D/a2 or G2D/a diverges. ................................................. 81

5.1 .  Schematic of a potential barrier connected to a Landauer reservoir (z is the 
transport direction). When hot carriers are injected over the barrier, cold carriers 
absorb heat from the lattice and populate higher energy states to restore the 
equilibrium distribution, and cooling occurs in the region before the emitter-barrier 
junction. Carrier transport is assumed to be ballistic in this work, but scattering 
before the barrier (z < 0) may reduce the current below the thermionic emission 
value (lE and lm denote the energy and momentum relaxation lengths). ................. 84

5.2 .  Two equivalent approaches that describe thermionic emission across 
homojunctions: (a) TOB model and (b) thermionic emission model. (c) k-space 
distribution of 3D carriers contributing to the current shown on the kz−kx plane with 
ky = 0. (a) E–k relation is considered in the barrier, and the +kz states are filled 
according to EF. (b) E–k relation is considered in the well, and carriers with kz > kb 
are injected from the well over the barrier. ............................................................. 87

5.3 .  Results for a homojunction with Bφ . (a) The CLM model becomes equivalent to the 
TOB model. (b) It is not clear how the NCLM model can be described in the barrier 
because states in the barrier are already filled according to EF. .............................. 89 

 

 



 

 

xiv

Figure Page 

5.4 .  Results for a heterojunction with Bφ  = 0. The smaller m* determines the current. (a) 
When m1

* > m2
*, the current is determined by m2

* on the right (deep blue on the 
right, which corresponds to deep red on the left). (b) When m1

* < m2
*, the current is 

determined by m1
* on the left (deep red on the left, which corresponds to deep blue 

on the right). ............................................................................................................ 90

5.5 .  Results for a heterojunction with m1
* > m2

* and Bφ . (a) The CLM model is 
equivalent to the TOB model. The hyperbola (A) in the well (Eq. (D.5) in 
Appendix D) is mapped onto the kx−ky plane with kz = 0 (A’) on the barrier. (b) The 
results from the NCLM model overestimate the current and cannot be mapped to 
the barrier. ............................................................................................................... 91

5.6 .  Results for a heterojunction with m1
* <~ m2

* and high Bφ . (a) The CLM model is 
equivalent to the TOB model. The ellipsoid (A) in the well (Eq. (D.5) in Appendix 
D) is mapped onto the kx−ky plane with kz = 0 (A’) on the barrier. (b) The results 
from the NCLM model overestimate the current and cannot be mapped to the 
barrier. ..................................................................................................................... 92

5.7 .  Results for a heterojunction with m1
*   m2

* and low Bφ . (a) The CLM model is 
different from both the NCLM model and the TOB model. The ellipsoid (A) in the 
well (Eq. (D.5) in Appendix D) is mapped onto the kx−ky plane with kz = 0 (A’) on 
the barrier, and the kx−ky plane with kz = 0 (B) in the well is mapped onto the 
hyperbola (B’) on the barrier (Eq. (D.10) in Appendix D). The ellipsoid (A) 
represents the lower limit of the carrier energy required to be injected from the well 
to the barrier, so the ballistic current from the CLM model defines the upper limit. 
Therefore, both the (b) NCLM model and the (c) TOB model overestimate the 
current. ..................................................................................................................... 93

5.8 .  General rule to determine the emission current across heterojunctions. For M1(E) 
(number of modes in the well, red dashed) and M2(E) (number of modes in the 
barrier, blue solid), the smaller one determines the current. (a) When m1

* > m2
*, 

M1(E) > M2(E) regardless of the value of Bφ . (b) When m1
* <~ m2

* with high Bφ , 
although m2

* is heavier, M1(E) > M2(E) due to the high Bφ . (c) When m1
*   m2

* 
with low Bφ , M1(E) < M2(E) because the much lighter m1

* dominates despite 

Bφ .Note that this rule is consistent with the CLM model. ...................................... 95 

 

 

 

 



 

 

xv

Figure Page 

6.1 .  (a) Schematic of the 1D NW model device. Lw is the length of the well region, Lb is 
the barrier thickness, Nw is the doping density in the well, Nb is the doping density 
in the barrier (Nw > Nb), D is the wire diameter, and x is the transport direction. The 
device is connected to ideal reservoirs, contact 1 and contact 2. (b) Simulation 
framework for the self-consistent electro-thermal transport. The “electron part” 
calculates the self-consistent carrier density n and electric potential V, and the 
“phonon part” is solved for the self-consistent solutions for the power dissipation P 
and the lattice temperature TL. ............................................................................... 104

6.2 .  Configurations for Seebeck coefficient measurement. (a) S from current 
measurements. I = GV for a finite V (T = 0) and I = SGT for a finite T (V = 
0), and S = SG/G. (b) S from the voltage measurement. For an open circuit voltage 
V for a T, S = −V/T. ..................................................................................... 108

6.3 .  (a) Ballistic transport simulation results for I(E, x) for Lb = Lw = 10 nm, V = 1 mV, 
and T1 = T2 = 300 K. I(E, x) and the average energy of the current flow <E> are 
uniform along the x-direction. Using the approaches in Fig. 6.2, S is determined to 
be −346 V/K (from current measurements) and −348 V/K (from the voltage 
measurement). The Kelvin relation gives S = /T = <E − EF>/(qT) =  −344 V/K, 
which is consistent with the numerical measurement results. (b) Simulation results 
for I(E, x) for elastic scattering with D0 = 0.01 eV2. I(E, x) and <E> are still 
uniform. The two approaches in Fig. 6.2 give consistent results of S = −317 V/K. 
The Kelvin relation gives S = /T = <E − EF>/(qT) = −315 V/K, which is 
consistent with the numerical measurements. ....................................................... 110

6.4 .  (a) Simulation results for I(E, x) (V = 1 mV, T1 = T2= 300 K) for optical phonon 
scattering with D0 = 0.01 eV2 and o = 20 meV. I(E, x) and <E> are non-uniform 
along the x-direction. The two approaches in Fig. 6.2 give consistent results as S = 
−245 V/K. Simulation results for (b) S(x) = <E>/(qT) (V = 1 mV, T1 = T2 = 300 
K) and (c) TL(x) (T = 1 K, V = 0). From Eq. (6.35) we obtain S = −243 V/K, 
which is consistent with the numerical measurement result. ................................ 112

6.5 .  Seebeck coefficient measurement of a composite structure with two dissimilar 
regions, region 1 (S1 and G1) and region 2 (S2 and G2). The device is assumed to be 
diffusive with energy relaxation due to e-ph scattering. (a) Open-circuit voltage 
measurement. (b) Current measurements. A simple electrical-thermal circuit 
analysis gives S = (S1TL1 + S2TL2)/T for both cases, where TL1and TL2 are the 
TL values applied across region 1 and region 2, and TL1 + TL2 = T. ............ 114 

 

 

 

 



 

 

xvi

Figure Page 

6.6 .  (a) Simulation results for <E> vs. x with optical phonon scattering (D0 = 0.01 eV2, 
o = 20 meV) for various Lw values with Lb = 10 nm and L = 150 W/m-K (V = 
10 mV, T1 = T2 = 300 K). The maximum <E> in the barrier region remains the 
same, but <E> in the well region decays more as Lw increases. (b) Simulation 
results for the overall S vs. Lw for the composite structure and bulk wire with no 
potential barriers. Two approaches in Fig. 6.2 still give consistent results (solid 
lines: open-circuit voltage measurements, dashed lines: current measurements). As 
Lw increases, the overall S is more dominated by Lw and approaches the value of a 
wire with a uniform doping density. ..................................................................... 115

6.7 .  (a) Simulation results for TL vs. x (T = 1 K, V = 0) for the two model devices (Lw 
= 50 nm, Lb = 10 nm), where “device 1” has a constant L of 150 W/m-K, and 
“device 2” has a lower L of 1.5 W/m-K in the barrier region. Both devices are 
diffusive with optical phonon scattering (D0 = 0.01 eV2, o = 20 meV). For device 
1, TL(x) is linear, and for device 2, a large portion of T is applied across the barrier 
region. (b) Simulation results for G vs. Lw for the two model devices (V = 1 mV, 
T1 = T2 = 300 K). They give similar G values because all the parameters are the 
same except for L. (c) Simulation results for the measured S vs. Lw (from open-
circuit voltage measurements). The measured S is significantly higher for device 2 
and stays high even for Lw > E because it is dominated by the barrier region with a 
large T as shown in Fig. 6.7(a), and the barrier has a high |S(x)| as shown in Fig. 
6.6(a). .................................................................................................................... 119

7.1 .  Schematic of our model device to treat 1D composite nano-structures. The channel 
with length L is connected to ideals reservoirs contact 1 and contact 2, which are 
under equilibrium with Fermi levels EF1 and EF2. The barrier height B and the 
conduction band edge in the grain EC,g is defined from the reference, EF1  EF = 0 
eV. The grain size d changes with the total number of barrier within the channel 
with a fixed L and includes the finite thickness of the barrier lb. In our simulations, 
L = 300 nm, lb = 5 nm, and x is the transport direction. ........................................ 125

7.2 .  Generating and comparing the S vs. G curves for diffusive composite and bulk 
structures. For a composite structure with the given B and EC,g, the S vs. G curve 
is generated by changing d. For a large d in (a), G is high while |S| is low, and for a 
small d in (b), S improves while G degrades. The process is repeated for different 
B and EC,g values. For bulk, the S vs. G curve is generated by changing the 
conduction band edge EC (or F) throughout the device. For a low EC (high doping 
density) in (c), G is high while |S| is small, and for a high EC (low doping density) 
in (d), |S| is high while G is low. ........................................................................... 127 

 

 

 



 

 

xvii

Figure Page 

7.3 .  Simulation results for I(E, x) of composite nano-structures with B = 40 meV, EC,g 
= −0.06 eV, V = 1 mV, and T1 = T2 = 300 K. The brighter color represents the 
higher intensity of I(E, x). An optical phonon process with o = 20 meV and D0 = 
0.005 eV2 (a = 0.5 nm) is considered. For d = 100 nm (3 barriers within the 
channel) in (a), the average energy of current flow <E> is more relaxed, and the 
overall |S| is smaller (S = −110 V/K) than for d = 30 nm (10 barriers within the 
channel) in (b) (S = −165 V/K). .......................................................................... 128

7.4 .  Simulation results for (a) S vs. G and (b) power factor (S2G) vs. G for diffusive 
bulk and composite nano-structures with various B values and EC,g = −0.06 eV. 
The values of B are shown in the legend. As shown in (b), the maximum S2G 
improves over bulk for composite structures with B = 10 meV ~ 40 meV, and the 
maximum improvement is about 12 % for B = 20 meV. For B = 60 meV, the 
maximum S2G is comparable to the bulk case, and for the B higher than that, the 
maximum power factor becomes inferior to that of bulk. For those high B values 
(80 meV and 0.1 eV), the degradation of the S vs. G trade-off is also clearly seen in 
(a). ......................................................................................................................... 130

7.5 .  (a) The optimum S (Sopt) and (b) the optimum G (Gopt) exacted at the peaks of S2G 
curves in Fig. 7.4(b) for composite nano-structures for various B values. The 
optimum S and G for bulk (values for EC = 0 eV in Fig. 7.4) are shown as a 
reference. As B increases, |Sopt| increases significantly, but Gopt is degraded 
accordingly. (c) For a very large B, the power factor is smaller than that of bulk 
due to the significantly degraded G. If B is very low, the characteristics approach 
to that of bulk. The optimum B is ~ kBT for T = 300 K....................................... 131

7.6 .  Simulation results for (a) S vs. G and (b) S2G vs. G for bulk and composite nano-
structures with B = 40 meV and various EC,g values as shown in the legend. As 
|EC,g| increases (grain doping increases), the S vs. G trade-off improves, and the 
maximum power factor increases by upto ~32 % over bulk for the highest grain 
doping (EC,g = −0.12 eV). This is due to the increased carrier density and electrical 
conductivity of the grain (improved G) and the improved S due to the large E. As 
shown by the almost vertical movement of the |S| vs. G curves for the increasing 
|EC,g| in (a), the improvement of S is more dominant. ........................................... 133

7.7 .  Simulations results for the (a) maximum S2G, (b) optimum G (Gopt), and the (c) 
optimum S (Sopt) at the peaks of the S2G curves of the composite nano-structures 
with B = 40 meV and various EC,g values in Fig. 7.6. As |EC,g| increases, Gopt 
somewhat increases while |Sopt| remains similarly high, which result in the 
increasing power factor with increasing |EC,g|. This is mainly because E increases 
with increasing |EC,g| in 1D conductor with phonon-type scattering resulting in the 
improved S. ............................................................................................................ 134 

 



 

 

xviii 

Figure Page 

7.8 .  Simulation results for dopt that maximizes the S2G of composite nano-structures for 
the given B and EC,g and the extracted values of p and E. (a) For the results in 
Fig. 7.4 with a fixed EC,g and various B values. (b) For the results in Fig. 7.6 with 
a fixed B and various EC,g values. In all cases, E > p, and dopt is comparable to or 
somewhat larger than E. ....................................................................................... 136

7.9 .  Simulation results for TL vs. x for a composite structure with B = 40 meV, EC,g = 
−0.06 eV, V = 0, T1 = 301 K, T2 = 300 K, L = 150 W/m-K in the grain, and L in 
the barrier is smaller than in the grain by the factors shown in the legend (the factor 
“1” means that L is uniform along the device). To clearly show the x-resolved TL, 
only a part of the channel (80 nm < x < 220 nm) is shown, and the barrier region 
with reduced L are marked by dotted lines. As L is suppressed more in the barrier, 
more temperature gradient is applied across the barrier region. ........................... 137

7.10  Simulation results for (a) S vs. G and (b) S2G vs. G for a diffusive composite nano-
structures with B = 20 meV, EC,g = −0.06 eV, L = 150 W/m-K in the grain, and L 
in the barrier is smaller than that of grain by the factors shown in the legend. As L 
in the barrier is reduced more, S improves while G stays similar, and the maximum 
S2G improves significantly (~ 28 % over bulk for L in the barrier reduced by a 
factor of 10). .......................................................................................................... 138

7.11  Simulation results for S2G vs. G for composite structures with EC,g = −0.06 eV, L = 
150 W/m-K in the grain, and various B values. The values of B are shown in the 
legend. The L in the barrier is reduced by factors of (a) 5 and (b) 10 from that of 
the grain. As L is more suppressed, the maximum power factor improves more 
over bulk, and we can achieve power factor improvement even for high B values 
(e.g. 60 meV and 80 meV) that showed inferior performance for the uniform L in 
Fig. 7.4. .................................................................................................................. 139

E.1   Model calculation results using Eq. (E.4) for <E>x for <E>barrier = 0.1 eV, 
<E>grain,bulk = 30 meV, E = 20 nm, and d = 20 nm, 50 nm, 100 nm, and 200 nm. As 
d gets longer, the average energy of current flow <E> is relaxed more within the 
grain. ...................................................................................................................... 190

E.2   Simulation and analytical fitting results for a composite nano-structures with (a) d 
= 60 nm and (b) d = 30 nm. Simulation parameters are the following: B = 20 
meV, EC,g = −0.06 eV, D0 = 0.005 eV2 (a = 0.5 nm), o = 20 meV, V = 1 mV, 
and T1 = T2 = 300 K. Using analytical formulas in Eq. (E.4) (grains within the 
channel) and Eq. (E.7) (grains at the channel ends) and E = 13 nm, we can fit the 
numerical results well. ........................................................................................... 192

 



 

 

xix

ABSTRACT 

Kim, Ra Seong. Ph.D., Purdue University, August 2011.  Physics and Simulation of 
Nanoscale Electronic and Thermoelectric Devices. Major Professor:  Mark S. Lundstrom. 
 

For the past few decades, transistors have been continuously scaled. Dimensions are 

now at the nanoscale, and device performance has dramatically improved. 

Nanotechnology is also achieving breakthroughs in thermoelectrics, which have suffered 

from low efficiencies for decades. As the device scale enters the nanometer range and 

novel device structures are introduced, it becomes essential to revisit the device physics 

and develop new simulation frameworks to analyze the experimental data and project the 

device performance. In this thesis, a comprehensive theoretical study of nanoscale 

electronic and thermoelectric (TE) devices is presented. First, a ballistic one-dimensional 

(1D) MOSFET is explored to study the characteristic features of 1D transport compared 

with two-dimensional (2D) ballistic MOSFETs. Carrier scattering physics is compared 

across 1D and 2D transistors using Monte Carlo simulations and analytical derivations. It 

is shown that although the scattering physics is very different, the overall backscattering 

characteristics are surprisingly similar. For TE devices, performance is compared across 

1D, 2D, and three-dimensional (3D) structures using the Landauer formalism, which 

quantifies possible advantages obtained by reducing dimensionality. It is found that the 

potential benefits of engineering the mode density are modest. The concepts of 

thermionic emission cooling and role of momentum conservation are also examined. A 

self-consistent electro-thermal transport simulation framework using the non-equilibrium 

Green’s function (NEGF) method is developed to explore the TE properties of nano-

composite materials. We study the Seebeck coefficient of a 1D diffusive composite 

structure and relate it to the TE performance. We also explore the energy filtering effects 
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in composite structures and show that they have the potential to improve the power 

factor. 
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1. INTRODUCTION 

1.1. Overview 
Over the past few decades, transistors have been continuously scaled [1] driving the 

advancements in nanotechnology. Device dimensions are now in the nanometer range, 

and the transistor performance has dramatically improved. The continuous shrinking of 

conventional bulk silicon metal-oxide-semiconductor field-effect transistors (MOSFETs) 

is, however, approaching a limit [1] as it becomes extremely challenging to satisfy both 

the OFF- and ON-state requirements. Therefore, new channel materials such as strained 

silicon [2], III-V semiconductors [3], carbon materials [4], etc. and innovative device 

structures such as ultra thin body devices [5] and nanowire (NW) transistors [6] are being 

studied to continue the scaling trend. As the device dimension reduces from the three-

dimensional (3D) bulk to two-dimensional (2D) thin bodies or one-dimensional (1D) 

NWs, however, one may expect that some special features may emerge due to quantum 

confinement effects and changes in band structures [7-9] in addition to the clear 

advantage of improved electrostatics [10]. In this thesis, we are specifically interested in 

the physics of 1D NW transistors and explore how they compare with those of 2D planar 

or 3D bulk devices. 

Thermoelectrics is an energy conversion between heat and electricity [11, 12], which 

has many advantages over conventional cooling techniques and is attracting much 

attention as a possible solution to the global energy crisis [13]. Thermoelectric (TE) 

technology, however, has suffered from low efficiencies for decades, and its application 

has been very limited [14]. Recently, however, nanotechnology, which has been driven 

by device scaling, is also achieving breakthroughs in thermoelectrics area [15-22]. There 

are a lot of on-going research interests in improving the TE performance by engineering 

the material or device structures in the nanometer scale [19-21, 23, 24]. Therefore, 
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similarly to the case of MOSFET technology, it is becoming essential to understand 

dimensionality effects on the performance of quantum-engineered TE devices [25, 26]. 

For the decades of transistor scaling, device physics and simulations have played 

critical roles in analyzing experimental data and projecting the device performance. As 

the device scale enters the nanometer range and novel device structure are introduced, it 

becomes essential to revisit and understand the new device physics and develop 

simulation frameworks that can treat novel phenomena. In addition, as the application of 

nanotechnology is extended to other related areas such as thermoelectrics, there are great 

new opportunities to make use of the device physics and simulation techniques that have 

been developed for integrated circuit devices to address new problems in emerging 

technologies.  

In this thesis, a comprehensive theoretical study of nanoscale electronic and 

thermoelectric devices is presented. It will be shown that the device physics and 

simulation techniques developed to address problems in nanoscale transistors are also 

useful to address problems in quantum-engineered TE devices.  

 This chapter is organized as follows. In Section 1.2, we briefly review NW MOSFET 

technology and specify issues that we are going to address in this thesis. In Section 1.3, 

we overview the basic concepts, applications, and recent advancements of TE technology 

and point out specific issues that are discussed in this thesis. The thesis outline is 

presented in Section 1.4, and Section 1.5 shows a list of associated publications. 

 

1.2. Nanowire Transistors 
 As mentioned in Section 1.1, semiconductor NW transistors are attracting attention 

as a possible solution to the scaling challenges of MOSFETs [1, 27-31]. The main 

advantage of low-dimensional transistors such as the 1D NW MOSFET is that the 

electrostatics, i.e., gate controllability over the channel potential, improves over bulk 

devices [10]. The improved electrostatics results in the good subthreshold swings, low 

drain-induced barrier lowering (DIBL), good ON-OFF ratios, etc. For example, Silicon 

NW (SiNW) gate-all-around (GAA) MOSFETs with promising device metrics, e.g. 

nearly ideal subthreshold swings, very low DIBL, and high ON-currents, have been 
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reported [29, 30, 32]. Those NW MOSFETs fabricated using the “top-down” approach 

[28] are shown to have high ON-currents not only due to the improved electrostatics but 

also due to the smaller series resistance coming from the doped source and drain and the 

carrier mobility higher than those of NWs grown using the “bottom-up” approach [33]. 

 In 1D devices like NW MOSFETs, the energy subbands split due to quantum 

confinement. Novel effects that appear to be due to 1D transport have been observed 

experimentally in trigate silicon-on-insulator (SOI) MOSFETs [7] and quantum wire 

MOSFETs [8, 9]. The quantum confinement effects become more evident and can be 

observed at higher temperatures as the channel diameter decreases and enters the 

nanometer range [29, 32, 34]. One of our objectives in this thesis is to present a simple 

theoretical model for interpreting the characteristic 1D effects in NW MOSFETs. 

 The characteristic features of 1D transport due to quantum confinement discussed 

above can be reasonably interpreted within the ballistic transport model [10, 35]. One 

may expect, however, that scattering physics may also differ for 1D and 2D transistors 

due to dimension-dependent scattering [36]. There have been studies on carrier scattering 

in NW devices [37] such as impurity scattering [38], phonon scattering [39, 40], surface 

roughness scattering [41, 42], etc. In this thesis, we are specifically interested in the 

“backscattering coefficient” of the transistors [43], which is a simple measure of the 

device ON-current. We examine the carrier backscattering in 1D and 2D transistors using 

analytical and numerical techniques and explore how the behavior of the backscattering 

coefficient changes as the device dimensionality changes from 2D to 1D.  

 We expect that our studies above will answer the question of whether there are any 

inherent differences between 1D and 2D transistors in addition to the well-appreciated 

difference in electrostatics. Based on the understandings of device physics and simulation 

techniques obtained through the studies of NW transistors, we move on to nanoscale 

thermoelectric devices as discussed in the following sections. 
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1.3. Quantum-Engineered Thermoelectrics 

1.3.1. Background – Thermoelectric Energy Conversion 
 Since the discovery of thermoelectric effects [11] in the nineteenth century, there 

have been a lot of efforts to apply thermoelectrics to solid-state refrigeration [12] or 

power generation [44]. In the 1950-1960s, bismuth telluride (Bi2Te3) and its alloys [45-

49] were studied intensively as promising thermoelectric materials in the hope of 

replacing the compressor-based refrigeration by thermoelectric refrigeration [12]. 

Thermoelectric refrigeration has a lot of possible advantages over conventional cooling 

methods. It does not have moving parts, so it is not only lightweight but also reliable and 

less prone to mechanical failure [44]. It also eliminates the need of gases such as 

chloroflurocarbons (CFCs), which cause environmental problems [44]. 

 The wide use of thermoelectric technology, however, has not been realized yet due to 

its low efficiency [44]. The efficiency of thermoelectric energy conversion is expressed 

by the figure of merit, ZT = S2T/, where S is the Seebeck coefficient,  is the electrical 

conductivity, T is the absolute temperature, and  is the thermal conductivity, which is the 

sum of electronic and lattice contributions [11, 12]. The ZT should be maximized to for 

high efficiency. For decades since the 1950s, however, the maximum available ZT of 

bulk materials has been staying around 1 at room temperature while it should be larger 

than 3 to be competitive with conventional refrigeration and generation [14]. Many 

efforts have been made to search materials that maximize the ZT, but the improvement 

has been limited because material parameters that determine ZT are interdependent [14]. 

 Recently, some experimental breakthroughs in ZT have been reported [15-22]. Many 

of them are realized by applying nanotechnology, which has been driven by the scaling of 

integrated circuit devices [1] as discussed in Section 1.2. The significantly increased ZT 

may open up a lot of new possibilities [13, 23, 50-53] in addition to the relatively limited 

applications so far [54-56] for thermoelectrics. To further improve the performance of 

thermoelectric devices and optimize the design of thermoelectric systems, it will be 

essential to understand the physics of thermoelectric devices and develop appropriate 

simulation models, which are the main goals of this work. 
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 In the following sections, we review thermoelectric effects and their applications and 

overview our goals. In Section 1.3.2, we briefly review the thermoelectric effects and the 

basic principles and applications of thermoelectric cooling and electricity generation. In 

Section 1.3.3, the history of thermoelectric technology is summarized including recent 

breakthroughs in nanostructures [15, 18-20] and new device concepts [57-59], which 

have motivated this work.  

 

1.3.2. Thermoelectric Effects and Applications 

1.3.2.1. Thermoelectric Effects 

 In 1821, Thomas Seebeck discovered that an electromotive force can be induced 

when a junction between two different metals is heated and no current is allowed to flow 

[12, 60]. This means that a thermoelectric current flows when the circuit is closed [11]. 

For an open-circuit electromotive force V induced by a temperature difference T, the 

Seebeck coefficient (or thermopower) S is defined as 

S V T= −Δ Δ . (1.1) 

 In 1834, Jean Peltier observed that cooling or heating occurs at the junction between 

two dissimilar conductors when an electric current passes through them in one or the 

opposite direction [11, 12]. The rate of heat generation or absorption (heat current, Iq) at 

the junction for a current I is expressed as 

qI I=Π , (1.2) 

where  is the Peltier coefficient. It is obvious that the two thermoelectric effects are 

closely related. The Seebeck effect shows that a temperature difference can produce an 

electrical current, and reversely, a current flow can produce a temperature difference, 

which is the Peltier effect [11].  

 A few decades after the discovery of thermoelectric effects, William Thomson (Lord 

Kelvin) developed a unifying theory using thermodynamics arguments [11]. He first 

deduced the relation between S and  as [12, 60] 
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TSΠ =  (Kelvin’s relation). (1.3) 

Along with the relation in Eq. (1.3), he also predicted another thermoelectric effect, the 

Thomson effect [11, 12], which is related to the temperature-dependent Seebeck 

coefficient. 

 Thermoelectric effects can be applied to energy conversion between heat and 

electricity such as refrigeration and power generation. In the following section, we review 

the basic principles of thermoelectric device operation and the key parameters that 

determine the device performance. 

1.3.2.2. Thermoelectric Cooling and Power Generation 

 Fig. 1.1 shows the schematic of thermocouples for refrigeration and power 

generation. The thermocouple is composed of two conductors, which are p-type and n-

type respectively [44]. When the current flows in Fig. 1.1(a) by applying a bias, both 

holes and electrons move in the same direction conducting heat, so cooling occurs at the 

top junction. When there is a temperature difference as shown in Fig. 1.1(b), both holes 

and electrons move from the hot junction to the cold base generating a voltage difference. 

Cooling and generation capacities can be increased by cascading multiple thermocouples 

[61].  

 The efficiency of thermoelectric energy conversion is expressed by the figure of 

merit, ZT, of which details will be discussed in the following section. Due to the low ZT 

so far, thermoelectric technology has been limited to niche markets such as compact 

refrigeration [54] or has been applied to areas that require high reliability and less 

maintenance such as power generation for space mission [55, 56] and remote power units 

[13, 62]. Recent advances in ZT, however, may open up new possibilities such as on-chip 

cooling [23, 50] and cryogenic refrigeration [51]. Thermoelectric technology with higher 

efficiency may also be used to recover waste heat and generate power [52, 53], which 

will help alleviate the global energy and environmental problems [13]. In Section 1.3.3, 

we review recent advances of ZT and discuss why they have been successful. Other ways 

proposed to further increase the performance and new device concepts are also reviewed. 
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Fig. 1.1 Schematics of thermocouples for (a) refrigeration and (b) power generation. The 
thermocouple is composed of p-type and n-type conductors connected at the top [44]. h 

and e denote holes and electrons respectively. When the current flows in (a), h and e 
move in the same direction conducting heat, so cooling occurs at the top. When there is a 
temperature difference as shown in (b), h and e move from the hot side to the cold side 

generating a voltage difference.  

1.3.3. Advances in Thermoelectrics 

1.3.3.1. Figure of Merit ZT 

 The thermoelectric figure of merit, ZT = S2T/, is defined as follows. Consider the 

n-type conductor in Fig. 1.1(a). When the current flows through the conductor, electrons 

carry heat from the top to the bottom cooling the top junction. When there is a 

temperature difference T, then heat flows back from the hot side to the cold side. There 

is another heat source, Joule heating [60], which occurs due to the conductor’s finite 

resistance. We assume that half of the Joule heating passes to the hot side while the other 

half transfers to the cold side [11]. Then the total heat current cooling the top junction 

becomes 
2

2q
I RI I Tκ=Π − Δ − , (1.4) 

where R is the conductor’s resistance. In Eq. (1.4), the first term is the Peltier cooling, the 

second term is the heat back flow, and the last term is the half of the total Joule heating. 
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The Iq in Eq. (1.4) should be maximized to maximize cooling, and the optimum current Î  

is obtained as 

0qdI
I IR

dI
=Π − = , (1.5) 

Î R=Π , (1.6) 

and the maximum Iq becomes 
2

,max 2qI T
R

κ
Π

= − Δ . (1.7) 

The maximum cooling occurs when Iq,max = 0 so that T is maximized. Then the 

maximum temperature difference between the hot and cold side becomes 
2

max 2T RκΔ =Π . (1.8) 

From Kelvin’s relation in Eq. (1.3) and  = 1/R, the ZT is defined as 

( )
2

max 2 2
S T T TT ZTσ
κ

 
Δ = ≡ 

 
. (1.9) 

Alternatively, ZT = 2Tmax/T [63], so it corresponds to the maximum possible 

temperature difference in cooling devices.  

 The ZT is related to the efficiencies of the thermoelectric refrigerator or heat engine. 

For refrigerator, the efficiency is defined as the rate of heat removed from the cold side to 

the input power. The maximum possible efficiency is called the coefficient of 

performance (COP), and it is expressed in terms of ZT as [11, 12, 64, 65] 

1
COP

1 1
m h cc

h c m

ZT T TT
T T ZT

+ −
=

− + +
, (1.10) 

where Th is the temperature at the hot side, Tc is the temperature at the cold side, and Tm = 

(Th + Tc)/2. Note that as ZTm   in Eq. (1.10), the COP approaches the Carnot limit, 

Tc/(Th − Tc) [64, 65]. The efficiency of a heat engine is the generated power divided by 

the heat flow from the hot source, and the maximum efficiency (max) is found as [11, 12, 

64, 65] 

max
1 1

1
mh c

h m c h

ZTT T
T ZT T T

η
+ −−

=
+ +

. (1.11) 
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Similarly, as ZTm  , Eq. (1.11) gives the Carnot efficiency of (Th − Tc)/Th. Therefore, 

ZT should be maximized to obtain high efficiency. 

 To maximize ZT, the numerator (S2, power factor) should be maximized while the 

denominator () minimized. It is, however, not a simple problem because parameters S, , 

and  are interdependent [14]. First, there is a trade-off between S and , so they cannot 

be maximized independently. When the carrier concentration (or the position of the 

Fermi level, EF) is varied, S increases as carrier density decreases while  increases with 

increasing carrier density, and the power factor shows a peak when EF is around the band 

edge [61]. There have been efforts to maximize the optimum S2 through device 

engineering [25, 26, 66, 67] or to decouple S and  using new physical phenomena such 

as phonon drag [20]. Second, the Wiedemann-Franz law [60] suggests that  is 

proportional to , so their ratio stays constant. This theory holds for materials where heat 

is mainly transported by electrons such as metals. Metals also have very small S, so they 

are not usually a good thermoelectric material [64, 68]. In semiconductors, however, heat 

is transported significantly by lattice phonons so that  and  can be decoupled [20], 

especially for low-dimensional systems [19, 69-71]. Many of the recent ZT improvements 

have been accomplished in this way. In the next section, we first review thermoelectrics 

research results in the 1950’s, which are still used in commercially available 

thermoelectric products today. 

1.3.3.2. Thermoelectrics Research in the 1950’s 

 In 1954, Goldsmid and Douglas [45] suggested bismuth telluride (Bi2Te3) as a 

promising thermoelectric material, and this compound semiconductor still remains as one 

of the most important constituents of the best thermoelectric materials near room 

temperature [61]. There are several factors that make Bi2Te3 a good thermoelectric 

material. First, the mean atomic mass is high [45], so the thermal conductivity is low. The 

thermal conductivity is further reduced in alloys in the generalized system 

(Bi,Sb)2(Te,Se)3 [46-49] reaching ~ 1 W/m·K [64]. The high atomic mass is also related 

to the heavy effective mass [45], which is favorable to ZT because it gives higher S at 

reasonable doping levels [72]. Bismuth telluride also has multiple (six) valleys in both 
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conduction and valence bands [12, 64], which allows higher S and  at the optimum 

power factor [72]. Also, by varying the fraction of Te, both n-type and p-type materials 

can be made with equally good performance [64], which is essential to make 

thermocouples in Fig. 1.1. 

 Although bismuth telluride and its alloys are the best thermoelectric materials, they 

are not good enough to replace the conventional compressor-based cooling method [12]. 

From material parameters of these good thermoelectric materials, Mahan [73] predicted 

the maximum ZT of 1~2, which is consistent with experimental data [49]. This value is 

still smaller than the value required to compete with the conventional method, ZT > 3 

[14]. Recently, however, some breakthroughs in ZT have been reported [15-22], and most 

of them are realized by nanotechnology. In the next section, we review the recent 

approaches to increase ZT and discuss how each component of ZT is improved in such 

approaches. 

1.3.3.3. Recent Achievements 

 After a few decades of little improvement of bulk ZT, thermoelectric research is now 

becoming very active again due to the advance of nanotechnology. The application of 

nanotechnology to thermoelectrics was spurred by the promising prediction by Hicks and 

Dresselhaus [25, 26]. They have suggested that ZT may increase dramatically as the 

widths of quantum wells or wires decrease because the conductivity per unit volume 

increases in low-dimensional devices [66, 67], so the power factor (S2) improves. Band 

singularities of low-dimensional devices are also beneficial [74] because the conductivity 

increase more abruptly near the band edge so that the Seebeck coefficient increases at the 

optimum power factor [75]. The influence of dimensionality on thermoelectric 

performance will be more systematically analyzed in Chapter 4.  

 Although it was the increase of power factor, which is the numerator of ZT, that first 

motivated the research of low-dimensional thermoelectric devices, the actual 

experimental improvements have mostly come from the decrease of the denominator,  

[15, 19]. The  is the sum of electronic contribution, e, and the lattice thermal 

conductivity, L [60]. In semiconductors, heat transport tends to be more dominated by 
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lattice, so L plays a critical role in thermoelectric performance. It has been reported 

theoretically [69, 70] and experimentally [71] that L can decrease by a few orders of 

magnitude in lower dimensional devices due to phonon confinement and increased 

boundary scattering. Phonon transport can be further suppressed by embedding 

nanoparticles in semiconductors [76, 77]. Reducing L is an effective way to increase ZT 

provided that it does not harm the electronic properties significantly [19]. 

 In addition to the achievements in nanostructures, there have been continuing efforts 

to increase the ZT of bulk materials because many thermoelectric applications require 

materials in mass quantity [17]. There are two ways to increase the ZT, improving the 

electronic part (power factor, S2) and improving the phonon part (L). Good bulk 

thermoelectric materials should satisfy both criteria, but the majority of significant 

improvements come from the decreased L, which comes from the increased phonon 

scattering by grain boundaries or defects [17, 21]. There are, however, a few 

experimental results that report improved power factors for composite nano-structures 

composed of grains and grain boundaries [78-80], where the grain is a heavily doped 

crystalline region [24], and grain boundaries are potential barriers coming from point 

defects, etc. [78], which may result in the so-called the “energy filtering” effect [81]. It 

has been suggested that if the grain size is properly engineered, then S is improved due to 

the filtering of low energy carriers while  is not degraded much resulting in the net 

improvement in S2 [81]. In Chapter 6, we develop a self-consistent electro-thermal 

simulation framework to understand the physics of Seebeck coefficient in composite 

nano-structures. Using the same framework, we explore the possibilities to improve the 

power factor by engineering the nano-composite structures in Chapter 7. 

 The power factor (S2) can be improved by engineering band structure. Mahan and 

Sofo [82] showed mathematically that the distribution function, which corresponds to the 

transmission function [83] as discussed in Chapter 4, should be delta-shaped to give the 

best thermoelectric efficiency. As will be discussed in Chapter 4, the magnitude of the 

delta function is also important. Engineering bandstructure making it closer to its ideal 

form improves the Seebeck coefficient at the optimum power factor, so ZT improves. In a 

recent experiment [22], an increase of ZT was reported for bulk PbTe doped by Tl. This is 
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believed to be due to the additional resonant energy level, which improves shape of the 

distribution function. Other possibilities to create resonant states near the band edges to 

increase the electronic performance and ZT are being explored [84].  

 To further increase the ZT, there have been efforts to decouple S and  and increase 

the Seebeck coefficient significantly. One possibility is to use the phonon drag effect [12, 

85, 86]. In the discussions so far, it has been assumed that electron and phonon transports 

can be considered independently. This assumption is valid in most practical cases, but we 

need to consider the coupling between them in certain materials such as germanium [87, 

88] and silicon [89, 90] at low temperatures. It has been observed that in such cases the 

Seebeck coefficient increases dramatically because the phonon flow scatters electrons 

preferentially in the direction of thermal gradient [12]. The Seebeck coefficient can be 

looked on as the entropy transported by the electron flow [91], so the phonon drag means 

the increase of entropy carried by electrons. The increase of Seebeck coefficient due to 

phonon drag, however, has not been actually used to improve ZT because it happens at 

low temperature, which has not been of practical interest. In a recent experiment with 

silicon nanowires [20], however, it was found that phonon drag effect may occur at 

higher temperatures due to the phonon mode change in one-dimensional system. The 

increasing interest in low-temperature thermoelectrics also suggests that phonon drag 

may be used to increase ZT at low temperatures [92]. It has been also reported that for 

strongly correlated semiconductors such as FeSb2 [51, 93, 94], the Seebeck coefficient 

increases enormously at low temperatures, and the power factor exceeds those of the 

conventional thermoelectric materials by more than an order of magnitude. Although the 

physical origin of such phenomena is still controversial [95], this may to open up new 

possibilities for low-temperature thermoelectrics. 

 In addition to the conventional thermoelectric devices, a new device concept, a 

thermionic device [57-59], has been proposed as a new method of refrigeration and 

power generation. In thermionic devices, energy is transported by ballistic electrons 

injected over a potential barrier while it is transported by diffusive carriers in 

thermoelectric devices [58]. More details of the thermionic device physics and 

possibilities to increase its performance will be discussed in Chapter 5.  
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1.4. Thesis Outline 
 As mentioned in Section 1.1, in this thesis we discuss two main topics, i.e., 

dimensionality effects in nanoscale transistors and physics of nanoscale thermoelectric 

and thermionic devices. In the first two chapters, we explore and compare ballistic 

(Chapter 2) and diffusive (Chapter 3) 1D and 2D transistors using semi-classical 

simulation models. In Chapter 4 and Chapter 5, we explore the dimensionality effects in 

thermoelectric devices and ballistic transport in thermionic devices within a semi-

classical framework. It is, however, essential to treat quantum transport to better 

understand carrier transport in quantum-engineered structures [24]. Therefore, in the 

following two chapters, we develop a self-consistent electro-thermal simulation 

framework using the non-equilibrium Green’s function (NEGF) method [96] to 

understand the physics of Seebeck coefficient of nano-composite structures (Chapter 6) 

and explore possibilities to improve the power factor by engineering the composite 

structures (Chapter 7). Note that all the symbols and abbreviations are defined and 

consistent within each chapter. A brief summary of the discussions of each chapter is 

listed below. 

 In Chapter 2, we theoretically investigate characteristic features of 1D ballistic 

transport in NW MOSFETs. An analytical model for ballistic NW transistors is derived at 

zero temperature using the top-of-the-barrier ballistic transport model [35], and results for 

finite temperatures are obtained through numerical simulations. We also compare 1D and 

2D ballistic transistors within the same framework to see if there are any inherent 

differences between them in addition to the clear difference in electrostatics. Using more 

realistic band structures obtained from tight-binding calculations [97-99], we also 

investigate how the NW band structures for different channel materials affect the current-

voltage and capacitance-voltage characteristics. Some experimental results reported for 

silicon NW gate-all-around MOSFETs [32] are also analyzed using our model. 

 In Chapter 3, we explore the physics of carrier backscattering in 1D and 2D 

transistors. An analytical formula for the backscattering coefficient is derived for elastic 

scattering in a 1D channel, and the formula clarifies the relation between the critical 

length for backscattering and the so-called “kT length” [43]. Monte Carlo (MC) 
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simulation results are shown to be consistent with the analytical formula for 1D elastic 

scattering, and they also show how the critical length is related to the optical phonon 

energy for inelastic scattering processes. MC simulations also show that although the 

scattering physics in 1D and 2D transistors is very different, the overall backscattering 

characteristics are surprisingly similar. Physical explanations for the similarities are 

provided for both elastic and inelastic processes. 

 In Chapter 4, we study the role of dimensionality on the electronic performance of 

thermoelectric devices using the Landauer formalism [100, 101] and present quantitative 

comparisons in one, two, and three dimensions. This will clearly show why lower 

dimensions are beneficial and what conditions should be met to actually realize the 

advantage. We also investigate the potential benefits of engineering the transport 

distribution into the ideal delta function shape [82] and present quantitative results for the 

improvement.  

 In Chapter 5, we study thermionic emission cooling and the role of momentum 

conservation. It has been suggested that non-conserved lateral momentum may improve 

the cooling performance dramatically [102, 103]. We first carefully examine the physics 

of thermionic emission in homo- and heterojunctions [104-106] and explore the 

feasibility of the proposed improvement in the ballistic limit. We also discuss the issues 

that should be addressed to quantitatively predict the cooling performance in realistic 

thermionic devices.  

 While the discussions in Chapter 4 and Chapter 5 are relevant to ballistic transport or 

very simple scattering models within semi-classical pictures, we explore the effects of 

diffusive scattering more rigorously within a quantum transport simulation framework 

[96] in Chapter 6 and Chapter 7. In Chapter 6, the Seebeck coefficient of 1D composite 

nano-structures is theoretically explored within a self-consistent electro-thermal transport 

simulation framework using the NEGF method [72] and a heat diffusion equation. 

Numerical techniques to determine Seebeck coefficients mimicking experimental 

measurements [19, 20, 107] are introduced. The physical meaning of the measured 

Seebeck coefficients and the relation to the TE performance are also clarified. The 

simulation results stress the importance of self-consistent solutions of phonon heat 
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transport in understanding the TE properties of a composite structure. The results also 

suggest the possibility to further improve the power factor by engineering the lattice 

thermal conductivity within the composite structure, which is discussed in more detail in 

Chapter 7. 

 In Chapter 7, using the simulation framework developed in Chapter 6, we explore 

possibilities to improve the power factor by engineering nano-composite structures. We 

compare the S vs.  trade-offs of 1D composite structures with those of 1D bulk 

considering energy relaxing scattering and clarify the conditions where we obtain net 

improvements in the power factor. We also suggest possibilities to further improve the 

power factor by engineering the lattice thermal conductivity within the composite 

structure. Issues regarding the expected features of 3D bulk composite structures the 

difference from the 1D case are also discussed. 

 Finally, in Chapter 8, we summarize the thesis and suggest a few possible directions 

for future research. 
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2. CHARACTERISTIC FEATURES OF ONE-DIMENSIONAL 
BALLISTIC TRANSPORT IN NANOWIRE MOSFETS 

2.1. Preface 
 The contents of Chapter 2 have been extracted from the following publications: 1) R. 

Kim and M. S. Lundstrom, “Characteristic features of 1-D ballistic transport in nanowire 

MOSFETs,” IEEE Trans. Nanotech., vol. 7, no. 6, pp. 787-794, Nov. 2008. 2) R. Kim, N. 

Neophytou, A. Paul, G. Klimeck, and M. S. Lundstrom, “Dimensionality in metal-oxide-

semiconductor field-effect transistors: A comparison of one-dimensional and two-

dimensional ballistic transistors,” J. Vac. Sci. Technol. B, vol. 26, no. 4, pp. 1628-1631, 

Aug. 2008. Sections 2.3, 2.4, 2.8 are from 1), and Sections 2.5, 2.6, and 2.7 are from 2).  

 In this chapter, we theoretically investigate characteristic features of one-

dimensional (1D) ballistic transport in nanowire (NW) metal-oxide-semiconductor field-

effect transistors (MOSFETs). An analytical model for ballistic NW transistors is first 

derived at zero temperature (T = 0 K) using the top-of-the-barrier ballistic transport 

model [35] with the effective mass approximation. When the drain voltage is low, this 

model shows that the drain current increases stepwise with increasing gate voltage, and 

the transconductance vs. gate voltage displays spikes. These features are the most evident 

signatures of 1D transport. Next, we numerically examine the performance of ballistic 

NW transistors at finite temperatures (still using the top-of-the-barrier model with the 

effective mass approximation) and show how current-voltage characteristics change as 

device parameters and temperatures are varied. Next, we compare 1D and 2D ballistic 

transistors using the top-of-the-barrier model with the effective mass approximation. 

Simulation results for the model devices show that if the electrostatics is assumed to be 

perfect, although at low temperatures we see some distinctive 1D feature, 1D and 2D 

transistors behave quite similarly at room temperature. Using more realistic band 
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structures obtained from tight-binding calculations, we also investigate how the NW band 

structure is reflected in the current-voltage and capacitance-voltage characteristics for 

different channel materials. Finally, experimental results reported for silicon NW gate-

all-around MOSFETs [29, 30, 32] are analyzed with our model. We show that some 

quantum features of these experiments can be explained with our simple, ballistic model.  

 

2.2. Introduction 
 Over the past few decades, the scaling of transistors has successfully increased 

performance and reduced cost. The continuous shrinking of conventional bulk silicon 

metal-oxide-semiconductor field-effect transistors (MOSFETs) is, however, approaching 

a limit, so new device materials and innovative device structures are being studied to 

continue the scaling trend [4-6]. The nanowire (NW) MOSFET is attracting much 

attention due to its potential to address the scaling problem. 

 Silicon NW (SiNW) gate-all-around (GAA) MOSFETs with promising device 

metrics (e.g., high ON-currents and good subthreshold swings) have been reported [29, 

30, 32]. In one-dimensional (1D) devices like NW MOSFETs, the energy subbands split 

due to quantum confinement. Novel effects that appear to be due to 1D transport have 

been observed experimentally in trigate silicon-on-insulator (SOI) MOSFETs [7] and 

quantum wire MOSFETs [8, 9]. In those devices, however, quantum confinement effects 

are evident only at very low temperatures because the channel diameters are quite large. 

More recently, 1D effects begin to appear at higher temperatures [29, 32, 34] due to the 

substantially decreased channel diameters, which are in the order of a few nanometers. 

One of our objectives in this chapter is to present a simple theoretical model for 

interpreting the characteristic 1D effects in NW MOSFETs. Given that 1D devices such 

as NW MOSFETs may give novel effects due to quantum confinement, we also address 

these questions: 1) “How is the NW band structure reflected in the current-voltage (I−V) 

characteristics?;” 2) “How is the NW band structure reflected in the capacitance-voltage 

(C−V) characteristics?;” 3) “How is a 1D MOSFET different from a planar MOSFET?”  

 Chapter 2 is organized as follows. In Section 2.3, we derive an analytical model for 

1D MOSFETs at zero temperature (T = 0 K) by considering first one, then two subbands 
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using the top-of-the-barrier ballistic transport model [35] with the effective mass 

approximation. This theory specifies the I−V characteristics of 1D MOSFETs, which are 

quite distinctive compared to those of the conventional planar MOSFETs. In Section 2.4, 

the 1D characteristics at finite temperatures are numerically simulated still using the top-

of-the-barrier model with the effective mass approximation. In Section 2.5, the 1D and 

2D device characteristics are compared using the same model (ballistic top-of-the-barrier 

model with the effective mass approximation) to see if there are any inherent differences. 

In Section 2.6, we explore how the NW band structure is reflected in the I−V 

characteristics for different channel materials, i.e. Si and InAs, using more realistic band 

structures obtained from tight-binding calculations [97, 98]. In Section 2.7, using the 

approach similar to that of Section 2.6, we investigate the band structure effects on the 

C−V characteristics of NW MOSFETs. In Section 2.8, we compare the model predictions 

to some experimental results for SiNW GAA MOSFETs [32]. Conclusions follow in 

Section 2.9.  

 

2.3. Theory of 1D MOSFETs 
 In this section, we first briefly review the typical I−V characteristics of planar 

MOSFETs, and the distinct I−V characteristics of 1D MOSFETs are theoretically derived 

at T = 0 K using the top-of-the-barrier ballistic transport model [35] with the effective 

mass approximation. 

 

2.3.1. I−V Characteristics of Planar MOSFETs 
 Typical I−V characteristics of planar MOSFETs at room temperature are sketched in 

Fig. 2.1 and Fig. 2.2. Fig. 2.1 shows that as the gate-source voltage VGS increases, the 

drain current ID increases smoothly, and the channel resistance RCH = VDS/ID decreases. In 

Fig. 2.2 (a), ID increases linearly with VGS when the drain-source voltage VDS is low. For a 

high VDS, ID increases smoothly as VGS increases according to ID ~ (VGS − VT), where VT 

is the threshold voltage, and 1 <  < 2 with  being the characteristics exponent [10]. For 

ballistic MOSFETs,  = 1 under non-degenerate conditions, and  = 1.5 under degenerate 
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conditions [10]. The transconductance gm = 
DS

D GS V
I V∂ ∂  is almost constant for a low VDS. 

For a high VDS, gm has the form of mg  ~ (VGS − VT)−1, so it first increases and then 

saturates as VGS increases, as shown in Fig. 2.2(b). The question that we wish to address 

is, “how would these characteristic features of planar MOSFETs change for NW 

MOSFETs?” 

 

Fig. 2.1 ID − VDS characteristics of planar MOSFETs at room temperature. As VGS 
increases, ID increases smoothly, and RCH = VDS/ID decreases. 

 

Fig. 2.2 ID − VGS and gm − VGS characteristics of planar MOSFETs for low and high VDS at 
room temperature. (a) ID increases linearly with VGS when VDS is low, and ID ~ (VGS − 

VT) with 1 <  < 2 when VDS is large. (b) The transconductance gm is almost constant for 
low VDS, and for high VDS, it increases and saturates as VGS increases. 
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2.3.2. I−V Characteristics of 1D MOSFETs: One Subband 
 Fig. 2.3 and Fig. 2.4 show the sketches of I−V characteristics of 1D ballistic 

MOSFETs at T = 0 K assuming one parabolic subband with 
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where (0) is the potential at the top of the barrier,  is the reduced Planck constant, k is 

the wave vector, and m* is the transport effective mass. At T = 0 K, the directed moments 

at the top of the barrier are evaluated from the ballistic transport model as [10] 
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where nL = Ln+  + Ln−  is the 1D carrier density, EF is the electrochemical potential at the 

source, q is the electron charge, h is the Planck constant, and ID = I+ − I−. The step 

function  is introduced because +k states are occupied only when EF > (0), and −k 

states are occupied only when EF – qVDS > (0) [10]. 

 To obtain the VGS- and VDS-dependence of ID, we use the top-of-the-barrier model 

[35] 
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where CG, CS, and CD refer to the gate, source, and drain capacitances, C = CG + CD + 

CS, and n0 is the carrier density under zero bias. For MOSFETs, CG is the gate oxide 

capacitance COX [10]. For simplicity, gate control is assumed to be perfect as CG/C = 1 

and CS/C = CD/C = 0. If we set the source voltage VS as the reference and n0 = 0, Eq. 

(2.6) reduces to 
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The drain current for the given VGS and VDS is calculated by solving Eqs. (2.2)-(2.3) and 

Eq. (2.7) self-consistently. Simple analytic ID expressions can, however, be obtained if 

we consider Eqs. (2.2)-(2.3) and Eq. (2.7) in three regions: 1) (0) > EF; 2) EF – qVDS < 

(0)  EF; and 3) (0)  EF − qVDS. 

 When (0) > EF, no states are occupied, and ID = 0 and nL = 0 from Eqs. (2.2)-(2.5). 

Then in Eq. (2.7), (0) decreases with increasing VGS as (0) = −qVGS. If VGS increases 

above the threshold voltage, VT  −EF/q, then EF is above (0), and ID starts to flow. 

When EF – qVDS < (0)  EF, ID becomes 
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From Eqs. (2.7)-(2.9), the ID − VGS relation for this region is obtained as 
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Equation (2.10) can be written in a simple form as 

( )
2

OX

OX

2
D GS T

Q

CqI V V
h C C

= −
+

, (2.11) 

where CQ is the quantum capacitance [10], 
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 Finally, if (0)  EF − qVDS, then both terms in Eqs. (2.4)-(2.5) are nonzero, and ID 

becomes independent of VGS as 
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22
D DS

qI V
h

= . (2.13) 

Then the channel resistance RCH is constant at h/(2q2). 

 Fig. 2.3 shows the sketches of ID − VDS characteristics of 1D ballistic MOSFETs at T 

= 0 K. When VDS is smaller than the saturation drain voltage VD,sat, ID is independent of 

VGS, and the channel conductance is constant, as shown in Eq. (2.13). When VD  VD,sat, 

ID is saturated and independent of VDS, as given in Eq. (2.11). From the condition (0) = 

EF − qVD,sat, VD,sat can be calculated as 

( )
2

* 2 * 4

,sat 2 2
OX OX

2 2
D GS T

m q m qqV q V V
hC h C

 
= − + + − 
  

, (2.14) 

and VD,sat increases with VGS. 

 Fig. 2.4 shows the sketches of ID − VGS characteristics of 1D ballistic MOSFETs for 

low and high VDS values at T = 0 K. When VDS is low, ID first increases with VGS 

according to Eq. (2.11), but it saturates soon and becomes independent of VGS, as given in 

Eq. (2.13). Therefore, ID − VGS has a graded step around VT, and gm appears as a 

triangular spike at VT, as shown in Fig. 2.4. As VDS becomes smaller, ID − VGS appears to 

be an abrupt step function, and gm becomes close to a delta function. This is distinctly 

different from the planer MOSFET case, where gm is approximately constant for low VDS 

as shown in Fig. 2.2(b). 

 When VDS is high, ID − VGS does not saturate and keeps increasing according to Eq. 

(2.11). We examine Eq. (2.11) for two limits: 1) COX   CQ and 2) COX   CQ. When 

COX is much smaller than CQ, Eq. (2.11) reduces to 

( )22
OX*4D GS T

hI C V V
m q

= − , (2.15) 

so the characteristic exponent  is 2, which is different than the planar ballistic MOSFET 

for which  = 1.5. On the other hand, when COX is significantly larger than CQ that occurs 

when VGS becomes high, then 

( )
22

D GS T
qI V V
h

= − . (2.16) 
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Therefore,  for 1D ballistic MOSFETs varies from 1 to 2 depending on the oxide 

capacitance and gate voltage for degenerate conditions. The high VDS transconductance 

becomes 

( )2
OX OX* ,

2m GS T Q
hg C V V C C

m q
= −  , (2.17) 

2

OX
2 ,m Q

qg C C
h

=  , (2.18) 

and Eq. (2.18) is equal to the quantum of conductance. 

 The physics of these 1D characteristics is illustrated in Fig. 2.5. For a low VDS, the 

energy range for current flow is constant, so ID and RCH become independent of VGS. For 

a high VDS, however, the energy range for current flow increases with VGS, so ID increases 

with VGS. 

 In summary, the signatures of 1D transport at T = 0 K are as follows. For a VGS 

above VT, ID is independent of VGS for a small VDS, but for a high VDS, ID increases as VGS 

increases with 1 <  < 2. For a low VDS, gm vs. VGS is similar to a delta function located at 

VT, but for a high VDS, gm increases with VGS above VT, and finally, saturates at the 

quantum conductance for a very large VGS. 

 

Fig. 2.3 Sketches of ID − VDS characteristics of 1D MOSFETs occupying one subband at 
T = 0 K. When VDS is small, ID is independent of VGS, and the channel conductance is 

constant. When VDS > VD,sat, ID saturates. 
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Fig. 2.4 Sketches of ID − VGS and gm − VGS characteristics of 1D MOSFETs occupying 
one subband at T = 0 K. (a) For a low VDS, ID increases in a graded step around VT. For a 
high VDS, ID increases with 1 <  < 2. (b) For a low VDS, gm has a spike at VGS = VT. For a 

high VDS, gm increases with VGS. 

 

Fig. 2.5 Physics of 1D MOSFETs with one subband for low and high VDS values. (a) For 
a low VDS, the energy for current flow is constant. (b) For a high VDS, the energy range for 

current flow increases with VGS. 

2.3.3. I−V Characteristics of 1D MOSFETs: Two Subbands 
 In this section, we examine what happens when more than one subband is occupied 

in quasi-1D MOSFETs. Fig. 2.6 and Fig. 2.7 show the sketches of I−V characteristics of 

quasi-1D MOSFETs with two subbands at T = 0 K. As shown in the ID − VDS curves of 

Fig. 2.6, RCH changes in steps when VDS < VD,sat. 

 For a low VDS, ID increases with VGS in steps as 
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, (2.19) 

where M is the number of current-carrying modes. Then the channel conductance 

changes in discrete steps as G = M(2q2/h) [108]. The transconductance for a low VDS 

becomes a series of spikes as EF reaches each subband minimum, as shown in Fig. 2.7(b). 

For a high VDS, ID increases as ID ~ ( )1
mM

GS Tm
V V α

=
−  with 1 < m < 2. The gm vs. VGS 

characteristic may not be simple because  varies with the gate voltage. 

 The physics of quasi-1D MOSFETs with two subbands is illustrated in Fig. 2.8. 

When VDS is small, the energy range for current flow is constant, but ID increases in steps 

because the number of conducting channels, i.e. M, increases with VGS. When VDS is high, 

the energy range for current flow increases with VGS, but ID increases further because the 

number of conducting channels also increases. 

 

Fig. 2.6 Sketches of ID − VDS characteristics of 1D MOSFETs occupying two subbands at 
T = 0 K. The channel resistance changes in steps. 
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Fig. 2.7 Sketches of ID − VGS and gm − VGS characteristics of 1D MOSFETs occupying 
two subbands at T = 0 K. (a) For a low VDS, ID increases in steps. (b) For a low VDS, gm 

becomes a series of spikes. For a high VDS, gm has a step-like shape. 

 

Fig. 2.8 Physics of 1D MOSFETs with two subbands for low and high VDS values. (a) For 
a low VDS, the energy range for current flow is constant, but ID increases in steps because 

the number of conducting channels increases. (b) For a high VDS, the energy range for 
current flow increases with VGS, but ID increases further because the number of current-

carrying modes also increases. 

2.4. Simulation Results 
 In Section 2.3, the distinctive I−V characteristics of 1D MOSFETs were described 

theoretically at T = 0 K. In Section 2.4, numerical simulation is used to see if such 

phenomena can be observed in realistic devices at finite temperatures. 
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2.4.1. Simulation Models 
 In this section, we explore ballistic I−V characteristics of 1D MOSFETs at finite 

temperatures. We use the same model as that of Section 2.3, i.e., a semi-classical top-of-

the-barrier MOSFET model [35] with the effective mass approximation, but we do 

numerical simulations, not analytical calculations. The 1D carrier density nL and the 

potential at the top of the barrier (0) are calculated self-consistently from Eq. (2.6) and 

( ) ( )1D
1 2 1 22L F F DS

Nn Uη η− − = + −   , (2.20) 

where −1/2 is the Fermi-Dirac integral of order −1/2 [109, 110], F = (EF – (0))/(kBT), 

and UDS = qVDS/(kBT). The 1D effective density-of-states N1D is 
*

1D 2
2 Bm k TN
π

=


. (2.21) 

Once (0) is known, the ballistic current can be calculated from [10] 

( ) ( )0 0
2 B

D F F DS
qk TI U

h
η η= − −    . (2.22) 

 

2.4.2. Model Problem 
 For the finite-temperature simulation, we assume a cylindrical Si-like NW MOSFET. 

The diameter D is 3 nm, the oxide thickness tOX is 4 nm, and the oxide dielectric constant 

 is 3.9.Gate control is assumed to be perfect, and CG is calculated using the coaxial cable 

capacitance formula [10] 

0
OX

OX

2
2ln

2

C
t D

D

πκε
=

 +
 
 

, 
(2.23) 

where 0 is the vacuum permittivity. The channel orientation is assumed to be [1 1 0], and 

two subbands are included with m* = mt and m* = (mt + ml)/2, where mt and ml are the 

transverse and longitudinal effective masses of Si. The valley degeneracy is 2 for the first 

subband and 4 for the second subband [111]. The energy difference between the two 

band minima (E) is assumed to be 100 meV, which is estimated from the sp3s*d5 tight-
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binding simulation [98]. At VGS = 0 V, EF is assumed to be 0.3 eV below the subband 

minimum. 

 The computed ID − VGS and gm − VGS curves for low VDS are shown in Fig. 2.9 for 

both liquid nitrogen and room temperatures. As expected, ID increases in steps, and gm 

spikes occur as VGS increases. At room temperature, however, ID steps and gm spikes 

smear out due to significant thermal broadening. 

 

Fig. 2.9 Simulation results for the model device for VDS = 1 mV. (a) ID vs. VGS. (b) gm vs. 
VGS. At T = 77 K, ID increases in steps, and gm spikes occur. At T = 300 K, such features 

smooth out due to thermal broadening. 

 Fig. 2.10 shows ID vs. VGS and gm vs. VGS for high VDS. The gm − VGS curve at T = 77 

K shows that this model device operates close to the  = 2 limit. There is a dip in the gm − 

VGS curve around VGS = 1 V where EF hits the second subband. This dip smoothes out at 
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T = 300 K. Simulation results of ID vs. VDS in Fig. 2.11 show the discrete change of 

channel conductance [108]. At T = 77 K, the discrete conductance feature is clear as 

expected, but the curves smooth out at room temperature. 

 The simulation results given so far provide evidence that 1D transport should be 

evident if the wire diameter is small and quantum confinement effects are significant. The 

clear signature of 1D transport diminishes, however, as VDS increases. Fig. 2.12 shows 

simulation results for ID vs. VGS of the model device for various VDS values. As VDS 

increases, ID steps become less evident. Roughly speaking, qVDS should be smaller than 

the subband splitting E to observe the 1D characteristics [34]. 

 

Fig. 2.10 Simulation results for the model device for VDS = 1.5 V. (a) ID vs. VGS. (b) gm vs. 
VGS. Unlike the low VDS case, ID increases with VGS. The gm − VGS curve at T = 77 K 

shows that this device operates close to the  = 2 limit, and the features smooth out at 
room temperature. 
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Fig. 2.11 Simulation results for ID vs. VDS of the model device. (a) At T = 77 K. (b) At T 
= 300 K. Channel conductance changes in discrete steps at lower temperatures, but it 

smoothes out at T = 300 K. 

 

Fig. 2.12 Simulation results for ID vs. VGS of the model device at T = 77 K with various 
VDS values. As VDS increases, ID steps become less evident. 

2.4.3. Discussion 
 As shown in Section 2.4.2, 1D transport features are most evident in ID − VGS and gm 

− VGS characteristics under low VDS conditions. Steps in ID vs. VGS and spikes in gm vs. 

VGS are the key signatures of the 1D transport. In this section, we briefly discuss how 

these characteristics depend on band structure (e.g. subband splitting, m*, and valley 

degeneracy) and MOSFET parameters. Also, we briefly comment on the validity of this 

model for Schottky barrier FETs. 
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2.4.3.1. Subband Energy Spacing E 

 To observe individual ID steps and to clearly distinguish gm peaks, E should be 

greater than 3.5kBT [112] and CQ should be small compared to CG. If we define VGS as 

the gate voltage spacing between the gm peaks, then qVGS is always greater than E 

because (qVGS)/(0) = −(COX + CQ)/COX from Eq. (2.7). Our simulations show that 

increasing temperature broadens the gm peaks but does not change the location of the 

peaks. Accordingly, we can use the T = 0 K theory to relate E to VGS. For a very small 

VDS, the spacing between the first and the second subbands can be estimated analytically 

from Eqs. (2.2)-(2.3) and Eq. (2.6) as 
2

* 2 * 4 2

2 2 2
2 2v v

G GS
m q g m q gE q V

C C
α

π πΣ Σ

 
Δ = − + + Δ 

   
, (2.24) 

where gv and m* are the valley degeneracy and transport effective mass of the first 

subband, G = CG/C, and VGS is the gate voltage spacing between the first and the 

second gm peaks. As shown in Eq. (2.24), qVGS approaches E as m* decreases (smaller 

CQ) or CG increases. Equation (2.24) can be checked using the results in Fig. 2.9. In Fig. 

2.9(b), VGS is about 1 V, and E is estimated to be ~0.1 eV from Eq. (2.24). This 

matches the value used in the numerical simulation. 

2.4.3.2. Transport Effective Mass m* 

 Our simulations show that the current level at each ID step is independent of m* as 

shown in Eq. (2.19), but the position of the ID step is pushed toward higher gate voltages 

when m* is increased. As m* increases, the gate voltage spacing (VGS) between ID steps 

and gm peaks increases, and gm peaks become lower and broader. Such changes are due to 

the increased charging energy. When m* is increased, carrier density increases from Eqs. 

(2.20)-(2.21). Then from Eq. (2.6), it becomes more difficult to move (0) down, so to 

achieve the same current, it takes a higher gate voltage. 
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2.4.3.3. Valley Degeneracy gv 

 According to Eq. (2.19), the current level at each ID step is proportional to the valley 

degeneracy. The charging energy increases with the valley degeneracy, so VGS between 

ID steps and gm peaks also increase with gv, as shown in Eq. (2.24). 

 Because the measured ID − VGS and gm − VGS characteristics of a quasi-1D NW 

MOSFET depend on subband energy spacing, subband effective mass, and subband 

degeneracy, such measurements may provide a useful experimental tool for subband 

spectroscopy. 

2.4.3.4. Effect of Schottky Barriers 

 The top-of-the-barrier model assumes the MOSFET-type operation where the 

heavily doped source/drain (S/D) can supply any amount of charge as the gate bias 

lowers the channel potential [113]. Therefore, the approach presented above is applicable 

to any 1D FET such as III-V NW FETs or carbon nanotube FETS (CNTFETs) [108] 

provided that there is no Schottky barrier (SB) between the S/D and the channel. We 

should be careful when applying this approach to SBFETs because the channel 

conductance is significantly suppressed by Schottky barriers as shown for CNTFETs 

[114]. In experiments, NW FETs fabricated from the top-down process have heavily-

doped S/D regions and operate as MOSFETs [29, 30, 32]. However, most of the NW 

FETs made by the vapor-liquid-solid (VLS) growth methods have metal S/D contacts and 

operate as SBFETs [33]. 

 

2.5. Dimensionality and MOSFETs: 1D and 2D 
 In this section, we compare I−V characteristics, device delay, and internal quantities 

of 1D and 2D ballistic transistors using the top-of-the-barrier ballistic transport model 

with the effective mass approximation [35]. There is, of course, a clear difference 

between 1D and 2D transistors in terms of electrostatics. However, we assume perfect 

gate electrostatics, C = CG, for both 1D and 2D transistors because we would like to 

address if there is any factor other than the electrostatics that makes 1D transistors 



 

 

34

inherently difference from 2D transistors. As a 1D model device, we take a GAA SiNW 

n-MOSFET with D = 3 nm. As a 2D model device, we take a Si double-gate ultra thin 

body (DG UTB) n-MOSFET. The transport direction is [1 0 0] for both cases, and only 

the lowest subband is considered. The gv for the 1D and 2D devices are 4 and 2, and the 

effective mass is the transverse effective mass (m* = mt). The tOX is taken as 1 nm, and 

the power supply voltage VDD = 0.6 V. 

 To compare the performance of 1D and 2D devices, we select VDD windows to 

achieve the same ON-OFF ratio, ION/IOFF = 104, for both cases as summarized in Fig. 

2.13, where ION and IOFF represent the ON- and OFF-currents, respectively. We then 

examine the 1D and 2D device characteristics in the gate bias ranges that give us the 

same ON-OFF ratio. As a result, devices are compared over gate voltage ranges that give 

a suitable ION/IOFF in each case. 

 Fig. 2.14 shows the ID vs. VDS for 1D and 2D ballistic MOSFETs at T = 77 K and T = 

300 K. At T = 77 K, the conductance of the 1D MOSFET is independent of VGS for low 

VDS, which is a characteristic feature of 1D transport [10]. However, the 1D and 2D 

MOSFET characteristics look similar at room temperature. 

 

Fig. 2.13 Approach to compare the performance of 1D and 2D transistors. (a) For a given 
VDD, the VDD window is swept in ID vs. VGS. The right end of the VDD window is denoted 

as V1. (b) For a desired ION/IOFF, we choose a new gate bias range, V´GS. Then, 1D and 2D 
transistors are compared in the gate bias ranges that give us the same ION/IOFF. 
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Fig. 2.14 Simulation results of ID vs. VDS of 1D and 2D Si n-MOSFETs at T = 77 K and T 
= 300 K. In (c) and (d), the 1D and 2D transistor characteristics look similar at room 

temperature. 

 The ratio of the CQ to the COX and the injection velocity inj at T = 77 K and T = 300 

K are plotted in Fig. 2.15(a)-(b). The ratio CQ/COX determines how VGS modulates (0). If 

CQ/COX is small, then (0) varies a lot with VGS, and higher energy states can be occupied. 

Therefore, inj of the 2D device is observed to be a little higher due to the smaller 

CQ/COX. Due to the van Hove Singularity, CQ/COX is high for the 1D transistor near turn 

on, but the ratio is very similar for 1D and 2D MOSFETs at the ON-state. 

 The intrinsic device delay  vs. ION/IOFF at T = 300 K is shown in Fig. 2.15(c) for 

both the 1D and 2D MOSFETs. The intrinsic device delay is defined as  = (QON – 

QOFF)/(ION − IOFF), where QON and QOFF represent the amounts of charge at the ON- and 

OFF-states. The gate length LG is assumed to be 10 nm in both cases. This plot shows 

that dimensionality itself makes little difference to the performance of a MOSFET. 
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Fig. 2.15 Simulation results for (a) CQ/COX vs. VGS at T = 77 K and T = 300 K, (b) inj vs. 
VGS at T = 77 K and T = 300 K, and (c) the intrinsic device delay vs. ION/IOFF at T = 300 

K. Device dimension itself makes little difference to the device performance. 

2.6. Nanowire Band Structure and I−V 
 In this section, we examine the band structure effects on I−V characteristics of NW 

MOSFETs using the top-of-the-barrier model [35] and more realistic band structures for 

Si and InAs NWs. Band structures of [1 0 0] Si, [1 1 0] Si, and [1 0 0] InAs cylindrical 

NWs calculated from the sp3s*d5 tight-binding model [97-99] are shown in Fig. 2.16. The 

diameters are all 3nm. Fig. 2.16 also shows the m* and gv of the lowest subband. 

 The ballistic I−V characteristics of the three GAA n-MOSFETs with tOX = 1.1 nm are 

shown in Fig. 2.17. Fig. 2.17(a) shows ID vs. VDS at T = 300 K. The threshold voltage of 

each device was adjusted to have the same IOFF at VGS = 0 V [115, 116]. The [1 0 0] and 

[1 1 0] Si NW results are similar while the InAs NW gives a higher ION and a smaller 

conductance. For a high VDS, the 1D MOSFET current increases with F, and the current 
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is independent of m* for a given F because the m* dependencies in the density-of-states 

and inj cancel out [10].Therefore, a smaller m* helps obtain a higher current because it 

leads to a smaller CQ (a larger F) for the same VGS. The effect of gv, however, is subtle 

because a higher gv gives a higher CQ (a smaller F) while the current is proportional to gv 

for a given F. The InAs NW gives a higher ION as a combinational result of the small m* 

and gv. The small channel conductance for the InAs NW comes from the small gv. 

 

Fig. 2.16 Band structures of (a) [1 0 0] Si, (b) [1 1 0] Si, and (c) [1 0 0] InAs cylindrical 
NWs calculated from the sp3s*d5 tight-binding model [97, 98]. The diameters are all 3 

nm. 
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Fig. 2.17 (a) Simulation results for ID vs. VDS of [1 0 0] Si, [1 1 0] Si, and [1 0 0] InAs 
NWs at T = 300 K. The [1 0 0] and [1 1 0] Si NW results are similar while the InAs NW 

gives a higher ION and a lower conductance. Distinctive 1D features are observed in (b) ID 
vs. VGS and (c) gm vs. VGS for VDS = 1 mV at T = 77 K. Two subbands are occupied for the 

[1 1 0] Si NW. 

 As discussed in Section 2.4, for 1D MOSFETs, IDS increases stepwise with VGS at 

low VDS at low temperatures. The IDS step heights are proportional to gv and independent 

of m*. To observe these steps, qVDS should be smaller than E, and E should be larger 

than kBT [7]. Fig. 2.17(b)-(c) present the simulation results for IDS vs. VGS and gm vs. VGS 

for VDS = 1 mV at T = 77 K. Unlike in Fig. 2.17(a), there is a significant difference 

between the [1 0 0] and [1 1 0] Si NWs. For the [1 1 0] Si NW, two steps in IDS vs. VGS 

and two spikes in gm vs. VGS are observed, while for the [1 0 0] Si NW, only one is seen. 

This arises because one and two subbands are occupied in the [1 0 0] and [1 1 0] Si NWs, 

respectively. The second subband of the [1 1 0] Si NW can be occupied because of the 

smaller gv, lighter m*, and smaller E. For the InAs NW, however, only one subband is 
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occupied because of the very large E. In Fig. 2.17(b), the relative heights of the first IDS 

steps of [1 0 0] InAs, [1 1 0] Si, and [1 0 0] Si NWs are 1, 2, and 4, which corresponds to 

the fact that gv = 1, 2, and 4 for each case. 

 

2.7. Nanowire Band Structure and C−V 
 The capacitance of a single carbon nanotube device has been recently directly 

measured, and the results reflected 1D band structure effects [117]. Similar 1D effects 

might be observed in the C−V curves of NW transistors. Fig. 2.18 shows the simulation 

results for C−V curves at T = 77 K for the Si and InAs NW MOSFETs considered in 

Section 2.6. The band structure was computed non-self-consistently, that is, it was 

computed under flatband conditions and then assumed to be independent of bias. In 

reality, bias-dependent effects are expected to occur [118]. A dip is observed in the [1 1 

0] Si C−V curve, which corresponds to the occupation of the second subband. In practice, 

parasitic capacitance and surface states may cloud these measurements, and the effects 

might be more observable in the IDS – VGS characteristics for low VDS. 

 

Fig. 2.18 C−V simulation results of [1 0 0] Si, [1 1 0] Si, and [1 0 0] InAs NWs at T = 77 
K. A dip is observed in the [1 1 0] Si C−V curve due to the occupation of the second 

subband. 
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2.8. Comparison with Experiment 
 There have been several experimental results reported for small-diameter, SiNW 

FETs [29, 32]. Although a detailed comparison with experiment is beyond the scope of 

this work, we will briefly examine the results for the twin silicon (TS) NW MOSFET 

reported in [32]. As mentioned at the end of Section 2.4, this NW FET operates as a 

MOSFET, so it should be okay to use our approach based on the top-of-the-barrier model. 

The low-temperature experimental results show conductance steps with VGS ~ 0.5 V for 

small VDS [32]. According to our model, these steps should smooth out as temperature or 

VDS increases. The experimental results show that the steps smear out as temperature 

increases, but results for increasing VDS at a fixed temperature were not available. 

 To determine if the experimental results are consistent with our model, we assume 

that the channel orientation is [1 1 0] and choose capacitance parameters to reproduce the 

measured subthrshold swing [30, 32]. Then, using the two-band model in Eq. (2.24), E 

is estimated to be ~ 0.1 eV. Simulation results are shown in Fig. 2.19(a). The series 

resistance RS is not included. In agreement with the experimental results, two 

conductance steps are observed with VGS ~ 0.5 V. 

 Although the simulations in Fig. 2.19(a) reproduce the VGS value observed in the 

experimental, we note that the estimated E is too large for the wire diameter, which is 

11.2 nm [32]. Also note that we observe conductance steps at temperatures up to ~ 200 K 

in Fig. 2.19(a), which is inconsistent with the experimental results where the conductance 

steps wash out for T > 60 K [32]. These results suggest that E has been overestimated. 

When extracting E in Eq. (2.24), we assumed that each conductance step came from a 

single subband. This assumption is valid for small-diameter (approximately a few 

nanometers) NWs where the subbands are well separated, but for larger diameter NWs 

such as D > 10 nm, the subband splittings are small, and a single conductance step may 

come from multiple subbands whose energy levels are very close. This is like increasing 

gv in Eq. (2.24), so E would be overestimated as shown in Fig. 2.19(a) if we use single 

subband parameters, i.e. smaller gv values. 

 Fig. 2.19(b) presents a simulation example for a large-diameter NW MOSFET. The 

device parameters D and tOX were taken from [32], and the band structure was obtained 



 

 

41

from the sp3s*d5 tight-binding model [98]. The ballistic current is calculated from the top-

of-the-barrier model. For simplicity, the gate electrostatics is assumed to be perfect, and 

RS is not included. Although the simulation results may not exactly match the 

experimental results, this study provides general insights on what happens for large-

diameter NW MOSFETs. In Fig. 2.19(b), two conductance steps are observed, but each 

conductance step comes from multiple subbands, as shown in Fig. 2.20(a)-(b). 

Accordingly, the conductance levels in Fig. 2.19(b) are higher than those of Fig. 2.19(a). 

One thing to note in Fig. 2.19(b) is that, in the simulation result for T = 4.2 K, we do 

observe some effects of multi-subband occupation. These small conductance steps, 

however, may not be distinguishable in experiments.  

 The simulation results in Fig. 2.19(b) can be compared with the experiment [32] in 

three aspects: 1) conductance level; 2) temperature dependence; and 3) VGS. 

Conductance levels in Fig. 2.19(b) are much higher than those of the experiment, but the 

simulated conductance will be significantly reduced if RS or carrier scattering is 

considered. Carrier scattering is important because it may also smear out conductance 

steps. In Fig. 2.19(b), conductance steps are observable at up to T ~ 60 K, which is close 

to the experimental result [32]. In Fig. 2.20(a)-(b), the subband splitting is in the order of 

a few milli-electron volts and smaller than 3.5kBT at T = 60 K. Conductance steps are, 

however, observed at T = 60 K because the steps comes from two different sets of 

multiple subbands, which are separated by a larger E that is comparable to 3.5kBT. 

Another observation in Fig. 2.19(b) is that VGS is about 1 V, while VGS ~ 0.5 V in the 

experiment [32]. There are a few possible explanations for this discrepancy, and we 

briefly mention two of them: uncertainties in CG and the self-consistent band structure 

[118]. As shown in Eq. (2.24), the relation between E and VGS strongly depend on CG. 

The gate capacitance used in the simulation is, however, calculated from a simple 

analytical formula in Eq. (2.23) and may not be accurate. Variations of the wire diameter 

in experiments [29] may increase the uncertainties in CG even more. As reported in other 

advanced experiments [117, 119], these uncertainties can be removed by measuring the 

capacitance directly. The self-consistent band structure also affects VGS [118]. In this 

work, we assume that the gate bias moves the bands up and down without changing the 
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band splitting. If the band structure is calculated self-consistently, however, subband 

splitting may change significantly with bias, especially for large-diameter NWs [118]. 

More detailed simulation studies are required to quantitatively understand the self-

consistent band structure effects in experimental devices. 

 Finally, note that the authors of [32] also plot  vs. temperature and show that it rises 

to 2 at room temperature. They take this as an evidence of diffusive transport at room 

temperature. Note from Eq. (2.15), however, that  = 2 is also expected for a ballistic NW 

MOSFET in the limit of COX   CQ. 

 

Fig. 2.19 Simulation results for the ballistic G vs. VGS for the twin silicon NWFET [32] 
for VDS = 5 mV with (a) the two-band model with the effective mass approximation in 

Section 2.4 and (b) the sp3s*d5 tight-binding model [98] calculated for Si [1 1 0] NW with 
D = 11. 2 nm [32]. In (a), E is estimated to be ~ 0.1 eV from Eq. (2.24) to reproduce the 
VGS value observed in the experiment. However, the estimated E is too large, and the 

steps are observed at up to T ~ 200 K. In (b), two conductance steps are observed, and the 
steps smear out for T > 60 K, which is similar to the experimental result. At T = 4.2 K, 

we do observe some effects of multi-subband occupation, i.e. more steps in G. 
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Fig. 2.20 Band structures relative to the EF for (a) VGS = 1 V and (b) VGS = 2 V for the 
results in Fig. 2.19(b). The band structure is obtained from the sp3s*d5 tight-binding 

model [98]. Although only two clear conductance steps are observed in Fig. 2.19(b), each 
conductance step comes from multiple subbands. 

2.9. Conclusions 
 In this chapter, we examined the expected features of 1D NW MOSFETs in the 

ballistic limit. We showed that the channel conductance should be quantized and that the 

transconductance vs. gate voltage should display peaks that correspond to the filling of 

various subbands. The device characteristics strongly depend on the applied drain voltage 

as well as the temperature. We also employed a simple physical model to determine 

whether there are any inherent differences between the 1D and 2D ballistic MOSFETs. 

Electrostatics differences are well understood and not examined in this work. Simulation 

results show that 1D and 2D ballistic MOSFETs similarly behave especially at room 

temperature. The band structure differences arising from the device dimensionality, 

orientations, and materials are reflected on the I−V and C−V characteristics of NW 

MOSFETs at low temperatures. Finally, we examined some experimental results, which 

suggest that these effects are being observed. The temperature dependence of the 

measured low drain bias channel conductance vs. gate voltage is reasonably well 

described by a ballistic model. Our simulations of the device in [32], however, suggest 

that steps in the conductance vs. gate voltage can arise even when multiple subbands are 

occupied. Experimental results for large-diameter NW MOSFETs should be analyzed 

carefully, but developing a quantitative understanding of such experimental results would 
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deepen our understanding of NW device physics and might provide a useful new tool for 

subband spectroscopy.  

 So far we have mainly discussed ballistic transport in 1D and 2D transistors and 

compared their characteristics. In the next chapter, we explore the carrier scattering 

physics in 1D and 2D transistors and examine how they compare. 
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3. PHYSICS OF CARRIER BACKSCATTERING IN ONE- AND 
TWO-DIMENSIONAL NANOTRANSISTORS 

3.1. Preface 
 The contents of Chapter 3 have been extracted and extended from the following 

publication: R. Kim and M. S. Lundstrom, “Physics of carrier backscattering in one- and 

two-dimensional nanotransistors,” IEEE Trans. Electron Devices, vol. 56, no. 1, pp. 132-

139, Jan. 2009. 

 In this chapter, the physics of carrier backscattering in one- and two-dimensional 

transistors is examined analytically and by numerical simulation. An analytical formula 

for the backscattering coefficient is derived for elastic scattering in a one-dimensional 

channel. This formula shows that the critical length for backscattering is somewhat 

longer than the kT length [43], and it depends on the shape of the channel potential 

profile. For inelastic scattering, Monte Carlo (MC) simulations show that the critical 

length is related to the phonon energy. MC simulations also show that although the 

scattering physics in one- and two-dimensional transistors is very different, the overall 

backscattering characteristics are surprisingly similar. For elastic process, this similarity 

is due to the compensating effects of the scattering rate and the fraction of scattered 

carriers that contribute to the backscattering coefficient. For inelastic process, the critical 

length is determined from the phonon energy for both one- and two-dimensional 

channels. 

 

3.2. Introduction 
 As discussed in Chapter 2, semiconductor nanowire (NW) transistors are attracting 

attention as a possible solution to the scaling challenges of metal-oxide-semiconductor 

field effect transistors (MOSFETs) [1, 27-31]. In addition to improved electrostatics, one-
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dimensional (1D) transistors provide novel characteristics due to quantum confinement 

[34, 120], which have been observed experimentally as the diameter scales down and the 

temperature (TL) is lowered [32, 121]. As discussed in Section 2.5, however, except for 

differences in electrostatics, device performance metrics, such as the injection velocity 

and the intrinsic device delay, are similar for NW transistors and two-dimensional (2D) 

planar transistors, particularly at room temperature [122]. In the presence of scattering, 

however, one might expect the 1D and 2D transistors to behave differently due to 

dimension-dependent scattering [39, 123]. The objective in this chapter is to examine the 

physics of backscattering in 1D and 2D transistors. 

 The backscattering coefficient R in a field-free slab is expressed as [101] 

0

LR
Lλ

=
+

, (3.1) 

where L is the channel length and 0 is the averaged backscattering mean-free-path under 

a low electric field (by low electric field, we mean that it is low enough to maintain near-

equilibrium transport in the slab). It has been suggested that Eq. (3.1) can be generalized 

to high electric fields as [43] 

0 0

kT

kT

LlR
l Lλ λ

= ≈
+ +

, (3.2) 

where l is the critical length, and LkT (the “kT length”) is the distance over which the 

potential drops by kBTL/q [43] (by high electric field, we mean that the field produces off-

equilibrium conditions for carriers in the slab), where kB is the Boltzmann constant, and q 

is the electron charge. For inelastic scattering, it has been suggested that l is the distance 

from the top of the barrier to the point where carriers gain enough kinetic energy to emit 

optical phonons [124].  

 For planar devices, the critical region for backscattering occurs because the fraction 

F of the scattered carriers that contribute to R decreases as the carriers travel down the 

potential drop along the channel [125]. This occurs even for elastic scattering because 

only a small cone of backscattered carriers has sufficient kinetic energy to surmount the 

potential barrier and return to the source. (This general understanding of backscattering 

has been extended by a number of recent studies [126-129]. Fischetti et al. [130] have, 
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however, pointed out that long-range Coulomb effects could invalidate the concept of a 

critical length. This issue merits careful study, but it is beyond the scope of this work.) 

The critical region for elastic backscattering in 1D, however, may not apply because any 

carrier that backscatters has sufficient longitudinal momentum to surmount the barrier 

and return to the source. Fig. 3.1 shows a sketch of F vs.E/E0 for 1D and 2D 

elastic/isotropic scattering, where E is the energy that a carrier gains and E0 is the 

injection energy. For 2D, F decreases steadily [125]; however, F is constant at 0.5 for 1D. 

This clear difference in F suggests that the backscattering characteristics may be different 

for 1D and 2D transistors.  

 

Fig. 3.1 Fraction (F) of backscattered carriers that contribute to R vs. E/E0 for 1D and 
2D elastic/isotropic scattering. 

 In this chapter, we perform analytical and numerical analyses to address the 

following questions: 1) “Is the concept of a critical length still valid in 1D?;” 2) “How is l 

related to LkT?;” 3) “Does 0 control R even under high electric fields?;” 4) “Does l 

change for elastic and inelastic scattering?;” and 5) “How does the backscattering 

characteristic compare for 1D and 2D transistors?” Note that our objective is to provide 

“insight, not numbers” [131]. We use simple but physical model structures and scattering 

mechanisms to establish some general understanding that we believe will be broadly 

applicable.  
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 Chapter 3 is organized as follows. In Section 3.3, we assume a 1D model device and 

analytically evaluate R for elastic/isotropic scattering. In Section 3.4, the results from the 

analytical formula are compared with those from Monte Carlo (MC) simulations. The 

role of inelastic scattering in 1D transistors is also studied through MC simulations. In 

Section 3.5, we repeat the analysis for a 2D model device to compare backscattering 

physics in 1D and 2D. The conclusion follows in Section 3.6.  

 

3.3. Analytical Treatment of Backscattering in 1D 
 In this section, an analytical formula for R is derived in 1D, considering 

elastic/isotropic scattering. We define a 1D model device (Section 3.3.1) and assume a 

simple elastic scattering process (Section 3.3.2). An analytical formula for R is derived 

using the one-flux method [132] for simple channel potential profiles (Section 3.3.3). In 

[133], it was shown that Eq. (3.2) with l = LkT can be derived from the 1D Boltzmann 

transport equation assuming a constant relaxation length. In that derivation, however, the 

authors assumed that the carrier velocity is constant at the thermal velocity in the current 

continuity condition. In our derivation, we consider the velocity variation along the 

channel, thereby improving on the previous derivation as demonstrated by comparisons 

with numerical simulations in Section 3.4. 

 

3.3.1. Model Device 
 As a 1D model device, we assume a rectangular silicon NW with 3 nm width (W) 

and [1 1 0] transport direction, where the electrons are confined in a 2D box of width W. 

We consider only the lowest subband, i.e., a true 1D transport. Then, the valley 

degeneracy (gv) is two, and we take the transverse effective mass of bulk silicon as the 

transport effective mass (m* = mt). Although the bulk effective mass is not exact for NWs 

[134], it should be useful for our simple model calculation. The schematic of the model 

device is shown in Fig. 3.2(a). 

 Although we treat only a single subband, it should be noted that intersubband 

scattering may become relevant under high drain bias when multi-subbands are 
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considered. Intersubband scattering mainly occurs between unprimed subbands [135], 

and it becomes more important as W or TL increases. We expect, however, that 

intersubband scattering will not affect R significantly if it mostly occurs outside the 

critical region. For our 1D model device, the energy difference between the first and the 

second unprimed subbands is 322/(2mlW2) ~ 0.14 eV, where  is the reduced Planck 

constant, and the longitudinal electron effective mass ml is 0.91m0, with m0 being the free 

electron mass. If this is less than the energy a carrier gains across the critical region, then 

we can roughly say that intersubband scattering is significant. We believe, however, that 

including intersubband scattering will not change the general conclusion of this work. In 

Section 3.5, we consider a 2D device with a large number of transverse modes, and the 

intermediate case of a NW with a few subbands (i.e. quasi-1D transport) would not be 

substantially different from the two limiting cases we examine. 

 

Fig. 3.2 (a) Schematic of the 1D model device. The transport (x) direction is [1 1 0], and 
W is the width of the NW. (b) Schematic of the 2D model device. The wafer orientation 

is (0 0 1), and W is the body thickness. 

3.3.2. Elastic Scattering in 1D 
 For elastic scattering, we assume intrasubband acoustic phonon scattering, which is 

elastic and isotropic near room temperature. The scattering rate due to the absorption and 

emission of acoustic phonons is 

( )
2

1D2 2
1D

91
4

A B L

v S

D k T g E
g W
π

τ ρυ
=


, (3.3) 
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where DA is the electron acoustic deformation potential,  is the mass density, S is the 

sound velocity, and g1D is the 1D density-of-states with g1D(E) = ( )* *2 2vg m m Eπ  

where E is the carrier kinetic energy. (See Appendix A for the detailed derivation of Eq. 

(3.3) using Fermi’s golden rule [36].) For a relaxation time in power-law form  = 

0(E(p)/(kBTL))s [36], the low-field mobility is  = q0/m* ×  (s + d/2 + 1)/(d/2 + 1) in 

the non-degenerate limit, where d is the device dimensionality [136]. The low-field 

mobility for our 1D model device (1D) can be calculated using d = 1 and s = 1/2. From 

the 1D Landauer formula [101],  and 0 are related as  = q/(kBTL)×  0T/2, where T is 

the thermal velocity with T = ( )*2 B Lk T mπ . By equating this relation with 1D, we 

obtain 0 = ( )2 2 2 * 28 9S AW m Dρυ , which is ~ 42 nm at TL = 300 K for our model device 

with bulk silicon parameters [137]. One thing to note is that this 0 may be too large for a 

realistic NW transistor, where other scattering mechanisms such as surface roughness 

scattering play a significant role [42, 138].  

 

3.3.3. Analytical Derivation of R 
 Let V(x) be the potential profile along the channel. For elastic scattering, the carrier 

velocity at x is given as (x) = ( )( ) *
02 E qV x m+ , where E0 is the average energy of 

injected carriers. In the non-degenerate limit, E0 is calculated to be kBTL for 1D because 

the distribution function of the carriers injected in the x-direction is velocity-weighted 

[36]. Then the backscattering mean-free-path at x can be expressed as 

( ) ( ) ( ) ( )( ) ( )2 2 2
0

1D 0 0* 2

82
9

S

A B L B L

E qV xWx x x E qV x
m D k T k T
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λ υ τ λ

+ 
= = + =  

 

 . (3.4) 

The factor of two appears in Eq. (3.4) because the scattering is isotropic. Then the 

relation between the positively and negatively directed fluxes can be obtained from the 

one-flux method [132] as 

( ) ( )( ) ( ) ( )
( )

( ) ( )
( )

( ) ( )( ) ( )
( )( )0 0

B Ld n x x k T n x n x xn x x n x x
dx x x E qV x
υ υυ υ

λ λ λ

+ + + −+ + − − −
= − + = −

+
, (3.5) 
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where n+ and n− represent the concentrations of positively and negatively moving 

carriers. In Eq. (3.5), it is assumed that the velocities of positively and negatively moving 

carriers are the same, as +(x) = −(x) = (x). From the current continuity condition, Eq. 

(3.5) becomes 

( ) ( )( ) ( ) ( )( ) ( )
( )( )0 0

0 0 0B Ld n x x k T n n
dx E qV x
υ υ

λ

+ + −−
= −

+
. (3.6) 

For a given V(x), Eq. (3.6) may be integrated analytically to calculate R. Here we 

consider two channel potential profiles, i.e., linear and parabolic potential profiles. 

3.3.3.1. Linear Potential 

 For a linear potential profile, Eq. (3.6) becomes 

( ) ( )( ) ( ) ( )( ) ( )
( )0 0

0 0 0B L

x

d n x x k T n n
dx E qE x
υ υ

λ

+ + −−
= −

+
, (3.7) 

where Ex is the constant electric field along the x-direction. Using the boundary condition 

n−(L) = 0 [133] and the current continuity n+(L)(L) = (n+(0) − n−(0))(0), Eq. (3.7) is 

integrated as 

( ) ( ) ( ) ( )( ) ( ) 0

0 0

0 0 0 1 ln xB L

x x

E qE Lk Tn x x n n
qE E qE x

υ υ
λ

+ + −
  +

= − +   +  
. (3.8) 

By evaluating Eq. (3.8) at x = 0 and rearranging the result, R is obtained as 
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, (3.9) 

where LkT is defined as LkT = kBTL/(qEx) [43]. 

 In the low-field limit (L   LkT), LkTln(1 + L/LkT)  L, and Eq. (3.9) reduces to R ~ 

L/(0 + L) as expected from Eq. (3.1). In the high-field limit, Eq. (3.9) has a similar form 

as Eq. (3.2); however, l is larger than LkT and has a more complicated form which 

depends on Ex and L, as l = LkTln(1 + L/LkT) > LkT. The 1/R vs. Ex relation obtained from 

Eq. (3.9) shows  
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where V is the voltage drop across the critical region. It is observed that 1/R vs. Ex is 

approximately linear with the slope of ~ 0/V because the Ex-dependence in the log term 

is weak. Under a low electric field, V is the total drain voltage. Under high electric 

fields, V is somewhat larger than kBTL/q.  

3.3.3.2. Parabolic Potential 

 For a given drain voltage Vd, the parabolic potential profile and LkT are given as V(x) 

= Vdx2/L2 and LkT = B L dL k T qV , respectively [133]. In a similar way to that used in the 

previous section, R is obtained as 

( )
( )

1

1
0

tan /
tan /

kT kT

kT kT

L L L
R

L L Lλ

−

−
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and l can be defined as l = LkTtan−1(L/LkT). In the low-field limit (Vd   kBTL/q), l  L, and 

R reduces to the well-known low-field form in Eq. (3.1). Under high fields (Vd   

kBTL/q), l  LkT ×  /2 > LkT, and V= Vd/L2 ×  l
2 ~ Vd/L2 ×  (LkT/2)2 = 2/4 ×  kBTL/q. 

3.3.3.3. Discussion 

 Analytical formulas for R in Eq. (3.9) and Eq. (3.11) show that the concept of a 

critical length is still valid in 1D. As shown in Fig. 3.1, once a carrier scatters elastically 

in a 1D channel, it has a constant probability to go back to the source. The scattering rate, 

however, decreases as the carriers travel down the potential drop and gain kinetic energy 

because the scattering rate is proportional to g1D as given by Eq. (3.3). Therefore, the 

carriers have less chance to scatter deep inside the channel. Analytical formulas also 

show that 0 still controls R even under high electric fields. In addition, l is not as simple 

as expected from Eq. (3.2); it is a function of LkT, but it depends on L and the shape of the 

potential profile along the channel. For both linear and parabolic potential profiles, l is 

somewhat longer than LkT under high electric fields. Finally, our derivation assumed that 
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the velocities of positively and negatively moving carriers are the same. A simple MC 

simulator to be discussed in Section 3.4.1 shows that −(0) ~ 0.9+(0), which indicates 

that our assumption is reasonable. More sophisticated MC simulations that treat multi-

subband scattering with a self-consistent channel potential have shown that −(0) ~ 

0.7+(0) [139]. The assumption of equal velocities for injected and backscattered carriers 

does not appear to affect our overall conclusions. 

 

3.4. MC Simulation of Backscattering in 1D 
 In this section, the implementation of the MC simulator is explained (Section 3.4.1), 

and the results for R from analytical formulas derived in Section 3.3 are compared with 

those from MC simulations (Section 3.4.2). Then the role of inelastic scattering in 1D 

transistors is studied through MC simulations (Section 3.4.3). 

 

3.4.1. MC Simulator 
 The MC simulator takes the incident-flux approach, assuming non-degenerate 

contacts [36]. Carrier degeneracy may affect the backscattering characteristics [128]; 

however, it is beyond the scope of this work. The simulation begins with a carrier 

selected at random from the flux injected from the source contact (x = 0). The carrier is 

followed until it comes back to the source or reaches the drain contact (x = L) under −x-

directed electric fields. For 1D, carriers are allowed to move only along the x-direction, 

while the carriers in 2D simulation also have momentum along the y-direction. We 

assume that the carriers that reach contacts simply exit the channel [36]. When the carrier 

injection from the drain contact is turned off [133], R can be calculated by dividing the 

number of carriers returning to the source by the total number of carriers injected from 

the source contact. The potential profile along the channel is fixed to explore how the 

shape of the potential profile affects R and to compare against the analytical results of 

Section 3.3. 

 The physics and simulations of carrier scattering in NWs constitute an active area of 

research [39, 140, 141]. To quantitatively simulate NW transistors, various scattering 
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processes, such as confined phonon scattering [40], surface roughness scattering [41, 42], 

and intersubband scattering [135], should be considered. In this work, however, we use 

simple but physical model scattering mechanisms, treating only a single subband to 

understand the general principles for elastic and inelastic backscattering. For elastic 

scattering, as discussed in Section 3.3, we assume that the scattering rate is proportional 

to the density-of-states, and the parameters are taken from the intrasubband acoustic 

phonon scattering for bulk silicon [137]. For inelastic scattering, we assume intervalley 

phonon scattering with bulk silicon parameters [137].  

 

3.4.2. Comparison with the Analytical Formula 
 As shown in Eq. (3.1), 1/T vs. L is linear under low electric fields, as 1/T = 1 + L/0. 

From 1/T vs. L obtained from MC simulations with Ex = 10 V/cm at TL = 300 K, 0 is 

extracted to be ~ 38 nm, which is in a good agreement with the analytical result (~ 42 

nm). Fig. 3.3(a) shows a comparison of the R vs. Ex results from the analytical formula in 

Eq. (3.9) with the MC simulation results. The analytical and numerical results match very 

well for both low and high electric fields. The analytical formula for the parabolic 

potential profile in Eq. (3.11) also agrees well with the MC simulation result, as shown in 

Fig. 3.3(b).  

 Fig. 3.4 shows the analytical and MC simulation results for 1/R vs. Ex under high 

electric fields. The l for each Ex can be extracted using 1/R = 0/l, and the result is shown 

as the inset of Fig. 3.4. As expected from Eq. (3.10), although 1/R vs. Ex looks quite 

linear, the l/LkT ratio is not constant but increases with Ex. Fig. 3.4 also shows that l is a 

few times longer than LkT and depends on L, as l  2 ~ 4LkT for L = 100 nm and l  3 ~ 

5LkT for L = 500 nm. 

 Let nBS and xmax be, respectively, the number of backscattered carriers that return to 

the source and the maximum distance that each backscattered carrier had reached before 

returning to the source. Then F can be estimated from the MC simulation results by 

dividing nBS vs. xmax by the total number of scattering events at each point x. As shown in 

Fig. 3.5, F for 1D is quite uniform along the channel and close to 0.5, as expected 
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analytically. It is mostly less than 0.5 because some of the carriers that backscatter scatter 

again and do not return to the source. 

 

Fig. 3.3 Comparison of the analytical formulas for R and MC simulation results 
considering elastic/isotropic scattering in the 1D model device with L = 100 nm/500 nm 
at TL = 300 K. (a) R vs. Ex obtained from the (line) analytical formula and the (symbol) 

MC simulation for linear channel potentials. (b) R vs. Vd from the (line) analytical 
formula and the (symbol) MC simulation for parabolic potential profiles. 
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Fig. 3.4 (Symbol) MC simulation results for 1/R vs. Ex (linear potential) for the 1D model 
device and (line) comparison with the analytical results with L = 100 nm/500 nm at TL = 

300 K. (Inset) l/LkT vs. Ex from the (symbol) MC simulation and (line) analytical formula. 

 

Fig. 3.5 F vs. x estimated from the (symbol) MC simulation and the (solid line) analytical 
formula for the 1D model device with L = 100 nm and Ex = 105 V/cm (linear potential) at 

TL = 300 K.  M and  are the mean and the standard deviation of the MC simulation 
result, respectively. M is shown as a dashed line. The error is estimated by taking the root 

mean square of the difference between the analytical and the simulation results. 

3.4.3. Inelastic Scattering in 1D 
 For inelastic scattering, we assume g-type intervalley scattering with bulk silicon 

parameters [137]. For this scattering process, there are three phonon modes, namely, 

transverse acoustic (TA), longitudinal acoustic (LA), and longitudinal optical (LO) [137]. 

Due to the large momentum change and the almost constant phonon energy, intervalley 
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phonon scattering is usually treated in the same way as optical phonon scattering [137]. 

Then the scattering rate due to absorption and emission of each intervalley phonon 

becomes 
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  , (3.12) 

where Dif is the optical phonon deformation potential, N is the number of phonons, and 

if is the optical phonon energy. (See Appendix A for the derivation of Eq. (3.12).) 

 Fig. 3.6 shows the MC simulation results for 1/R vs. Ex, considering both elastic and 

inelastic scattering mechanisms for linear potential profiles. We observe that 1/R 

increases with Ex as it did in the elastic scattering case; however, the slope rolls off as Ex 

increases. It has been suggested that l is the distance over which the potential drops by 

the optical phonon energy for the inelastic scattering process [124]. Among the three 

inelastic scattering processes, the LO process is dominant due to the high Dif. Hence, we 

define L0 = o/Ex, where o is the LO phonon energy, with o = 0.062 eV [137]. For 

our model device at room temperature, the intravalley acoustic phonon and the LO 

processes are the two dominant scattering mechanisms. As shown in the inset of Fig. 3.6, 

l decreases with increasing Ex and finally approaches to L0. Under relatively low electric 

fields, L0 is long, and l is mainly controlled by elastic scattering near the source region. 

As Ex increases, the optical phonon process starts to dominate because the carriers gain 

enough energy to emit optical phonons near the source, and l becomes ~ L0. Fig. 3.7 

shows that the critical length coincides with the position where LO emission is peaked. 

This means that once a carrier passes through the critical region, it is hard for the carrier 

to go back to the source because the carrier loses energy due to phonon emission. 
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Fig. 3.6 MC simulation results for 1/R vs. Ex (linear potential) for the 1D model device 
with L = 100 nm/500 nm at TL = 300 K, considering elastic and inelastic scattering. 

(Inset) MC simulation results for l vs. Ex and comparison with L0 = o/Ex, where o is 
the LO phonon energy. 

 

Fig. 3.7 MC simulation results for the number of LO emissions vs. x for the 1D model 
device with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K. The slab size 

is 2 nm. (Bar) l coincides with the position where the LO emission is peaked. 

3.5. Backscattering in 2D 
 In this section, we discuss the scattering physics of 2D transistors and how it differs 

from the 1D case. We define a 2D model device (Section 3.5.1) and discuss MC 

simulation results for elastic (Section 3.5.2) and inelastic (Section 3.5.3) processes. 
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3.5.1. Model Device 
 As a 2D model device, we assume a silicon thin body with W = 3 nm with (0 0 1) 

wafer, and the electrons are confined in a 1D box of width W. Only the lowest subband is 

considered with gv = 2 and m* = mt. The device schematic is shown in Fig. 3.2(b). 

 

3.5.2. Elastic Scattering in 2D 
 In a similar approach used for the 1D model device, we assume intrasubband 

acoustic phonon scattering. Then the scattering rate due to acoustic phonon 

absorption/emission becomes 

( )
2

2D2
2D

31
2

A B L

v S

D k T g E
g W
π

τ ρυ
=


, (3.13) 

where g2D is the 2D density-of-states with g2D(E) = gvm*/(2). (See Appendix A for the 

derivation of Eq. (3.13).) In the non-degenerate limit, 2D is obtained from q0/m* ×  (s + 

d/2 + 1)/(d/2 + 1) with d = 2 and s = 0, and it is related to 0 as 2D = q/(kBTL) ×  0T/2 

Then, we obtain 0 = ( )3 2 *2 22 3S AW m Dρυ ( )*2 B Lm k Tπ× , which gives ~ 104 nm for 

our model device at TL = 300 K using bulk silicon parameters [137]. As it was for the 1D 

case, this 0 may be too large for a realistic 2D transistor because our model treats 

phonon scattering only. The result extracted from the MC simulation is ~ 93 nm, which is 

consistent with the analytical estimation. We note that 0 for 1D in Section 3.3 is shorter 

than that of 2D. This is due to the increased electron-phonon wave function overlap that 

compensates the effect of the reduced density-of-states in 1D [39].  

 Fig. 3.8 shows MC simulation results for 1/R vs. Ex for the 2D model device. The 

relation between 1/R and Ex looks linear as it did in 1D, and we observe similar Ex- and 

L-dependencies of l. The l/LkT ratio increases with Ex, and l ~ 2LkT for L = 100 nm and l ~ 

3LkT for L = 500 nm. These critical lengths are shorter than those of 1D but are still 

longer than LkT. In Fig. 3.9, F from the MC simulation is compared with the analytical 

result [125] 
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( )( )1
0cos /E E E

F
π

− Δ Δ +
= , (3.14) 

where E = qExx for the linear channel potential. As expected, F decreases steadily as the 

carrier moves down the potential drop.  

 Observations in Fig. 3.8 seem to show that backscattering characteristics in 1D and 

2D are similar. To determine why it is so, we artificially increase DA for 2D to make 0 
the same for 1D and 2D. Then R is the same for 1D and 2D under low electric fields; 

however, we might observe some difference under high electric fields. As shown in Fig. 

3.10, however, backscattering characteristics are very similar even under high electric 

fields. This is surprising because 1D and 2D transistors have distinctively different 

characteristics for F and scattering rates. 

 The similar backscattering characteristics in 1D and 2D elastic scattering can be 

understood in the following way. If we assume that a backscattered carrier propagates to 

the source without subsequent scattering, then R can be simply estimated as 

( ) ( )
( )0

~
L F x S x

R dx
xυ , (3.15) 

where F(x) is the fraction shown in Fig. 3.1, and S(x) is the scattering rate in Eq. (3.3) or 

Eq. (3.13). Although F(x) and S(x) are very different for 1D and 2D transistors, their 

product F(x)S(x) looks very similar, as shown in Fig. 3.11. Due to these compensating 

effects of F(x) and S(x), R behaves similarly in 1D and 2D transistors.  

 Fig. 3.11 also explains why the critical lengths for 2D transistors are shorter than 

those for 1D. As shown in Fig. 3.11(c), F(x)S(x) near the source decreases more rapidly 

in 2D than in 1D, indicating a shorter l for 2D. This is because F(x) for 2D drops more 

rapidly than S(x) for 1D does, as shown in Fig. 3.11(a)-(b). The sharp decrease of F(x) for 

2D comes from Eq. (3.14), which is derived from the fact that only a small fraction of 

backscattered carriers has sufficient longitudinal momentum to return to the source due to 

the scattering into transverse momentum states [125]. Therefore, we believe that the 

shorter critical lengths for 2D are due to the scattering into transverse momentum states. 
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Fig. 3.8 MC simulation results for 1/R vs. Ex (linear potential) for the 2D model device 
with L = 100 nm/500 nm at TL = 300 K, considering elastic scattering. (Inset) l/LkT vs. Ex 

from the MC simulation. 

 

Fig. 3.9 F vs. x from the (symbol) MC simulation and the (line) analytical formula for the 
2D model device with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K. 

The error is estimated by taking the root mean square of the difference between the 
analytical and the simulation results. 
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Fig. 3.10 MC simulation results for R vs. Ex (linear potential) for 1D and 2D model 
devices with L = 100 nm at TL = 300 K. The acoustic deformation potential DA for 2D has 

been artificially increased to make 0 the same for 1D and 2D. 

 

Fig. 3.11 Analytical estimates for (a) F vs. x, (b) S vs. x, and (c) F ×  S vs. x for 1D and 
2D transistors with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K, where 

S is the scattering rate. 
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3.5.3. Inelastic Scattering in 2D 
 As in the 1D analysis, we assume g-type intervalley scattering for inelastic 

scattering. Then the scattering rate due to absorption and emission of each intervalley 

phonon becomes (see Appendix A for the derivation) 

( )
2

2D
2D

31 1 1
4 2 2

if
i if

v if

D
N g E

g W
π

ω
τ ρω

 = + ± 
 

  . (3.16) 

Fig. 3.12 presents the MC simulation results for 1/R vs. Ex. Similarly to the 1D case, the 

1/R vs. Ex slope rolls off, and l approaches to L0 as Ex increases. In Fig. 3.13, l is close to 

the distance from the source to the position where LO emission is peaked, although a 

little shorter. This is because l is determined by combining the critical lengths due to the 

two dominant scattering mechanisms, namely, the elastic acoustic phonon (lac) and the 

inelastic (L0) processes. Between the two, the shorter one dominates. As discussed in 

Section 3.5.2, lac is shorter in 2D than in 1D; hence, the shorter lac in 2D has a larger 

effect on the resulting l. Therefore, l in 2D is a little shorter than L0 while it is close to L0 

for 1D as shown in Fig. 3.7. 

 

Fig. 3.12 MC simulation results for 1/R vs. Ex (linear potential) for the 2D model device 
with L = 100 nm at TL = 300 K.(Inset) MC simulation results for l vs. Ex and comparison 

with L0 = o/Ex, where o is the LO phonon energy. 
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Fig. 3.13 MC simulation results for the number of LO emissions vs. x for the 2D model 
device with L = 100 nm and Ex = 105 V/cm (linear potential) at TL = 300 K. The slab size 

is 2 nm. (Bar) l falls near the position where LO emission is peaked. 

3.6. Conclusions 
 In Chapter 3, we examined the concept of a critical length for backscattering in 1D 

transistors, considering elastic and inelastic scattering. We also compared the scattering 

physics in 1D and 2D transistors using MC simulations. We showed that the concept of a 

critical length is still valid for elastic scattering in 1D. Our theoretical expression for the 

backscattering coefficient, which was confirmed by MC simulations, shows that 

backscattering coefficient depends on the kT length, but the critical length is somewhat 

greater than the kT length, and it also depends on the potential profile in the channel. The 

analytical expression also showed that backscattering is controlled by the near-

equilibrium mean-free-path even under high electric fields. The role of inelastic 

scattering was studied using MC simulations, and the results support the work of [124]; 

the critical length for inelastic scattering is related to the phonon energy. Finally, we 

showed that backscattering coefficients in 2D behave very similarly to those in 1D. For 

elastic scattering, this similarity is explained in terms of the compensating effects of the 

scattering rate and the fraction of scattered carriers that contribute to the backscattering 

coefficient. For inelastic scattering, the critical length is determined by the phonon energy 

for both 1D and 2D. 

 In the next chapter, we move on to the studies of nanoscale thermoelectric devices. 

As discussed in Chapter 1, the application of nanotechnology (which has been driven by 
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the transistor scaling) is also achieving breakthroughs in thermoelectrics area, and it is 

becoming essential to understand how the device dimensionaly affects the thermoelectric 

performance [25, 26]. Device physics and simulation frameworks developed to treat band 

structure and carrier transport in low-dimensional transistors will also prove to be useful 

to address problems in thermoelectric devices. 
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4. INFLUENCE OF DIMENSIONALITY ON THERMOELECTRIC 
DEVICE PERFORMANCE  

4.1. Preface 
 The contents of Chapter 4 have been extracted and extended from the following 

publication: R. Kim, S. Datta, and M. S. Lundstrom, “Influence of dimensionality on 

thermoelectric device performance,” J. Appl. Phys., vol. 105, pp. 034506.1-034506.6, 

Feb. 2009. 

 In this chapter, the role of dimensionality on the electronic performance of 

thermoelectric devices is clarified using the Landauer formalism [100, 101]. It has been 

suggested that low-dimensional thermoelectric devices may provide enhanced electronic 

performance due to the increased electrical conductivity [25, 26, 66] and the improved 

shape of density-of-states [74]. Comparisons across dimensions, however, are not 

straightforward because the units of physical quantities such as conductivity and carrier 

density are different in different dimensions. Physical quantities in low-dimensions are 

usually converted to three-dimensional (3D) quantities for comparison [25, 26, 66, 67]; 

however, the comparison results are often clouded by assumptions about device widths 

and the packing fraction in a 3D structure [65]. In the following sections, we review 

theoretical [25, 26] and experimental [19, 20] works on performance enhancement in 

low-dimensional thermoelectric devices and present our approach that bypasses the unit 

conversion issue and compares performance across dimensions quantitatively. Our 

approach provides physical insights on what determines thermoelectric coefficients, and 

it is also useful to examine the upper limit of electronic performance obtained by shaping 

the electronic structure into its ideal shape [82]. 
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4.2. Introduction 
 As discussed in Chapter 1, the efficiency of thermoelectric devices is related to the 

figure of merit, ZT = S2GT/K [12], where T is the temperature, S is the Seebeck 

coefficient, G is the electrical conductance, and K is the thermal conductance, which is 

the sum of the electronic contribution, Ke, and the lattice thermal conductance, KL. Note 

that we use electrical and heat conductances (G and K) instead of conductivities ( and ) 

because the conductances are more straightforwardly defined in the Landauer formalism 

[101]. The use of artificially structured materials such as superlattices [15, 142, 143] and 

nanowires [19, 20] has proven to be an effective way to increase the performance of 

thermoelectric devices by suppressing phonon transport. In addition to the success of 

phonon engineering, additional benefits might be possible by enhancing the electronic 

performance of thermoelectric devices [22]. Possibilities include reducing device 

dimensionality [25, 26] and engineering the bandstructure [22, 144, 145]. 

 Using the Boltzmann transport equation (BTE) [60], thermoelectric transport 

coefficients can be expressed in terms of the “transport distribution,” (E) [82, 146]. 

Note that the quantity q2(E) is sometimes called “differential conductivity,” (E) [74, 

147], where q is the electron charge. Mahan and Sofo [82] showed mathematically that a 

delta-shaped (E) gives the best thermoelectric efficiency. It has been also shown that the 

efficiency approaches the Carnot limit for a delta-shaped (E) when the phonon heat 

conduction tends to zero [148].  

 An alternative approach, the Landauer formalism [100, 101], has been widely-used 

in mesoscopic thermoelectric studies [149-152].  In this work, we show that it is also 

useful for macroscopic thermoelectrics. The Landauer formalism reduces to the diffusive 

results that can be also obtained from the BTE for large structures and to the ballistic 

results for small structures. It also provides a useful physical interpretation of 

conventional results from the BTE and a convenient way to compare performance across 

dimensions.  

 It has been reported that one-dimensional (1D) and two-dimensional (2D) structures 

may provide enhanced electronic performance due to the increased electrical conductivity 

per unit volume [25, 26, 66]. Also, it has been argued that 1D thermoelectric devices will 
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give better efficiencies because the density-of-states is close to a delta-function [74]. 

Comparisons across dimensions, however, are not straightforward due to the issues such 

as the assumed cross section of nanowires and their packing density in a three-

dimensional (3D) structure [65].   

 Our objective in this chapter is to examine the role of dimensionality on the 

electronic performance of thermoelectric devices using the Landauer formalism. Similar 

comparisons have been done in the past [25, 26]; however, comparisons across 

dimensions are often clouded by assumptions about the nanowire diameter and packing 

fraction. We present an approach that bypasses these issues. In Section 4.3, we 

summarize the Landauer approach and present a physical interpretation of (E), which 

turns out to be proportional to the transmission function, ( )T E  [96]. In Section 4.4, we 

compare the Seebeck coefficient S and power factor S2G in 1D, 2D, and 3D ballistic 

devices and discuss the role of dimensionality. In Section 4.5, scattering is briefly 

discussed, and we examine the upper limit of performance possible by shaping ( )T E  

into a delta function. Conclusions follow in Section 4.6. 

 

4.3. Approach 
 According to the Landauer formalism [100, 101], the electrical current (I) and heat 

current are expressed as 

( )( ) [ ]1 2
2 ( ) AqI T E M E f f dE
h

= − , (4.1) 

( ) ( )( ) [ ]1 1 1 2
2 ( ) Wq FI T E M E E E f f dE
h

= − − − , (4.2) 

( )( ) ( ) [ ]2 2 1 2
2 ( ) Wq FI T E M E E E f f dE
h

= − − − , (4.3) 

where Iq1 and Iq2 are the heating and cooling rates of contact 1 and contact 2 respectively, 

and |Iq2 – Iq2| = VI where V is the voltage difference between the contacts [57]. In Eqs. 

(4.1)-(4.3), h is the Planck constant, T(E) is the transmission, M(E) is the number of 

conducting channels at energy E, EF1 and EF2 are the Fermi levels of the two contacts, 

and f1 and f2 are equilibrium Fermi-Dirac distributions for the contacts. Note that negative 
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signs in Eqs. (4.2)-(4.3) are due to the sign convention of currents. Both electrical and 

heat currents are assumed to be positive along the direction from contact 2 to contact 1, 

so the electrons give opposite signs for them. We assume a uniform conductor in which 

T(E) is determined by scattering. Equations (4.1)-(4.3) apply to ballistic devices 

(commonly referred to as thermionic devices) as well as to diffusive devices (commonly 

referred to as thermoelectric devices). For ballistic devices, T(E) = 1, and for diffusive 

devices, T(E) = (E)/((E) + L) ~ (E)/L, where (E) is the energy-dependent mean-free-

path, and L is the length of the conductor [101].  

 In the linear response regime, Iq2 ~ Iq1  Iq, and Eqs. (4.1)-(4.3) are expressed as 

I G V SG T= Δ + Δ , (4.4) 

0qI T SG V K T= Δ + Δ , (4.5) 

where T is the temperature difference between contacts. Note that in Eqs. (4.4)-(4.5), 

we define a quantity SG , which corresponds to S times G as discussed below. We set EF 

= EF1 and f = f1, and the transport coefficients are 

( ) [ ]
22 1q fG T E dE

h E

∞

−∞

∂ = − Ω ∂  , (4.6) 

( ) ( ) [ ]2 VF
q fT SG T E E E dE

h E

∞

−∞

∂ = − − − Ω ∂  , (4.7) 

( )( ) [ ]2
0

2 W F
fK T E E E dE

hT E

∞

−∞

∂ = − − ∂  , (4.8) 

where ( )T E  is the transmission function [96], ( )T E  = T(E)M(E), and K0 is the 

electronic thermal conductance for zero electric field. Note that the units indicated in Eqs. 

(4.6)-(4.8) are the same in all three dimensions. Alternatively, Eqs. (4.4) and (4.5) can be 

expressed as 

V I G S TΔ = − Δ , (4.9) 

q eI I K T=Π + Δ , (4.10) 

where S = SG G ,  is the Peltier coefficient,  = TS, and Ke = K0 – TS2G. 
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 We can compare the transport coefficients in Eqs. (4.6)-(4.8) with those from the 

BTE [82], where the electrical conductivity , for example, is expressed as 

( )2 fq dE E
E

σ
∂ = Ξ − ∂  . (4.11) 

Then we observe that the “transport distribution” (E) [82, 146] has a simple, physical 

interpretation; it is proportional to ( )T E  as 

( ) ( ) ( ) ( )2 2L LE T E T E M E
h h

Ξ = = , (4.12) 

where M(E) essentially corresponds to the carrier velocity times the density-of-states 

[96], and T(E) is a number between zero and one that is controlled by carrier scattering. 

(Note that T(E) can also be engineered in quantum structures such as superlattices [153-

155], a possibility not considered in this work.) Note that the L in Eq. (4.12) comes from 

the relation between the conductance and the conductivity, such as  = GL [156]. 

 In this section, we assume ballistic conductors with T(E) = 1. As noted earlier, the 

expressions for transport coefficients as given by Eqs. (4.6)-(4.8) are the same for all 

dimensions, and only M(E) changes. In this study, we will assume a simple energy band 

structure although we believe that the overall conclusions are more general. If we assume 

that a single parabolic subband is occupied,  

( ) ( )1D 1M E E ε=Θ − , (4.13) 

( )
( )

( )
*

1
2D 1

2m E
M E W E

ε
ε

π

−
= Θ −


, (4.14) 

( ) ( ) ( )
*

3D 22 C C
mM E A E E E E
π

= − Θ −


, (4.15) 

where  is the unit step function,  = h/(2), 1 is the bottom of the first subband, m* is 

the electron effective mass, EC is the conduction band edge, and W and A are the width 

and the area of the 2D and 3D conductors, respectively. Sketches in Fig. 4.1 clearly show 

the difference between the density-of-states and M(E) for 1D, 2D, and 3D conductors. 

Using Eqs. (4.6)-(4.8) and Eqs. (4.13)-(4.15), thermoelectric transport coefficients can be 

calculated and compared across dimensions as discussed in the following section. 
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Fig. 4.1 Sketches of (a)-(c) the density of states (D) and (d)-(f) the number of modes (M) 
for 1D, 2D, and 3D conductors with single parabolic subbands. 

4.4. Results 
 In this section, we compare each component of ZT determined by electronic 

properties for 1D, 2D, and 3D ballistic conductors. (See Appendix B for the details of 

each thermoelectric coefficient.) Seebeck coefficients can be compared across 

dimensions directly because they have the same units in all dimensions. They are 

calculated from 

( ) ( )

( )
[ ]V K

F B
B

fM E E E k T dE
k ES

fq M E dE
E

∂ − −      ∂ =   ∂−    − ∂ 




, (4.16) 

where kB is the Boltzmann constant. For the following model calculations, we assume T = 

300 K and m* = m0, where m0 is the free electron mass. Fig. 4.2 plots S vs. F for 1D, 2D, 

and 3D ballistic conductors, where F is the position of EF relative to the band edge, F = 

(EF – 1)/(kBT) or (EF − EC)/(kBT). (To first order, S is independent of scattering as 

discussed in Section 4.5.) Fig. 4.2 shows that |S3D| > |S2D| > |S1D| for the same F. As 
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shown in Eq. (4.16), S increases as the separation between EF and M(E) increases. As the 

dimensionality increases, M(E) in Eqs. (4.13)-(4.15) spreads out more, so S improves. 

 

Fig. 4.2 Model calculation (T = 300 K) results for |S| vs. F for 1D, 2D, and 3D ballistic 
conductors. For the same F, |S3D| > |S2D| > |S1D|. The arrows indicate the magnitude of S 

at F,max where the power factor in Fig. 4.3 becomes the maximum in each dimension. We 
observe |S1D(F,max)| > |S2D(F,max)| > |S3D(F,max)|. 

 Although Fig. 4.2 shows that the magnitude of S is greater in 3D than in 1D or 2D 

for the same F, there is more to the story. The power factor, S2G, is an important part of 

the ZT. As shown in Fig. 4.3, the power factor displays a maximum at F,max = –1.14, –

0.367, and 0.668 in 1D, 2D, and 3D respectively. This occurs because the electrical 

conductance, 

( ) [ ]
2 22 2 1eff

q f qG M E dE M
h E h

∂ = − ≡ Ω ∂  , (4.17) 

where Meff is the effective number of conducting channels, increases more rapidly with F 

in 1D than in 2D or 3D as shown in Fig. 4.4. If we compare S not at the same F but 

rather at the F,max in each dimension, then Ŝ  = |S(F,max)| is highest in 1D and lowest in 

3D as indicated by the arrows in Fig. 4.2. For the specific case considered, 1DŜ  = 2.29 ×  

kB/q, 2DŜ  = 2.16 ×  kB/q, and 3DŜ  = 1.94 ×  kB/q, which shows an 18 % improvement in 
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1D over 3D. The power factor is a key figure of merit for thermoelectric devices; 

however, comparing power factors across dimensions brings up issues of the size and 

packing densities of the nanowires or quantum wells [65] because G is proportional to 

Meff, which depends on W and A for 2D and 3D conductors respectively. An alternative 

approach is to compare the power factor per mode S2G/Meff at F,max for each 

dimensionality. The quantity S2G/Meff has the units [W/K2] and can therefore be 

compared directly across dimensions. The results are S2G/Meff|1D = 5.24 22 Bk h× , 

S2G/Meff|2D = 4.69 22 Bk h× , and S2G/Meff|3D = 3.75 22 Bk h× . We observe that the modes 

are more effectively used in 1D and 2D than in 3D. In 1D, the power factor per mode is 

40 % larger than in 3D and 12 % larger than in 2D. The benefits come from the fact that 

Ŝ  is highest in 1D and lowest in 3D. 

 

Fig. 4.3 Model calculation (m* = m0, T = 300 K) results for the power factor (S2G) vs. F 
for (a) 1D (b) 2D and (c) 3D ballistic conductors. Power factor shows a maximum with 

F,max = –1.14, –0.367, and 0.668 in 1D, 2D, and 3D, respectively. 
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Fig. 4.4 Model calculation results for G vs. F for (a) 1D (b) 2D and (c) 3D ballistic 
conductors. It increases more rapidly with F in 1D than in 2D or 3D. 

 So far, we have demonstrated that 1D thermoelectrics are superior to 3D 

thermoelectrics in terms of the Seebeck coefficient at the maximum power factor and in 

terms of the power factor per mode. To make use of 1D thermoelectric devices in 

macroscale applications, many nanowires must be placed in parallel, so issues of the 

nanowire size and packing density arise. To illustrate the considerations involved, we 

present a simple example. We first compute the maximum power factor for a 3D device 

(S2G3D,max) with an area of 1 cm2. For our model device with ballistic conduction, the 

result is S2G3D,max = 12.6 W/K2. We also find the number of effective conducting 

channels from Eq. (4.17) as Meff,3D = 5.84 ×  1012. To compare this performance to a 2D 

thermoelectric device, we compute the maximum power factor of a 2D device (S2G2D,max) 

with W = 1 cm, and the model calculation shows that  S2G2D,max = 2.96 ×  10−6 W/K2.and 

Meff,2D = 1.10 ×  106. Finally, we do the same for a 1D device and find S2G1D,max = 7.28 ×  

10−13 W/K2 for Meff,1D = 0.242. 
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 The analysis presented earlier established that the power factor per mode  is 

significantly better in 1D than in 2D, which is, in turn better than 3D. To realize this 

advantage on the 1 cm ×  1cm scale, we must produce the same number of effective 

modes in that area as is achieved in 3D. To do so (assuming 100% packing fraction), we 

find that the thickness of the 2D films must be less than Meff,2D/Meff,3D ~ 1.89 nm or the 

size of each nanowire must be less than (Meff,1D/Meff,3D)1/2 ×  (Meff,1D/Meff,3D)1/2 ~ 2.03 nm 

×2.03 nm. Alternatively, we could seek to achieve the same power factor and ask what 

the size of the thin film or nanowire would need to be (still assuming a 100% packing 

fraction). The results are schematically depicted in Fig. 4.5. To achieve the same power 

factor given by the 3D bulk in Fig. 4.5(a), 2D films should have a  thickness of 

S2G2D,max/S2G3D,max ~ 2.35 nm as shown in Fig. 4.5(b), and 1D nanowires should have a 

size of (S2G1D,max/S2G3D,max)1/2 ×  (S2G1D,max/S2G3D,max)1/2 ~ 2.40 nm ×  2.40 nm as shown 

in Fig. 4.5(c). However we choose to look at it, the conclusion is that realizing the 

benefits of the inherently better thermoelectrics performance in 1D or 2D requires very 

small structures with very high packing fractions. In practice, nanowires or quantum 

wells should be separated by barriers [66], i.e. the “fill factor” should be less than 1. For 

wires, the fill factor should be 1/4 to 1/3 to maintain their 1D properties [65]. This means 

that the advantages coming from the more nearly optimal distribution of modes for 1D 

systems are likely to be compensated by the limited fill factor, which reduces the total 

number of modes, Meff. 

 Finally, we should consider how different m* might affect our conclusions. To first 

order, S is independent of m*. In 1D, G is also independent of m* because the m*-

dependencies in the density-of-states and the velocity cancel out [10]. In 2D G2D 

*
2Dm∝ , and in 3D, G3D *

3Dm∝ . Re-doing the analysis presented above for m* = 0.1m0, 

we find that the required sizes of the 2D films or 1D wires is about three times larger. 

Although the size and packing fraction requirements are still daunting, it appears that the 

use of low-dimensional structures may be more advantageous for low effective mass 

thermoelectric devices 
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Fig. 4.5 Model calculation (m* = m0, T = 300 K) results for the size and packing density 
issues. Assuming 100 % packing fraction, to achieve the same power factor given by 3D 

bulk in (a), (b) 2D films should have a  thickness of ~ 2.35 nm, and (c) 1D nanowires 
should have a size of ~ 2.40×2.40 nm2. To realize the advantage of lower dimensionality, 

the wells or wires should be thin and closely packed. 

4.5. Discussion 
 Our analysis so far has assumed ballistic transport, T(E) = 1; in the diffusive limit, 

T(E)  (E)/L. For several common scattering mechanisms, (E) can be expressed in 

power law form as (E) = 0(E(p)/(kBT))s, where 0 is a constant, E(p) is the kinetic 

energy, and s is the characteristic exponent, which depends on device dimensionality and 

the particular scattering mechanisms [36]. Using this form, the transport coefficients for 

diffusive thermoelectrics can be calculated from Eqs. (4.6)-(4.8). (See Appendix B for 

details.) We compare the power factor per mode, S2G/Meff, for three cases: 1) an energy-

independent (E) with s = 0; 2) a constant scattering time () with s = 1/2; and 3) 

scattering rates (1/) proportional to the density-of-states, where s is 1, 1/2, and 0 for 1D, 

2D, and 3D respectively. In case 1), the results are the same as the ballistic case because 

S does not depend on scattering and G is simply scaled by a factor of 0/L. In case 2), the 

modes are still utilized more effectively in lower dimensions as S2G/Meff|1D = 4.68 
22 Bk h× , S2G/Meff|2D = 3.75 22 Bk h× , and S2G/Meff|3D = 2.26 22 Bk h× . In this case, the 40 

% improvement that we found in the ballistic case has become a 100 % improvement of 
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1D over 3D. In case 3), however, the power factor per mode is the same in all 

dimensions, S2G/Meff = 3.75 22 Bk h× . A full treatment of the role of scattering is beyond 

the scope of this chapter. (Note that the effects of carrier scattering on thermoelectric 

performance are explored in Chapters 6 and 7 within a quantum transport simulation 

framework.) It involves more than the characteristic exponent because effects such as 

surface roughness scattering [41, 42], enhanced phonon scattering [39], and interaction 

with confined phonon modes [40] may arise in 1D structures. From the solutions of the 

inelastic 3D Boltzmann equation, Broido and Reinecke [157] have shown that there is a 

limit to the enhancement of the power factor in the quantum well and quantum wire 

because scattering rates increase with decreasing well and wire widths. The comparison 

of the electronic and lattice contributions to ZT for specific III-V nanowires considering 

all fundamental scattering mechanisms have shown that much of the ZT increase comes 

from the reduced l [158]. Therefore, in the diffusive limit, we may or may not enjoy 

advantages in the electronic performance in lower dimensions depending on the details of 

the scattering processes. This issue deserves further study, but the broad conclusion 

obtained in Section 4.4 for ballistic conductors still applies; the packing density of 1D 

and 2D devices must be high to exceed the absolute power factor of a 3D device, and the 

individual devices must be small.  

 Next, we examine the upper limit performance possible by assuming that M(E) has 

its ideal shape – a delta function. Mahan and Sofo [82] showed that a Dirac delta-shaped 

(E) gives the best thermoelectric efficiency because it makes the electronic heat 

conduction zero, Ke = K0 – TS2G = 0, which minimizes the denominator of ZT. For M(E) 

= M0(E – EC) in Fig. 4.6(a), we find 
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Fig. 4.6(b) shows that S2Gdelta has two peaks at F ~ ±2.4 and that its maximum value 

S2Gdelta ~ 2kBM0/(hT) ×  0.44 is proportional to M0. At this maximum, the power factor 
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per mode becomes S2G/Meff|delta = 5.76 22 Bk h× . To explore the potential benefit from 

engineering M(E), we compare the power factors calculated from M3D(E) in Eq. (4.15) 

and M0(E – EC). We determine the M0 that makes Meff the same for the two cases for A = 

1 cm2 and then compare the maximum power factors. The result shows that S2G3D,max = 

12.6 W/K2 and S2Gdelta,max = 19.3 W/K2. Therefore, shaping M3D(E) into a delta function 

gives a 53 % improvement in power factor. It should be noted that we have assumed that 

Meff is the same in both cases. This is equivalent to comparing the power factor per mode, 

(S2G/Meff|delta)/(S2G/Meff|3D) = 5.76/3.75 ~ 1.53. We can also compare the M2D(E) in Eq. 

(4.14) and M1D(E) in Eq. (4.13) with the delta-function. The comparison shows a 23 % 

improvement over 2D and a 10 % improvement over 1D power factors as 

(S2G/Meff|delta)/(S2G/Meff|2D) = 5.76/4.68 ~ 1.23 and (S2G/Meff|delta)/(S2G/Meff|1D) = 5.76/5.24 

~ 1.1. The advantage of the delta function decreases with decreasing dimensionality 

because the shape of M(E) improves as dimensionality decreases. The results are 

summarized in Table 4.1. To compare the performance of diffusive conductors to first 

order, each value may be multiplied by 0/L. 

 As discussed above, the ideal Dirac delta-shaped M(E) means that the power factor 

per mode is maximized and the modes are used most effectively. It should be noted, 

however, that the magnitude of M(E) is also important as well as the shape of it to 

increase the total power factor and ZT. Shaping M(E) promises some benefit, but the 

benefits would also come by increasing M(E). Therefore, it is worth exploring the 

possibilities of engineering both the shape and the magnitude of M(E) to maximize the 

thermoelectric efficiency. Molecular thermoelectric [159-161] may have potential 

because M(E) is inherently a broadened delta function, and its magnitude might be 

greatly increased by connecting many molecules in parallel. In another recent experiment 

[22], an increase of ZT was reported for bulk PbTe doped by Tl. This is believed to be 

due to the additional resonant energy level, which improves both the shape and 

magnitude of M(E). 
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Fig. 4.6 (a) A schematic of a Dirac delta-shaped mode distribution, M(E) = M0(E – EC), 
where M0 is given in units of [eV]. (b) Calculation results for the power factor vs. F for 

the Dirac delta-shaped M(E). The expression is shown in Eq. (4.19). The maximum 
power factor appears at F ~ ±2.4, and the maximum value is ~ 2kBM0/(hT) ×  0.44. At 

this maximum, the power factor per mode is ~ 5.76 22 Bk h× . 

Table 4.1 Comparison of power factor per mode, S2G/Meff, for 3D, 2D, 1D, and a Dirac 
delta-shaped M(E). The power factor per mode increases as dimensionality decreases, 

and it is maximized for the Dirac delta-shaped M(E), where modes are used most 
effectively. The improvements over 3D, 2D, and 1D are about 53 %, 23 %, and 10 %, 

respectively. 
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1DeffS G M

 
2

deltaeffS G M
 

23.75 2 Bk h×  
24.68 2 Bk h×  

25.24 2 Bk h×  
25.76 2 Bk h×  

 

 Finally, we re-visit previous theoretical studies that report significantly improved ZT 

for quantum wells [25] and quantum wires [26]. In this chapter, using the Landauer 

approach, we quantitatively showed that the possible advantage obtained by changing 

dimensionality is moderate. By changing from 3D to 1D, for example, the maximum 

power factor per mode is improved by about 40 % as shown in Table 4.1. Theoretical 

calculations in [25, 26], however, suggest that ZT may be improved dramatically as the 

thickness of the quantum wells or wires decreases. The results suggest that for quantum 
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wells or wires with thicknesses less than a few nanometers, ZT may even reach ~ 15 [26], 

which is much higher than 3 that is required to replace the conventional cooling method. 

This dramatic improvement seemingly contradicts our results in this chapter. We believe, 

however, that the diverging behaviors of ZT reported in [25, 26] originate from the unit 

conversion across different dimensions. As schematically depicted in Fig. 4.7, for a 1D 

conductor, the conductance (G1D) is simply given in [1/] without any size factor. For a 

2D conductor, however, the conductance (G2D) is given per unit width, and for a 3D 

conductor, the conductance (G3D) is given per unit area. As discussed in Section 4.4, G or 

S2G cannot be directly compared across 1D, 2D, and 3D due to the different units of G. 

The conventional approach is to convert the 1D and 2D quantities to 3D quantities. To do 

so, as shown in Fig. 4.7, we should define a thickness of the quantum well (a) and a 

cross-sectional area of a wire (a ×  a). Then we can convert the 1D quantity to a 3D 

quantity by dividing G1D by the cross-sectional area of a wire, G1D/a2. Similarly, the 2D 

quantity is converted to 3D by diving G2D by the well thickness, G2D/a. And then we 

observe that for a very small a, G1D/a2 and G2D/a diverge regardless of the details of the 

band structure, and this is the origin of the very large ZT reported in [25, 26]. This means 

that if we can make the quantum wells or wires extremely thin, it may always beat the 

bulk device due to the increased G per unit volume [66]. In reality, however, we believe 

that this problem boils down to how densely we can pack the quantum wells or wires 

while still isolating them for quantum confinement as discussed previously. It should be 

also noted that the diverging ZT for quantum wells or wires are mainly due to the unit 

conversion, i.e., division of G1D or G2D by a2 or a [162], and not directly related to the 

shape of the density-of-states. It is frequently mistaken that the large ZT of quantum wells 

and wires reported in [25, 26] come from the improved shape of the density-of-states, 

which is closer to the ideal Dirac delta function shape discussed by Mahan and Sofo [82]. 

Of course, there are some advantages coming from the improved shape of the density-of-

states, and we quantified them in this work. As summarized in Table 4.1, however, the 

possible improvements purely obtained by improving the shape of density-of-states are 

moderate. There are two different issues involved when comparing TE performance 

across different dimensions, i.e., treating different units and comparing different shapes 
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of density-of-states, and we believe that the each factor should be clearly distinguished 

and quantified individually. 

 

Fig. 4.7 Comparing G across 1D, 2D, and 3D. (a) For a 1D conductor, G1D is given in 
[1/]. For comparison with 3D, G1D is usually divided by the cross-sectional area of the 
quantum wire, a2. (b) For a 2D conductor, G2D is given per unit width (in [1/-m]). For 
comparison with 3D, it is usually divided by the quantum well thickness, a. (c) For a 3D 

conductor, G3D is given per unit area (in [1/-m2]). We note that as a decreases, G1D/a2 or 
G2D/a diverges. 

4.6. Conclusions 
 In Chapter 4, we examined the role of dimensionality on the electronic performance 

of thermoelectric devices using the Landauer formalism. We showed that the 

transmission T(E) and the number and distribution of conducting channels M(E) are 

major factors determining thermoelectric transport coefficients. We also found that the 

“transport distribution” [82, 146] is proportional to the product, T(E)M(E). Assuming 

ballistic transport (T(E) = 1), we were able to show quantitatively how much more 

efficiently the modes are utilized in 1D than in 2D and 3D. It is hard, however, to realize 

the advantage because the quantum wires or wells should be closely packed, and their 

thicknesses should be very small. To first order, these conclusions also apply in the 

diffusive limit.  
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 Using the Landauer approach, we also discussed the possible benefits from 

engineering M(E) into a Dirac delta function. For the same effective number of 

conducting channels, the improvement over a parabolic band in 3D is about 50 %. As 

dimensionality decreases, the shape of M(E) becomes closer to the Dirac delta function. 

However, this does not necessarily mean that 1D is better than 2D or 3D because the 

magnitude of M(E) is also important. It is not dimensionality itself that is important; it is 

the shape and the magnitude of M(E). We conclude that reduced dimensionality per se, 

does not hold great promise for improving the electronic part of the figure of merit. 

Engineering bandstructure through size quantization, strain [145], crystal orientation 

[163], etc., should, however, be carefully explored in addition to the efforts to reduce KL 

[19, 158].  

 In the next chapter, we explore a new device concept for solid-state refrigeration and 

power generation, i.e., thermionic device [57, 58], and examine the possibility to improve 

the performance by relaxing lateral momentum conservation [102, 103] using a semi-

classical ballistic transport model. 
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5. MOMENTUM CONSERVATION AND THERMIONIC EMISSION 
COOLING 

5.1. Preface 
 The contents of Chapter 5 have been extracted and revised from the following 

publication: R. Kim, C. Jeong, and M. S. Lundstrom, “On momentum conservation and 

thermionic emission cooling,” J. Appl. Phys., vol. 107, no. 5, pp. 054502.1-054502.8, 

Mar. 2010. 

 In this chapter, the possibility of increasing the performance of thermionic cooling 

devices by relaxing lateral momentum conservation is examined. Upper limits for the 

ballistic emission current with ideal carrier reservoirs are established. It is then shown 

that in homo- and heterojunctions we consider, non-conserved lateral momentum model 

[102, 103] produces a current that exceeds this upper limit. These results can be simply 

understood from the general principle that the current is limited by the location, well or 

barrier, with the smallest number of conducting channels. They also show that within a 

thermionic emission framework, relaxing lateral momentum conservation does not 

increase the upper limit performance. More generally, however, especially when the 

connection to the carrier reservoir is poor and performance is well below the upper limit, 

relaxing lateral momentum conservation could prove beneficial.  

 

5.2. Introduction 
 Thermionic (TI) cooling is a method of refrigeration with the potential for high 

cooling power and efficiency [57-59]. As depicted in Fig. 5.1, it is based on thermionic 

emission over a potential barrier. (This figure will be revisited in Section 5.6.) When 

carriers with high energy (hot carriers) are injected over the barrier, the carrier 

distribution in the emitter region becomes out of equilibrium. To restore equilibrium, cold 
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carriers move up and populate higher energy states by absorbing heat from the lattice, 

and cooling occurs in the region before the emitter-barrier junction [164, 165]. The 

purpose of this chapter is to address the question of whether relaxing lateral momentum 

conservation at the junction can significantly increase the performance of TI cooling 

devices as has been proposed [102, 103]. 

 

Fig. 5.1 Schematic of a potential barrier connected to a Landauer reservoir (z is the 
transport direction). When hot carriers are injected over the barrier, cold carriers absorb 

heat from the lattice and populate higher energy states to restore the equilibrium 
distribution, and cooling occurs in the region before the emitter-barrier junction. Carrier 
transport is assumed to be ballistic in this work, but scattering before the barrier (z < 0) 

may reduce the current below the thermionic emission value (lE and lm denote the energy 
and momentum relaxation lengths). 

 The main differences between TI cooling and the more conventional, thermoelectric 

(TE) cooling are the carrier transport mechanism and the operating regime [63]. In TI 

cooling, carrier transport is treated as ballistic, and no joule heating occurs in the channel 

[164]. In TE cooling, however, transport is assumed to be diffusive, and joule heating is a 

part of the heat balance [12]. In addition, while TE devices operate in the linear regime 

with a small voltage difference, TI devices operate in the non-linear regime with high 

drain bias to eliminate the carrier injection from the drain and maximize the heat current 

injected from the source [166]. 
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 Previous theoretical studies have compared the cooling performances of TI and TE 

devices [63, 167, 168]. It has been shown that for the same material, TE cooling is better 

because it gives higher maximum temperature difference, Tmax, than that obtained from 

TI cooling [63]. This result has been explained in terms of the “material parameter,” B, 

where BTE > BTI [167]. Those studies used two different sets of equations to model TI and 

TE devices. For TI devices, Richardson’s equation [167] or its generalized version with 

Fermi-Dirac statistics [63] were used, and the Boltzmann transport equation (BTE) [60] 

was used to model TE devices. Using the Landauer approach [100, 101], however, it is 

possible to describe both TI and TE devices as discussed in Chapter 4. In the diffusive 

limit the Landauer formalism describes TE devices and in the ballistic limit, TI devices. 

As shown in Appendix C, we can calculate and compare Tmax expressions of TE and TI 

devices using the Landauer formula, and the result shows BTE/BTI = /d > 1, which is 

consistent with the result by Humphrey et al. [168], where  is the carrier mean-free-path, 

and d is the barrier thickness. The physical explanation is that the short d of TI device 

gives a large heat back-flow that limits Tmax. The top-of-the-barrier model [10, 35] that 

we describe in the next section is closely related to the Landauer approach. 

 Although previous theoretical studies show that the cooling performance of TI 

devices is no better than that of TE devices, it has been suggested that non-conservation 

of lateral momentum may increase the number of electrons participating in the thermionic 

emission process and therefore significantly improve the TI cooling performance [102, 

103, 166], and adjusting the non-planar interface has been proposed to realize it [169, 

170]. Recently, however, quantum transport simulations with microscopic scattering 

models reported that momentum relaxation at the rough interface actually decreases the 

carrier transmission [171]. In this work, we identify a more fundamental limit of 

performance enhancement due to non-conserved lateral momentum. We explore the 

upper limit of ballistic emission current using an idealized semi-classical model, and the 

results identify a significant obstacle to realizing the benefits proposed by non-

conservation of lateral momentum even in the ideal case.  

 Chapter 5 is organized as follows. In Section 5.3, we compare two equivalent 

approaches to describe carrier injection over the barrier, the top-of-the-barrier (TOB) 
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model [35] and the thermionic emission model [172], and we review the concept of non-

conserved lateral momentum [102, 103]. In Section 5.4, the general theory of thermionic 

emission is reviewed, and results are presented for homo- and heterojunctions. In Section 

5.5, a simple physical interpretation is provided to explain the results in Section 5.4. In 

Section 5.6, we identify conditions for which momentum relaxation can improve 

performance. Conclusions follow in Section 5.7. 

 

5.3. Top-of-the-Barrier and Thermionic Emission Models 
 In this section, we compare two approaches that describe carrier injection over a 

barrier, the TOB model [35] and the traditional thermionic emission model [172]. Both 

models assume ballistic transport and ideal connection to Landauer reservoirs [96]. In the 

TOB model, the E–k relation is considered in the barrier as shown in Fig. 5.2(a), and +kz 

states (z is the transport direction) are filled according to the source Fermi level, EF. This 

follows directly from a solution to the ballistic BTE [173]. In the thermionic emission 

model [172], we focus on the well as shown in Fig. 5.2(b), and carriers with kz > kb are 

injected from the well over the barrier. The value of kb is determined by the barrier height 

Bφ  as kb = *2 Bm φ  , where m* is the carrier effective mass, and  is the reduced 

Planck’s constant. Note that the conduction band edge EC is assumed to be zero in the 

well region in Fig. 5.2(a)-(b). The condition kz > kb implies that the lateral momentum is 

conserved during the emission process. 

 As discussed in Appendix D, the two approaches are equivalent for homojunctions, 

where m* is uniform in the well and the barrier region. As an example, Fig. 5.2(c) shows 

the k-space distribution (on the kz−kx plane with ky = 0) of three-dimensional (3D) carriers 

that contribute to the current in the TOB picture (A) and thermionic emission picture (B). 

Then for a single parabolic band, the ballistic electrical and heat currents are given as 

( ) ( )
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where A is the cross-sectional area of the device, q is the electron charge, kB is the 

Boltzmann constant, T is the temperature, j is the Fermi-Dirac integral of order j [109, 

110], and F = (EF − Bφ )/(kBT), which is the reduced Fermi level in the barrier region. 

 

Fig. 5.2 Two equivalent approaches that describe thermionic emission across 
homojunctions: (a) TOB model and (b) thermionic emission model. (c) k-space 

distribution of 3D carriers contributing to the current shown on the kz−kx plane with ky = 
0. (a) E–k relation is considered in the barrier, and the +kz states are filled according to 
EF. (b) E–k relation is considered in the well, and carriers with kz > kb are injected from 

the well over the barrier. 

 For heterojunction barriers, however, questions arise. For example, it is not clear 

which effective mass to use in Eqs. (5.1)-(5.2), the well mass m1
* or the barrier mass m2

*. 

Questions also arise if we relax the assumption of conservation of lateral momentum 

inherent in the conventional thermionic emission approach. It has been suggested that 

non-conservation of lateral momentum may give higher emission current because all 

carriers with k > kb are injected over the barrier while only those with kz > kb are injected 
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when the lateral momentum is conserved [102, 103]. According to the TOB model, 

however, +kz states in the barrier are already in equilibrium with the source and no 

additional current is possible. In the next section, we review the general theory of 

thermionic emission across homo- and heterojunctions to address these questions. 

 

5.4. Thermionic Emission across Heterojunctions 
 We begin with a review of the general theory of thermionic emission across 

heterojunctions as presented by Wu and Yang [104]. It is assumed that m* changes 

abruptly at the junction interface [104-106]. Wu and Yang assume that the total energy E 

and the lateral momentum k⊥  are conserved as 

,1 ,1 ,2 ,2 BE E E E φ⊥ ⊥+ = + +  , (5.3) 
* *
1 ,1 2 ,2m E m E⊥ ⊥= , (5.4) 

where E⊥  and E  are the kinetic energies along the lateral and longitudinal (transport) 

directions, and subscripts 1 and 2 denote the well and the barrier regions, respectively. It 

can be shown that Eqs. (5.3)-(5.4) guarantee flux continuity across the barrier [104, 105]. 

In this work, we use a semi-classical transmission for simplicity, so the transmission is 1 

for carriers satisfying Eqs. (5.3)-(5.4) and 0 otherwise. Using a quantum mechanically 

computed transmission [104] would not change our conclusions. From now on, we call 

this approach the conserved lateral momentum (CLM) model. 

 In summary, we have three approaches to describe thermionic emission over the 

barrier: 1) the CLM model, 2) the TOB model, and 3) the non-conserved lateral 

momentum (NCLM) model. In the CLM model, total energy and lateral momentum are 

conserved as shown in Eqs. (5.3)-(5.4), and the theory applies generally for homo- and 

heterojunctions. In the TOB model, +kz states on the barrier are filled according to EF 

without considering the injection mechanism from the well. In the NCLM model, carriers 

with k > kb are injected from the well without considering the occupation of states in the 

barrier. Using these three approaches, we examine three cases: 1) homojunction with 

barrier; 2) heterojunction with no barrier; and 3) heterojunction with barrier. For 
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heterojunctions, we consider two cases: 1) m1
* > m2

* and 2) m1
* < m2

*. The mathematics 

of these three cases is discussed in Appendix D; only the results are discussed below. 

 Results for a homojunction with a barrier are shown in Fig. 3. As discussed in 

Section 5.3 and depicted in Fig. 5.3(a), the CLM and TOB models are equivalent for 

homojunctions. For the NCLM model in Fig. 5.3(b), however, it is not clear how to map 

the k-states in the well to the barrier. Since all of the states in the barrier are already filled 

according to EF as shown in Fig. 5.3(a), it does not seem possible for a current in excess 

of those given by Eqs. (5.1)-(5.2) to flow.  

 

Fig. 5.3 Results for a homojunction with Bφ . (a) The CLM model becomes equivalent to 
the TOB model. (b) It is not clear how the NCLM model can be described in the barrier 

because states in the barrier are already filled according to EF. 

 In Fig. 5.4, we examine the case where m* changes abruptly, but there is no potential 

barrier. For such cases, it is well known that the smaller m* determines the current [174-

176], and the electrical and heat currents are given from Eqs. (5.1)-(5.2) with the lighter 

m*. As shown in Fig. 5.4(a) when m1
* > m2

*, the current is determined by m2
* on the right 
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(deep blue on the right, deep red on the left), so assuming that all carriers with kz > 0 on 

the left (light red) contribute to current overestimates the current. When m1
* < m2

*, the 

current is determined by the smaller m1
* on the left (deep red on the left, deep blue on the 

right), and assuming that all carriers with kz > 0 on the right (light blue) contributing to 

current overestimates the current as shown in Fig. 5.4(b). 

 

Fig. 5.4 Results for a heterojunction with Bφ  = 0. The smaller m* determines the current. 
(a) When m1

* > m2
*, the current is determined by m2

* on the right (deep blue on the right, 
which corresponds to deep red on the left). (b) When m1

* < m2
*, the current is determined 

by m1
* on the left (deep red on the left, which corresponds to deep blue on the right). 

 Next, we consider heterojunctions with potential barrier. When m1
* > m2

*, the CLM 

model is equivalent to the TOB model as shown in Fig. 5.5(a), and the total current is still 

determined by the lighter m2
* of the barrier. The current expressions for 3D carriers are 

the same as Eqs. (5.1)-(5.2) with m* = m2
*. Note that the k-space distribution of carriers in 

the well that are able to surmount the barrier is different from the homojunction case that 

was shown in Fig. 5.3(a). (See Appendix D for details.) Because the CLM model is 

consistent with the TOB model, the results from the NCLM model in Fig. 5.5(b) still 
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cannot be mapped from the well to the barrier and would overestimate the ballistic 

current. 

 

Fig. 5.5 Results for a heterojunction with m1
* > m2

* and Bφ . (a) The CLM model is 
equivalent to the TOB model. The hyperbola (A) in the well (Eq. (D.5) in Appendix D) is 

mapped onto the kx−ky plane with kz = 0 (A’) on the barrier. (b) The results from the 
NCLM model overestimate the current and cannot be mapped to the barrier. 

 When m1
* < m2

* with a potential barrier, there are two competing factors, the barrier 

height and the magnitude of the lighter effective mass. As discussed in the homojunction 

case and illustrated in Fig. 5.3(a), increasing Bφ  tends to make the barrier states more 

dominant, while the lighter m1
* tends to make the well states more dominant as was 

illustrated in Fig. 5.4(b). We examine, therefore, two cases: 1) m1
* <~ m2

* with high Bφ  

and 2) m1
*   m2

* with low Bφ . We expect that the states in the barrier will dominate in 

case 1) while the well states dominate in case 2). 

 When m1
* <~ m2

* with high Bφ , the CLM model is equivalent to the TOB model as 

shown in Fig. 5.6(a), and the 3D ballistic currents are given as Eqs. (5.1)-(5.2) with m* = 



 

 

92

m2
*. It should be noted that the current is determined by the heavier mass m2

* of the 

barrier, unlike the case with 0Bφ =  in Fig. 5.4(b). (See Appendix D for details.) Because 

the current is determined by the states in the barrier, the NCLM model still cannot be 

mapped to the barrier and would overestimate the current as shown in Fig. 5.6(b). 

 

Fig. 5.6 Results for a heterojunction with m1
* <~ m2

* and high Bφ . (a) The CLM model is 
equivalent to the TOB model. The ellipsoid (A) in the well (Eq. (D.5) in Appendix D) is 

mapped onto the kx−ky plane with kz = 0 (A’) on the barrier. (b) The results from the 
NCLM model overestimate the current and cannot be mapped to the barrier. 

 The second case, m1
*   m2

* with low Bφ , is examined in Fig. 5.7. Note that the 

CLM model in Fig. 5.7(a) is different from both the NCLM model and the TOB model. 

(See Appendix D for details.) Note that in Fig. 5.7(a), the states in the barrier are not 

completely filled by the source distribution function unlike other cases shown in Fig. 

5.3(a), Fig. 5.5(a), and Fig. 5.6(a). These states, however, cannot be used to further 

increase the ballistic current due to energy conservation. In Fig. 5.7(a), note that the 
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ellipsoid (A) in the well is mapped onto the plane (A’) on the barrier, which means 

carriers with zero kinetic energy along the transport (z) direction on the barrier. 

Therefore, the ellipsoid (A) in Fig. 5.7(a) represents the lower limit of the carrier energy 

required to overcome the potential barrier. Therefore, although there are additional 

carriers that satisfy k > kb in the well as suggested by the NCLM model in Fig. 5.7(b), 

i.e., carriers between the k = kb line and the ellipsoid (A), these carriers do not have 

enough energy to overcome the barrier and make contributions to the current. Therefore, 

the ballistic current from the CLM model in Fig. 5.7(a) is the upper limit, and the NCLM 

model in Fig. 5.7(b) and the TOB model in Fig. 5.7(c) both overestimate the current. 

 

Fig. 5.7 Results for a heterojunction with m1
*   m2

* and low Bφ . (a) The CLM model is 
different from both the NCLM model and the TOB model. The ellipsoid (A) in the well 
(Eq. (D.5) in Appendix D) is mapped onto the kx−ky plane with kz = 0 (A’) on the barrier, 
and the kx−ky plane with kz = 0 (B) in the well is mapped onto the hyperbola (B’) on the 
barrier (Eq. (D.10) in Appendix D). The ellipsoid (A) represents the lower limit of the 

carrier energy required to be injected from the well to the barrier, so the ballistic current 
from the CLM model defines the upper limit. Therefore, both the (b) NCLM model and 

the (c) TOB model overestimate the current. 
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5.5. Conductance and Minimum Number of Modes 
 The results in the previous section can be understood with a simple general rule. 

Given a number of conducting channels (or modes) in the well (M1(E)) and the barrier 

(M2(E)), the smaller one determines the total conductance [177]. As an example, we 

consider a 3D heterojunction where the numbers of modes increase linearly with E, and 

the slope is proportional to m* as discussed in Chapter 4 [83] 

( )
*
1

1 22
m EM E
π

=


, (5.5) 

( ) ( )*
2

2 22
Bm E

M E
φ

π

−
=


. (5.6) 

Three different cases are considered in Fig. 5.8. In Fig. 5.8(a) where m1
* > m2

*, M1(E) > 

M2(E) regardless of the value of Bφ , so M2(E) determines the conductance. For 

heterojunctions with m1
* < m2

*, we consider two cases: 1) m1
* <~ m2

* with high Bφ  as 

shown in Fig. 5.8(b) and 2) m1
*   m2

* with low Bφ  as shown in Fig. 5.8(c). In Fig. 

5.8(b), although m2
* in the barrier is heavier, due to the high Bφ , M2(E) is smaller than 

M1(E) and determines the current. In Fig. 5.8(c) for case 2), however, M1(E) < M2(E) 

because the much lighter m1
* in the well dominates despite the potential barrier, so it is 

the carrier injection from the well that limits the current. Note that Fig. 5.8(b) and Fig. 

5.8(c) are consistent, i.e., Fig. 5.8(b) becomes the same as Fig. 5.8(c) as E increases, and 

Fig. 5.8(c) is equivalent to Fig. 5.8(b) for E <~ Bφ . 

 The results above are summarized in Table 5.1. The CLM model is consistent with 

the “minimum number of modes” rule discussed above and gives correct results for the 

ballistic current (see Appendix D for mathematical details). The TOB model represents 

an upper limit to the possible current, and it is equivalent to the CLM model and gives 

correct results in many cases. The NCLM model represents the maximum current that 

could be supplied by the well if there were states in the barrier to accept them. As 

discussed in Section 5.4 and summarized in Table 5.1, however, it overestimates the 

current for all the homo- and heterojunction cases we consider. 
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Fig. 5.8 General rule to determine the emission current across heterojunctions. For M1(E) 
(number of modes in the well, red dashed) and M2(E) (number of modes in the barrier, 
blue solid), the smaller one determines the current. (a) When m1

* > m2
*, M1(E) > M2(E) 

regardless of the value of Bφ . (b) When m1
* <~ m2

* with high Bφ , although m2
* is heavier, 

M1(E) > M2(E) due to the high Bφ . (c) When m1
*   m2

* with low Bφ , M1(E) < M2(E) 
because the much lighter m1

* dominates despite Bφ .Note that this rule is consistent with 
the CLM model. 

Table 5.1 Summary of the general rule that determines the emission current across 
heterojunctions. The CLM model is consistent with the “minimum number of modes” 

rule in Fig. 5.8 and gives correct results. The TOB model represents an upper limit to the 
possible current and is equivalent to the CLM model in many cases. The NCLM model 
represents the maximum current that could be supplied by the well, but it overestimates 

the current for the homo- and heterojunction cases we consider. 

 CLM TOB NCLM 

Homojunction Correct Correct Incorrect 
(overestimate) 

Heterojunction 
m1

* > m2
* Correct Correct Incorrect 

(overestimate) 

Heterojunction 
m1

* < m2
* 

m1
* <~ m2

* 

high Bφ  Correct Correct Incorrect 
(overestimate) 

m1
*   m2

* 
low Bφ  Correct Incorrect 

(overestimate) 
Incorrect 

(overestimate) 
 

5.6. Discussion 
 As discussed in Section 5.4, the TOB model assumes that the carrier distribution in 

the barrier f(E) follows the equilibrium Fermi-Dirac distribution of the source region, 

f0(E) [35]. For homojunctions or other cases in Table 5.1 where the TOB model is 
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consistent with the CLM model, f(E) must be larger than f0(E) to achieve the increase in 

current predicted by the NCLM model, which does not appear to be physically possible. 

Examples of 2D and 3D carriers for homojunctions are discussed in Appendix D.  

 It has been shown that relaxation of lateral momentum conservation is essential to 

interpret the experimental results of Ballistic Electron Emission Microscopy (BEEM) for 

non-epitaxial metal-semiconductor interfaces [178-180]. In BEEM measurements, 

carriers with small lateral momentum are predominantly injected [178]. The conserved 

lateral momentum model does not provide physical interpretation for the experiment 

where valleys with zero lateral momentum are not preferentially populated as would be 

expected if lateral momentum were conserved [178]. The observed significant current for 

the valleys with non-zero lateral momentum indicates that additional lateral momentum is 

provided by scattering at the non-epitaxial interface [180]. The BEEM measurement 

results and the theories of non-conservation of lateral momentum used to explain them 

have motivated the idea that non-conservation of lateral momentum might similarly 

enhance the emission current and cooling performance of TI devices [103]. The problems 

are, however, quite different. The critical difference between BEEM experiments and TI 

devices is that the carrier reservoirs are different. For TI devices, the source reservoir 

should be designed to act as closely as possible to an ideal Landauer reservoir [96], where 

the equilibrium distribution is maintained by a high carrier density, high number of 

modes, and high scattering rates. Such a reservoir can provide carriers with all possible 

k’s with any given E. For such cases, the NCLM model is unphysical as discussed in 

previous sections. In BEEM experiments, however, the reservoir is far from ideal because 

the lateral momentum of injected carriers is predominantly zero. For such conditions, 

relaxation of lateral momentum conservation may help increase the emission current by 

shuffling the momentum distribution of carriers and performing the role of scattering in 

the ideal, Landauer reservoir. Although non-conservation of lateral momentum may help 

in such cases, the maximum current can never exceed the ballistic limit, which is 

determined by the minimum number of modes, i.e. the CLM model as summarized in 

Table 5.1. 
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 Monte Carlo simulations [169, 170] have suggested that adjusting the non-planar 

interface structure may enhance the emission by breaking the translational invariance and 

relaxing lateral momentum conservation. Note, however, that the lateral momentum is 

conserved at each local interface, so we may interpret this enhancement as a result of the 

increased effective area. The current is not directly proportional to the total interface area 

[81] because the carriers may re-enter the emitter in the zigzagged structure [169, 170]. 

We should also note that for devices connected to ideal reservoirs, momentum relaxation 

at the interface may rather increase carrier backscattering and decrease the emission 

current. A quantum transport simulation with realistic interface roughness [171] has 

suggested that in case momentum randomization occurs before the barrier, i.e., the well 

behaves more like an ideal reservoir, the interface roughness actually decreases the 

overall transmission probability and the power factor. 

 Finally, we mention other issues that deserve consideration. We have assumed a 

ballistic (thermionic emission) model in which all of the scattering occurs in the 

Landauer reservoirs. In practice, scattering will occur throughout the structure. In the 

well region before the barrier (z < 0 in Fig. 5.1), momentum or energy relaxing scattering 

may reduce the current below the thermionic emission value. A similar problem, 

transport in Schottky barriers, was considered by Bethe [181] and by Berz [182]. 

Fischetti et al. have discussed the source starvation [183] in nanoscale metal-oxide-

semiconductor field-effect transistors. The idea is that the longitudinal momentum states 

that are injected over the barrier can become depleted, and momentum randomizing 

scattering in the well could help by replenishing these longitudinal k-states. All of these 

can be labeled “upstream” effects [184], which occur before the barrier at z < 0 in Fig. 

5.1. Fischetti et al. also discussed “downstream” effects [184] – scattering in the barrier 

itself and in the well beyond the barrier, z > 0 in Fig. 5.1. Although they are beyond the 

scope of this chapter, more quantitative studies of the effect of scattering on TI devices 

will be essential to understand the physics and performance limits of such devices. We 

also note that our semi-classical model does not work for superlattices with very thin 

barriers, where the band structure is different from the bulk E-k of its constituent 

materials, and tunneling becomes significant compared to thermionic emission [185]. 
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Although these are not directly related to the questions involving lateral momentum 

conservation and the suggested current enhancement, it will be essential to treat quantum 

transport to explore possible performance enhancements in quantum-engineered 

thermoelectric devices such as superlattices. In Chapters 6 and 7, we explore the effects 

of momentum and energy relaxing scattering on thermoelectric performance within a 

self-consistent electro-thermal transport simulation framework using quantum transport 

[96] and heat diffusion models. 

 

5.7. Conclusions 
 In Chapter 5, we studied the physics of thermionic emission across homo- and 

heterojunctions to explore the possibilities to increase the ballistic emission current and 

the cooling performance of TI cooling devices. We showed that the TOB model [35] is 

equivalent to the thermionic emission model with conserved lateral momentum [104] for 

homojunctions, heterojunctions with heavier effective mass in the source, and 

heterojunctions with heavier effective mass in the barrier region and high barrier height, 

Bφ . For heterojunctions with much heavier m* in the barrier with low Bφ , however, the 

TOB model is not consistent with the CLM model and overestimates the ballistic current. 

The NCLM model [103] overestimates the current in all homo- and heterojunction cases 

we consider. These results can be explained by a simple general rule that given numbers 

of modes in the well and the barrier, the overall conductance is determined by the 

minimum of the two [177]. These results show that within the ballistic thermionic 

emission framework, the possibilities of increasing thermionic cooling by relaxing 

momentum conservation are limited. For real TI cooling devices, however, as opposed to 

the ballistic devices connected to ideal, Landauer reservoirs considered here, momentum 

randomizing scattering in the well may enhance performance and is worth exploring. 

 So far, we have examined thermoelectric and thermionic devices using a ballistic 

transport model or very simple scattering models within a semi-classical picture. In the 

next chapter, we explore the Seebeck coefficient of 1D composite structures considering 

elastic and inelastic carrier scattering within a self-consistent electro-thermal transport 
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simulation framework based on a quantum transport model with the non-equilibrium 

Green’s function method [96]. 
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6. COMPUTATIONAL STUDY OF THE SEEBECK COEFFICIENT 
OF ONE-DIMENSIONAL COMPOSITE NANO-STRUCTURES 

6.1. Preface 
 The contents of Chapter 6 will be published in the Journal of Applied Physics. 

 The Seebeck coefficient (S) of composite nano-structures is theoretically explored 

within a self-consistent electro-thermal transport simulation framework using the non-

equilibrium Green’s function method [96] and a heat diffusion equation. Seebeck 

coefficients are determined using numerical techniques that mimic experimental 

measurements. Simulation results show that without energy relaxing scattering, the 

overall S of a composite structure is determined by the highest barrier within the device. 

For a diffusive, composite structure with energy relaxation due to electron-phonon 

scattering, however, the measured S is an average of the position-dependent values with 

the weighting factor being the lattice temperature gradient. The results stress the 

importance of self-consistent solutions of phonon heat transport and the resulting lattice 

temperature distribution in understanding the thermoelectric properties of a composite 

structure. It is also clarified that the measured S of a composite structure reflects its 

power generation performance rather than its cooling performance. The results suggest 

that the lattice thermal conductivity within the composite structure might be engineered 

to improve the power factor over the bulk by avoiding the conventional trade-off between 

S and the electrical conductivity. 

 

6.2. Introduction 
 When a temperature difference T is applied across a material sample, an open-

circuit voltage Voc can be induced generating an electric field that opposes the 

temperature gradient. This is called the Seebeck effect [12], and the proportionality 
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constant is the Seebeck coefficient (or thermopower) S, which gives Voc = −ST. The 

Seebeck coefficient can be looked on as the entropy transport per charged particle [91], 

and S > 0 for hole conduction and S < 0 for electron conduction. The Seebeck effect is 

central to thermoelectric (TE) operation, and S is a key parameter in the thermoelectric 

figure of merit ZT = S2T/ that represents the efficiency of thermoelectric energy 

conversion [12], where  is the electrical conductivity, T is the absolute temperature, and 

 is the thermal conductivity. For a homogeneous material, S can be calculated using the 

Boltzmann transport equation (BTE) [82, 146] or Landauer formalism [83, 156] in an 

integral form as 

( ) ( ) ( )
( )( )

0

0

1 FdE E E E f E
S

qT dE E f E

Ξ − −∂ ∂
=

Ξ −∂ ∂



, (6.1) 

where q is the elementary charge (q = −e for electrons and q = e for holes where e is the 

electron charge), E is the energy, EF is the Fermi level, and f0 is the Fermi-Dirac 

distribution. The kernel (E) is called the transport distribution function (in the BTE 

approach) [82, 146] or the transmission function (in the Landauer approach) [83, 96, 156] 

as discussed in Chapter 4. It includes the band structure information and the effect of 

carrier scattering. If the band structure is simple (e.g. parabolic bands) and scattering 

mechanism can be represented in a simple way such as the power-law form [36], then the 

S of a homogeneous material can be expressed in a simple analytical form [25, 26, 186]. 

 For realistic devices, however, Eq. (6.1) may not be used because the device 

structure may be inhomogeneous. For example, nanowire (NW) devices usually have 

metal contacts at the ends [19, 20, 107], which introduce Schottky barriers. The potential 

barriers at the channel ends produce a non-uniform potential profile along the channel, 

which may affect the overall S of the NW device making it different than that of a 

homogeneous NW calculated from Eq. (6.1). Understanding the Seebeck coefficient of a 

non-uniform, composite structure is becoming more relevant as the nano-engineered 

structures such as superlattices [15] and nano-composites [24] are attracting much 

attention as a promising way to further improve ZT. 

 In this chapter, we explore the Seebeck coefficient of composite nano-structures 

within a self-consistent quantum transport simulation framework. The key questions to be 
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addressed are: 1) “What determines the overall S of a composite nano-structure?;” 2) 

“What roles do the length scales (e.g. energy relaxation length E, the grain size d, etc.) 

play?;” 3) “How does the measured S relate to the cooling or power generation 

performance of a composite TE material?;” 4) “Is there a way to use the composite 

structure to modify the S vs.  trade-off [12] and improve the power factor S2?” (Note 

that discussions regarding the question 4) will be explored in more detail in Chapter 7.) 

We use simple model structures and scattering mechanisms and restrict our attention to 

one-dimensional (1D) structures, but we expect that the general understanding 

established in this paper will be broadly applicable. 

  Chapter 6 is organized as follows. In Section 6.3, we describe the simulation 

framework for the self-consistent electro-thermal transport in a 1D composite nano-

structure. We also explain the techniques to numerically “measure” S in our simulation. 

In Section 6.4, simulation results are presented for ballistic and diffusive transport, and 

the results are related to a simple electrical-thermal circuit model. The role of E on the 

measured S is also clarified. In Section 6.5, we discuss the meaning of the measured S 

regarding the TE performance. Possibilities to modify the S vs.  trade-off and improve 

the power factor in a composite structure are also discussed. Conclusions follow in 

Section 6.6. 

 

6.3. Approach 
 Fig. 6.1(a) shows the schematic of our model device. We assume a 1D NW with the 

doping densities varying along the transport (x) direction. In Fig. 6.1(a), Lw is the length 

of the well region, Lb is the barrier thickness, Nw is the doping density in the well, and Nb 

is the doping density in the barrier. The wire ends are connected to contact 1 and contact 

2, which are ideal reservoirs maintained under equilibrium [96]. To convert the three-

dimensional (3D) doping densities to 1D and solve the Poisson equation, we assume a 

circular cross-section with a diameter D. In all following simulation results, we use Nw = 

3 ×  1019 cm−3 (heavily doped), Nb = 1 ×  1016 cm−3 (essentially undoped), and D = 3 nm. 

The model structure is intended to represent a potential barrier (grain boundary) between 
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two doped regions (grains). In a realistic nano-composite material, the potential barrier 

comes from charge at the grain boundary due to point defects, etc [78]. 

 The simulation framework for the self-consistent electro-thermal transport is 

summarized in Fig. 6.1(b). The “electron part” treating the carrier transport and 

electrostatics is solved self-consistently with the “phonon part” that describes the lattice 

heat conduction. Within the electron part, the carrier transport is treated using the 1D 

non-equilibrium Green’s function (NEGF) method considering three transport models, 

i.e., ballistic transport, elastic scattering, and inelastic scattering. Most of previous 

theoretical studies on nano-composite materials adopt the BTE approach [187, 188] 

treating the effect of grain boundaries as another scattering mechanism with some 

relaxation time, . As the grain size gets smaller and approaches the electron wavelength 

[24, 189], however, a quantum transport simulation framework such as the NEGF is 

required to better understand the electron transport in nano-composites [190, 191]. As 

shown in Fig. 6.1(b), the electrostatics is captured by solving the 1D Poisson equation, 

and the self-consistent solutions for the NEGF and the Poisson equation give the carrier 

density n and potential profile V along the x-direction. More details of the 1D NEGF and 

Poisson schemes are discussed in the following sections.  

 The simulation framework for the electron part described so far is widely used for 

conventional electronic device simulations assuming a constant lattice temperature TL 

[123]. In this work, we add another branch, i.e. the phonon part, to treat the power 

dissipation P from the electron to the phonon bath [190, 191] and calculate TL by solving 

a heat transport equation, which again affects the electron part as shown in Fig. 6.1(b). In 

our simulation, we solve a 1D heat diffusion equation assuming some lattice thermal 

conductivity, L. The self-consistent scheme between the electron and phonon parts is 

essential to treat the electro-thermal transport phenomena such as thermoelectrics and 

self-heating of the device [192-194]. More details of the simulation model and techniques 

to calculate S are described in the following sections. 
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Fig. 6.1 (a) Schematic of the 1D NW model device. Lw is the length of the well region, Lb 
is the barrier thickness, Nw is the doping density in the well, Nb is the doping density in 
the barrier (Nw > Nb), D is the wire diameter, and x is the transport direction. The device 

is connected to ideal reservoirs, contact 1 and contact 2. (b) Simulation framework for the 
self-consistent electro-thermal transport. The “electron part” calculates the self-consistent 

carrier density n and electric potential V, and the “phonon part” is solved for the self-
consistent solutions for the power dissipation P and the lattice temperature TL. 

6.3.1. 1D Poisson 
 The 1D Poisson equation along the x-direction is solved as 

( )1 1 1D 3D

0

, 2 1j j j j

S

V V V V q n AN a
A A j N

a a ε ε
+ −− − − +
− = < < −  (6.2) 

1 2 1, N NV V V V−= = , (6.3) 

where A is the cross-sectional area of the wire, Vj is the electric potential at the jth grid 

point, a is the grid size, N is the total number of grid points, S is the dielectric constant 

(S = 10 for our model device), 0 is the vacuum permittivity, N3D is the 3D doping 

density (Nw or Nb), and n1D is the 1D carrier density, which is obtained from the 1D 
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NEGF as discussed in the following section. For numerical stability, we adopt the non-

linear Poisson technique [195] when solving Eq. (6.2). Equation (6.3) represents the 

boundary conditions at the device ends.  

 

6.3.2. 1D NEGF 
 The general model for dissipative quantum transport is [96] 

( ) ( )
1

G E E H U E
−

= − − −Σ  I , (6.4) 

( ) ( ) ( ) ( )n inG E G E E G E+= Σ , (6.5) 

( ) ( ) ( ) ( ) ( ) ( ),A E i G E G E E i E E+ +   = − Γ = Σ −Σ    , (6.6) 

where G(E) is the retarded Green’s function, I is the identity matrix, H is the device 

Hamiltonian, U = −eV is the self-consistent potential energy obtained from the Poisson 

scheme in Eqs. (6.2)-(6.3). In Eqs. (6.4)-(6.6), (E) is the self-energy, Gn(E) is the 

electron correlation function, in(E) is the in-scattering, A(E) is the spectral function, and 

(E) is the broadening, which are all N ×  N matrices. For our model device, H is 

constructed using the effective mass approach [96] with m* = 0.25m0 and a = 0.25 nm, 

where m0 being the free electron mass. The matrices,  and in, describe the effects of 

contacts and carrier scattering as  = 1 + 2 + s and in = 1
inΣ  + 2

inΣ  + in
sΣ , where the 

subscripts 1, 2, and s represent contact 1, contact 2, and scattering, respectively. 

 In this work, we consider three transport models, i.e., ballistic transport, elastic 

scattering, and inelastic scattering. For ballistic transport, s and in
sΣ  are all zero in Eqs. 

(6.4)-(6.6). Elastic scattering can be treated as [96] 

( ) ( ) ( ) ( )0 0, in n
s sE D A E E D G EΓ = Σ = , (6.7) 

where s(E) = −i(E)/2, and D0 is the deformation potential. For acoustic phonon 

scattering with elastic approximation, D0 in Eq. (6.7) can be related to the acoustic 

phonon deformation potential DA as [196] 

( )2 2 3
0 A B SD D k TF aρυ= , (6.8) 
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where F is the wave function overlap [36],  is the mass density, and S is the sound 

velocity. In Eq. (6.8), DA is given in eV and frequently appears in the conventional BTE 

approach [36]. For Si bulk parameters [137], Eq. (6.8) gives D0 ~ 0.002 eV2 for a 

cylindrical NW with D = 3 nm and intraband transition within the ground state (F = 

2.66a2/D2). In Section 6.4, we use D0 = 0.01 eV2 for elastic scattering, which gives a 

momentum relaxation length p ~ 6.5 nm for our model device. 

 For inelastic scattering, we consider optical phonon with a single frequency o as 

[96] 

( ) ( ) ( ) ( )

( ) ( )
o

o

0 o o

0 o o

1 p n
s

n p

E D N G E G E

D N G E G E

ω

ω

ω ω

ω ω

 Γ = + − + + 

 + − + + 

 

 
, (6.9) 

( ) ( ) ( ) ( )
o o0 o 0 o1in n n

s E D N G E D N G Eω ωω ωΣ = + + + −  , (6.10) 

( )( )
o o1 exp 1B LN k Tω ω= − , (6.11) 

where 
o

Nω  is the Bose-Einstein factor, and Gp(E) is the hole correlation function, which 

gives A(E) = Gn(E) + Gp(E). Note that in Eq. (6.11), we assume an equilibrium 

occupation factor for phonons, but TL is position-dependent. We can also relate D0 in 

Eqs. (6.9)-(6.10) to the optical phonon deformation potential Dop as [196] 

( )2 3
0 op o2D D F aρω=  , (6.12) 

where Do is given in eV/cm. For a cylindrical NW with D = 3 nm and Si bulk parameters 

(LO mode) [137], we obtain D0 ~ 0.01 eV2. In Section 6.4, we use this typical value of D0 

= 0.01 eV2 for optical phonon scattering, which gives p ~ 4.5 nm and E ~ 30 nm for our 

model device. 

 Once the solutions for G(E) and Gn(E) are obtained, physical quantities at the jth grid 

point can be calculated as [96, 123] 

( ) ( )1 , ,
n

D j j jn dE G E aπ=  , (6.13) 

( ) ( ) ( )( )1 , 1 1, 1, , 1Im n n
j j j j j j j j j jI e dE H G E H G Eπ→ + + + + + = × − −  , (6.14) 

where Ijj+1 is the electrical current flow from the jth to the (j+1)th grid points. Note that 

the spin degeneracy of 2 is included in Eqs. (6.13)-(6.14). The n1D in Eq. (6.13) is again 
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an input to the Poisson scheme in Eq. (6.2), and the process is repeated until the self-

consistent solutions for n1D and V are obtained. 

 

6.3.3. Lattice Heat Transport 
 To treat the heat conduction due to phonons, we solve a 1D heat diffusion equation 

as [190, 193]  

,L
L E

dTd A P P dI dx
dx dx

κ − = = − 
 

, (6.15) 

( ) ( )1 20 ,L LT x T T x L T= = = = , (6.16) 

where L = (N – 1)a is the total length of the wire, and IE is the energy current by 

electrons, which is calculated from Eq. (6.14) with e substituted by E. As shown in Eq. 

(6.16), we use fixed boundary conditions at the device ends, where T1 and T2 are 

temperatures of contact 1 and contact 2, respectively. As described in Fig. 6.1(b), TL is 

calculated by solving Eq. (6.15) for a given P from the electron part, and the updated TL 

again affects the electron part by changing the phonon scattering rates in Eqs. (6.9)-

(6.11). The process is repeated until we obtain converged results for TL.  

 

6.3.4. Seebeck Coefficient Calculation 
 Next, we discuss how to determine the overall S. We first review the coupled current 

equation [12, 83] 

0, qI G V SG T I TSG V K T= Δ + Δ = − Δ − Δ , (6.17) 

where I is the electrical current, G is the electrical conductance, V is the voltage 

difference, Iq is the heat current, and K0 is the electronic thermal conductance for zero 

V. Alternatively, Eq. (6.17) can be expressed as 

, q eV I G S T I I K TΔ = − Δ =Π − Δ , (6.18) 

where  is the Peltier coefficient, and Ke is the electronic thermal conductance for zero 

current. Note that the Kelvin relation gives  = TS. Fig. 6.2 shows the two possible 

configurations for Seebeck coefficient measurement. First, S can be determined by 
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measuring electrical currents as shown in Fig. 6.2(a). From Eq. (6.17), I = GV for a 

finite V = V2 – V1 and T = T2 – T1 = 0, where V1 and V2 are the voltages applied to 

contact 1 and contact 2, respectively. For V = 0 and a finite T, we obtain I = SGT, 

and then the Seebeck coefficient can be calculated from the ratio of the two coefficients 

as S = SG/G. Another way to determine S is to measure the open circuit voltage V for a 

T as shown in Fig. 6.2(b) and use the relation S = −V/T from Eq. (6.18). Note that the 

approach in Fig. 6.2(b) is widely used for experimental devices [19, 20, 107]. In Section 

6.4, we use the two approaches to numerically “measure” the Seebeck coefficient of a 

composite nano-sturcture and compare the results. For the approach in Fig. 6.2(a) 

(current measurement), we simply apply V or T and calculate the terminal electrical 

currents. For the approach in Fig. 6.2(b) (open-circuit voltage measurement), we first 

apply T, and then increase VΔ  until there is no net electrical current flow. Under all V 

and T conditions, simulations are carried out self-consistently as described in Fig. 

6.1(b). 

 

Fig. 6.2 Configurations for Seebeck coefficient measurement. (a) S from current 
measurements. I = GV for a finite V (T = 0) and I = SGT for a finite T (V = 0), 
and S = SG/G. (b) S from the voltage measurement. For an open circuit voltage V for a 

T, S = −V/T. 
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6.4. Results 
 In this section, we present simulation results for ballistic transport, elastic scattering, 

and inelastic scattering and explore how carrier scattering affects the measured S of a 

composite nano-structure. Fig. 6.3 shows the ballistic transport simulation results for the 

energy- and position-resolved electrical current I(E, x) for Lb = 10 nm, Lw = 10 nm, V = 

1 mV, T1 = T2 = 300 K, and L = 150 W/m-K, which is the bulk silicon value [19]. The 

Fermi level of contact 1 (EF1) lies at 0 eV, EF1 = EF = 0 eV. There is no carrier scattering 

within the device, so I(E, x) is uniform along the x-direction, and the average energy of 

the current flow <E> is constant. We numerically measure S using the two approaches 

described in Fig. 6.2, and the results are S = −346 V/K for the current measurement 

approach, and S = −348 V/K for the voltage measurement approach. The two results are 

consistent and can be verified in the following way. From the constant <E> in Fig. 6.3(a), 

we can calculate the Peltier coefficient of the device as  = <E − EF>/q = −0.103 V, and 

the Kelvin relation gives S = /T = −344 V/K, which is consistent with the numerical 

measurement results. Also note that for a 1D ballistic conductor, S can be calculated 

analytically as [83] 
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η
η

η−
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, (6.19) 

where j(F) is the Fermi-Dirac integral of order j [109, 110], F = (EF − EC)/(kBT), kB is 

the Boltzmann constant, and EC is the conduction band edge. For F = −3.04, which is 

extracted from the simulation result at the top of the barrier in Fig. 6.3(a), we obtain S = 

−351 V/K, which is again consistent with the numerically measured S values. 

 Fig. 6.3(b) shows the simulation results for I(E, x) for elastic scattering with a 

deformation potential of D0 = 0.01 eV2. All other parameters in Fig. 6.3(b) are the same 

as those of Fig. 6.3(a). Still, the two approaches in Fig. 6.2 give consistent results as S = 

−317 V/K. Note that carrier scattering broadens energy levels [96], which results in a 

smaller <E> than that of the ballistic case in Fig. 6.3(a). Although elastic scattering 

relaxes momentum and reduces G, it does not relax energy so that I(E, x) and <E> are 

still uniform along the x-direction. Therefore, we can calculate the overall  of the device 
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as  = <E − EF>/q = −0.0945 V, and the Kelvin relation gives S = −315 V/K, which is 

consistent with the numerical measurement results. 

 

Fig. 6.3 (a) Ballistic transport simulation results for I(E, x) for Lb = Lw = 10 nm, V = 1 
mV, and T1 = T2 = 300 K. I(E, x) and the average energy of the current flow <E> are 
uniform along the x-direction. Using the approaches in Fig. 6.2, S is determined to be 

−346 V/K (from current measurements) and −348 V/K (from the voltage 
measurement). The Kelvin relation gives S = /T = <E − EF>/(qT) =  −344 V/K, which 

is consistent with the numerical measurement results. (b) Simulation results for I(E, x) for 
elastic scattering with D0 = 0.01 eV2. I(E, x) and <E> are still uniform. The two 

approaches in Fig. 6.2 give consistent results of S = −317 V/K. The Kelvin relation 
gives S = /T = <E − EF>/(qT) = −315 V/K, which is consistent with the numerical 

measurements. 
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 As discussed so far, when there is no energy relaxation within the device, S is 

determined by the potential barrier. Phase or momentum breaking scattering broadens the 

levels effectively lowering the barrier height as shown in Fig. 6.3(b) [96], but still the 

overall S is determined by the barrier region unless there is energy relaxing scattering. In 

these cases,  is uniform along the device, so we can define an overall  of the device, 

and the S obtained from the Kelvin relation is consistent with the numerically measured 

S. 

 Next, we introduce energy relaxing scattering and see how the results change. Fig. 

6.4(a) shows the simulation result for I(E, x) with V = 1 mV and T1 = T2 = 300 K for 

optical phonon scattering with D0 = 0.01 eV2 and o = 20 meV, where  is the reduced 

Planck constant, and o is the frequency of the optical phonon. All other parameters are 

the same as those in Fig. 6.3. Unlike the results in Fig. 6.3 without energy relaxation, I(E, 

x) and <E> are non-uniform along the x-direction, and we cannot define a constant  for 

the overall device. For example, the Peltier coefficient near contact 1 is 1 = −0.0702 V 

while it is higher in magnitude in the barrier region where b = −0.0893 V in Fig. 6.4(a). 

The two approaches to measure S (recall Fig. 6.2) give consistent results as S = −245 

V/K. Note that the measured S is neither 1/T = −234 V/K nor b/T = −298 V/K, but 

a value somewhere in-between. 

 To understand the measured S of the composite nano-structure with energy relaxing 

scattering, we re-visit the coupled current equations in Eq. (6.17). Note that the T in Eq. 

(6.17) actually means the electron temperature Te as 

0,e q e eI G V SG T I T SG V K T= Δ + Δ = − Δ − Δ . (6.20) 

In the contacts, electrons are in equilibrium with the phonon bath, so Te1 = TL1 = T1 and 

Te2 = TL2 = T2, where Te1 (Te2) and TL1 (TL2) are the electron and lattices temperatures for 

contact 1 (contact 2), respectively. When there is no energy relaxation (e.g. ballistic 

transport), Te is not-well defined within the device [36], but the transport properties such 

as S are well-defined across the terminals. In Fig. 6.3, for example, carriers injected from 

the contacts with Te1 = T1 and Te2 = T2 only see the highest potential barrier, and that 

determines the overall S of the device regardless of the potential profile in the well 

region. When the carrier energy is relaxed by electron-phonon (e-ph) scattering, however, 
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Te follows TL [36]. As discussed in Section 6.3.3, the lattice heat transport model gives 

TL(x), which determines the carrier energy relaxation rate due to e-ph interaction along 

the x-direction. This results in the carrier distribution with Te(x) ~ TL(x), and Te(x) 

governs the coupled current equations in Eq. (6.20) within the device. 

 

Fig. 6.4 (a) Simulation results for I(E, x) (V = 1 mV, T1 = T2= 300 K) for optical phonon 
scattering with D0 = 0.01 eV2 and o = 20 meV. I(E, x) and <E> are non-uniform along 
the x-direction. The two approaches in Fig. 6.2 give consistent results as S = −245 V/K. 

Simulation results for (b) S(x) = <E>/(qT) (V = 1 mV, T1 = T2 = 300 K) and (c) TL(x) 
(T = 1 K, V = 0). From Eq. (6.35) we obtain S = −243 V/K, which is consistent with 

the numerical measurement result. 

 To understand the measured S of a diffusive composite structure in a simple way, we 

consider a model composite structure in Fig. 6.5. Two dissimilar regions with different S 

and G (S1 and G1 for region 1, S2 and G2 for region 2) are connected in series, and we 
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measure the overall S using the two approaches in Fig. 6.2. Under the open-circuit 

condition in Fig. 6.5(a), Eq. (6.20) gives 

1 1 1 1 1 1 0eI G V S G T= Δ + Δ = , (6.21) 

2 2 2 2 2 2 0eI G V S G T= Δ + Δ = , (6.22) 

1 2e eT T TΔ = Δ +Δ , (6.23) 

e LT T= , (6.24) 

where I1 (I2) is the electrical current along the region 1 (region 2), V1 (V2) is the 

voltage across the region 1 (region 2), and Te1 (Te2) is the electron temperature 

difference across the region 1 (region 2). As discussed previously, Eq. (6.24) comes from 

the carrier energy relaxation due to e-ph scattering, and TL is given from the lattice heat 

conduction model in Eq. (6.15). Equations (6.21)-(6.24) give the solutions for the four 

variables, i.e. V1, V2, Te1, and Te2, and then the overall S becomes 

1 2 1 1 2 2L LV V S T S TVS
T T T

Δ + Δ Δ + ΔΔ
= − = − =

Δ Δ Δ
. (6.25) 

Equation (6.25) means that the overall S of a diffusive composite structure is the average 

of the S values of its constituent materials weighted by the temperature difference applied 

in each region [197, 198]. 

 For the current measurement configuration in Fig. 6.5(b), we first apply a finite V, 

and then Eq. (6.20) and the current continuity condition give 

1 1 2 2I G V G V= Δ = Δ , (6.26) 

1 2V V VΔ = Δ + Δ . (6.27) 

And then by defining I = GV, we obtain the overall G as 

( )1 2 1 2G G G G G= + , (6.28) 

which implies that the region with a smaller G dominates [199]. Next, we apply a finite 

T and V= 0. Here we should be careful not to use the current continuity condition as I 

= S1G1Te1 = S2G2Te2. For a diffusive device with energy relaxation due to e-ph 

interaction, Te follows TL, not being determined by the current continuity condition. The 

correct equations to be solved are 
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1 1 1 1 1 2 2 2 2 2e eI S G T G V S G T G V= Δ + Δ = Δ + Δ , (6.29) 

1 2e eT T TΔ = Δ +Δ , (6.30) 

1 2 0V VΔ +Δ = , (6.31) 

e LT T= . (6.32) 

Note the additional GjVj terms (j = 1, 2) in Eq. (6.29) and the condition for V = 0 in 

Eq. (6.31). And then by defining I  SGT, we obtain the overall SG as 

( )
( )

1 2 1 1 2 2

1 2

L LG G S T S T
SG

G G T
Δ + Δ

=
+ Δ

, (6.33) 

and the overall S is calculated from Eq. (6.28) and Eq. (6.33) as 

1 1 2 2L LS T S TSGS
G T

Δ + Δ
= =

Δ
. (6.34) 

 

Fig. 6.5 Seebeck coefficient measurement of a composite structure with two dissimilar 
regions, region 1 (S1 and G1) and region 2 (S2 and G2). The device is assumed to be 

diffusive with energy relaxation due to e-ph scattering. (a) Open-circuit voltage 
measurement. (b) Current measurements. A simple electrical-thermal circuit analysis 

gives S = (S1TL1 + S2TL2)/T for both cases, where TL1and TL2 are the TL values 
applied across region 1 and region 2, and TL1 + TL2 = T. 
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Fig. 6.6 (a) Simulation results for <E> vs. x with optical phonon scattering (D0 = 0.01 
eV2, o = 20 meV) for various Lw values with Lb = 10 nm and L = 150 W/m-K (V = 

10 mV, T1 = T2 = 300 K). The maximum <E> in the barrier region remains the same, but 
<E> in the well region decays more as Lw increases. (b) Simulation results for the overall 

S vs. Lw for the composite structure and bulk wire with no potential barriers. Two 
approaches in Fig. 6.2 still give consistent results (solid lines: open-circuit voltage 

measurements, dashed lines: current measurements). As Lw increases, the overall S is 
more dominated by Lw and approaches the value of a wire with a uniform doping density. 

 Note that Eq. (6.34) is the same as Eq. (6.25), which means that the two approaches 

to measure S in Fig. 6.2 give consistent results for composite structures as has been 

demonstrated in the previous simulations. Equation (6.34) shows that the overall S of a 

diffusive composite structure is a weighted average of its component S values, and the 

weighting factor is the temperature difference across each component [197, 198]. More 

generally, Eq. (6.34) can be expressed in an integration form as 
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( ) ( )LdxS x dT x dx
S

T
=

Δ
 , (6.35) 

where S(x) is the x-dependent Seebeck coefficient. In Fig. 6.4(b)-(c), we show simulation 

results for S(x) = <E>/(qT) (V = 1 mV, T1 = T2 = 300 K) and TL(x) (T = 1 K, V = 0) 

for the model device in Fig. 6.4(a). From Eq. (6.35) we obtain S = −243 V/K, which is 

consistent with the numerical measurement result, −245 V/K. 

 To derive Eq. (6.34) or Eq. (6.35), we assumed that Te = TL, which holds in the 

strong scattering limit. In general, however, it may be hard to define Te(x) in the device 

because electron energy may not be fully relaxed by e-ph scattering so that electrons and 

phonons are not fully in equilibrium [36]. Our results above, however, show that the 

assumption works quite well when analyzing the simulation results, where we 

numerically “measure” S across the terminals and do not define or assume any Te(x) 

within the device. 

 As demonstrated in Fig. 6.4(c), for a constant L, the heat diffusion equation gives a 

linear TL(x) for a finite T. In such cases, Eq. (6.35) can be simplified as 

( )~S dxS x L . (6.36) 

Equation (6.36) implies that for a uniform L, the overall S of a composite structure is 

dominated by the region with a longer length. Fig. 6.6(a) shows simulation results for 

<E> vs. x for our model device with optical phonon scattering (D0 = 0.01 eV2, o = 20 

meV) for various Lw values with Lb = 10 nm (V = 10 mV, T1 = T2 = 300 K). The 

maximum <E> in the barrier region remains the same, but <E> in the well region decays 

more as Lw increases. The energy relaxation length E is estimated to be about 30 nm in 

our model device, and we expect that as Lw becomes much longer than E, <E> deep in 

the well region will approach the value of a wire with a uniform doping density of Nw. 

We numerically measure the overall S using the approaches in Fig. 6.2, and the results are 

shown in Fig. 6.6(b). Note that the results from the two approaches are still consistent. 

For Lw <~ E, the carrier energy is not fully relaxed in the well region so that the overall S 

is more dominated by the barrier, resulting in a higher |S|. As Lw increases, however, 

carrier energy is relaxed more in the well region as shown in Fig. 6.6(a), and the overall S 

is more dominated by Lw and approaches the measured S of a wire with a uniform, high 
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doping density Nw (no potential barrier). Note that the values of S for bulk wires in Fig. 

6.6(b) are consistent with experimental results reported for heavily doped NWs [20, 107]. 

 In summary, for a composite structure with no energy relaxation or L   E, the 

overall S is determined by the highest barrier within the device. For a diffusive composite 

structure with energy relaxation, however, the overall S is an average of its constituent S 

values with the weighting factor being the lattice temperature drop across each region. 

For a simple case of a constant L, TL(x) is linear for a finite T, and the overall S is the 

average of S(x) over the device length. In Section 6.5, we discuss the meaning of the 

measured S of a composite structure in the context of TE performance, explore the effect 

of a x-dependent L, and suggest possible ways to improve the TE performance by using 

the composite nano-structures. 

 

6.5. Discussion 

6.5.1. Measured S and TE Performance 
 As shown in Section 6.4, the two approaches to measure S in Fig. 6.2 give consistent 

results. Note that this measured S directly reflects the power generation performance of a 

TE device [197, 198]. In Fig. 6.2(a), the measured S is related to the open circuit voltage 

generated by a temperature difference as V = −ST, or equivalently in Fig. 6.2(b), it 

represents the device’s ability to drive an electrical current for a given temperature 

difference as I = SGT. For a homogeneous structure with a uniform S, the same S also 

determines the cooling performance. The cooling performance is determined by the heat 

current Iq taken away from contact 1, i.e., Iq(x = 0) for V > 0 in Fig. 6.1(a), and this is 

related to the Π  near the contact as Iq(x = 0) = (x = 0)I, where I is uniform along the 

device. For a composite structure without energy relaxation, (x) is uniform as shown in 

Fig. 6.3, and the uniform Seebeck coefficient from S = /T determines both the cooling 

and power generation performances. For a composite structure with energy relaxing 

scattering, however, (x) is non-uniform as shown in Fig. 6.4 and Fig. 6.6, and cooling 

and power generation performances are represented by different S values. The measured 

overall S, which is related to the power generation performance, is an average of the non-
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uniform S(x) = (x)/T, and the weighting factor is the temperature gradient as discussed 

in Section 6.4. In the case of a constant L (a uniform temperature gradient), the measured 

S can be related to the average Peltier coefficient (avg) as S = avg/T, where avg = 

dx(x)/L. The cooling performance, however, is more related to the local value at the 

contact end, S(x = 0 ) = (x = 0)/T. 

 

6.5.2. Effect of a Non-Uniform L 
 In Section 6.4, we discussed simulation results for a constant L, which gives a linear 

TL(x) for a finite T. For a composite structure, L may vary within the device, which 

alters TL(x) and may affect the measured S. Fig. 6.7(a) shows the simulation results for 

TL(x) (T = 1 K, V = 0) for the two model devices, where one of them has a constant L 

of 150 W/m-K (device 1), and the other one has a much lower L of 1.5 W/m-K in the 

barrier region (device 2). Both devices are assumed to be diffusive with optical phonon 

scattering (D0 = 0.01 eV2, o = 20 meV). For a constant L (device 1), TL(x) is linear as 

already shown in Section 6.4. When L(x) is non-uniform (device 2), however, a large 

portion of T is applied across the barrier region, which has a smaller L. Fig. 6.7(b) 

shows simulation results for G vs. Lw for the two model devices (V = 1 mV, T1 = T2 = 

300 K). Note that all the parameters are the same for devices 1 and 2 except for L, so 

they give similar G values. In Fig. 6.7(c), however, we see a significant difference for the 

measured S. As shown in Eq. (6.35), the temperature gradient dTL(x)/dx is the weighting 

factor in calculating the average of S(x). This means that the region with a larger T 

dominates in determining the overall S. As shown in Fig. 6.7(a), for device 2 (a lower L 

in the barrier region), most of T is applied across the barrier, which has a high |S(x)| as 

shown in Fig. 6.6(a). Therefore, as shown in Fig. 6.7(c), the overall |S| is dominated by 

the barrier region and remains high even for Lw > E for device 2. For device 1 (a uniform 

L), however, the overall S is more dominated by the well region as Lw increases as 

discussed in Eq. (6.36), so |S| decreases and approaches the value of a uniform wire with 

a high doping density Nw as shown in Fig. 6.6(c) and Fig. 6.7(c). These results suggest 

that for a properly designed composite structure, it may be possible to alter the S vs. G 

characteristic from its value in the bulk, as will be discussed in more detail in Chapter 7. 
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Fig. 6.7 (a) Simulation results for TL vs. x (T = 1 K, V = 0) for the two model devices 
(Lw = 50 nm, Lb = 10 nm), where “device 1” has a constant L of 150 W/m-K, and 

“device 2” has a lower L of 1.5 W/m-K in the barrier region. Both devices are diffusive 
with optical phonon scattering (D0 = 0.01 eV2, o = 20 meV). For device 1, TL(x) is 
linear, and for device 2, a large portion of T is applied across the barrier region. (b) 

Simulation results for G vs. Lw for the two model devices (V = 1 mV, T1 = T2 = 300 K). 
They give similar G values because all the parameters are the same except for L. (c) 

Simulation results for the measured S vs. Lw (from open-circuit voltage measurements). 
The measured S is significantly higher for device 2 and stays high even for Lw > E 

because it is dominated by the barrier region with a large T as shown in Fig. 6.7(a), and 
the barrier has a high |S(x)| as shown in Fig. 6.6(a). 

6.5.3. Improving the Power Factor 
 The effect of non-uniform L on the measured S may open up new possibilities to 

improve the thermoelectric power factor S2. It has been suggested that the power factor 

can be improved by using composite nano-structures composed of grains and grain 

boundaries [78-80], where the grain is a doped crystalline region, and grain boundaries 

are thought of as potential barriers that can result in the so-called “energy filtering” effect 

[81]. The basic idea is the following. First, if the grain size d is much longer than the 
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momentum relaxation length p, then introducing grain boundaries within the device may 

not decrease  much because the device is already in the diffusive limit. Note that the 

potential barriers at the grain boundaries pass high energy carriers only. If d is shorter or 

comparable to the energy relaxation length E, then the carrier energy is not fully relaxed 

within the grain, so |S| increases as also shown in our simulation results in Fig. 6.6. Note 

that E is usually significantly longer than p [36], so by engineering d as p < d < E, S 

may improve while not hurting  much, which may result in a net improvement in S2 

over a bulk material [81]. If d is very large as d > E, then one may expect that the 

composite structure will behave similarly to the bulk material. If L is non-uniform and 

specifically low in the barrier region, however, |S| may remain high even for d > E due to 

the non-uniform TL-distribution as shown in Fig. 6.7. This suggests that the use of 

polycrystalline materials may enhance S and the power factor even for large grain sizes if 

the grain boundaries highly impede phonon transport [200, 201]. A detailed quantitative 

study of the power factor enhancement in composite nano-structure is beyond the scope 

of this chapter, but our results show that it is essential to treat the electron transport and 

phonon heat transport self-consistently to clearly understand the TE properties of 

composite structures and explore possible ways to improve the power factor performance.  

 

6.6. Conclusions 
 In Chapter 6, we computationally explored the Seebeck coefficient of composite 

nano-structure within a self-consistent electro-thermal transport simulation framework. 

Quantum transport of electrons was treated using the non-equilibrium Green’s function 

method coupled with the Poisson equation, and electron transport was solved self-

consistently with the lattice heat diffusion equation. We numerically “measured” Seebeck 

coefficients using the techniques that mimic experimental methods and explored the 

effects of energy relaxing scattering and coupling with phonon heat transport. Simulation 

results show that without energy relaxing scattering, the overall S of a composite 

structure is determined by the highest barrier within the device. For a diffusive composite 

structure with energy relaxation due to e-ph interaction, however, Peltier and Seebeck 

coefficients are position-dependent. The measured overall S is an average of the position-
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dependent values, and the weighting factor is the carrier temperature gradient, which 

follows the lattice temperature gradient due to e-ph interaction. Therefore, self-consistent 

simulations of the phonon heat transport and the resulting lattice temperature 

distributions are very important to understand the TE properties of a diffusive composite 

structure.  

 We also clarified the meaning of the measured S regarding the TE performance. For 

a diffusive composite structure, the measured S directly reflects the electrical power 

generation performance, but it is less related to the cooling performance.  Our simulations 

also suggest that L-distribution within the composite structure may be engineered to 

modify the S vs.  trade-off and improve the power factor. For example, by making L 

smaller in the region with a high local Seebeck coefficient (e.g. grain boundaries), we can 

apply a larger temperature gradient across that region and improve the overall S while not 

decreasing . Note that this idea may work even for a large grain size of d > E.  

 In this work, we used a simple 1D model and a classical heat diffusion model to treat 

the lattice heat transport, but we believe that the general understanding established in this 

paper should be useful in exploring nano-composite structure as a promising TE material. 

For future work, a more advanced phonon transport model [200, 201] may be required to 

better treat non-equilibrium phonon transport in nanoscale devices and explore its effect 

on electron transport. While we assumed potential barriers with smooth interfaces where 

lateral momentum is conserved [199], interface roughness scattering [171] may result in 

different thermoelectric properties. It will be also important to understand carrier 

transport in the network of 3D grains to address issues in realistic, bulk nano-composite 

materials. 

 Using the understanding of the Seebeck coefficient of composite nano-structures and 

the simulation framework developed in this chapter, we explore possibilities to improve 

the S vs. G trade-off and the power factor of composite nano-structures in Chapter 7. 
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7. COMPUTATIONAL STUDY OF ENERGY FILTERING EFFECTS 
AND POWER FACTOR IMPROVEMENT IN ONE-

DIMENSIONAL COMPOSITE NANO-STRUCTURES 

7.1. Introduction 
 As discussed in Chapter 1, for a high efficiency of thermoelectric (TE) energy 

conversion, the figure of merit ZT = S2GT/K [12] should be maximized. In ZT, S is the 

Seebeck coefficient, G is the electrical conductance, T is the temperature, and K is the 

thermal conductance, which is the sum of the electronic contribution Ke and the lattice 

contribution KL. It is not straightforward, however, to increase ZT because its components 

are interdependent [14]. Recently, the application of nanotechnology has achieved 

significant breakthroughs in TE devices mostly due to the reduced KL [15, 17, 19, 21, 76, 

202]. As discussed in Chapter 1, there is another way to improve ZT, i.e. improving the 

power factor S2G, but it appears that the trade-off between S and G is quite fundamental, 

and it is not easy to obtain a dramatic improvement in S2G unlike the case of KL, where 

even a few orders of magnitude of suppression can be achieved by material and surface 

engineering [19, 76].  

 As a way to dramatically improve the power factor, the concept of non-conserved 

lateral momentum [102, 103] has been suggested for superlattice structures. By changing 

the doping density or the material along the carrier transport direction [15, 58, 74, 185, 

203], we can introduce potential barriers, which filter out low energy carriers and 

increase the magnitude of the Seebeck coefficient. Due to the trade-off between S and G, 

however, G is degraded accordingly in such cases. The concept of non-conserved lateral 

momentum [102, 103] suggests that G may be increased by almost an order of magnitude 

by relaxing the lateral momentum conservation at the barrier interface by introducing 

surface roughness, etc. [169] while S remains still high. As discussed in Chapter 5, 

however, we showed that within the semi-classical thermionic emission picture, the 
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conserved lateral momentum model [104] represents the upper limit of the ballistic 

current that can flow across homo- and heterojunctions, and the non-conserved lateral 

momentum model gives currents that exceed this upper limit, which is unphysical 

because it implies electron occupation number larger than the Fermi-Dirac distribution of 

contacts even exceeding one [199].  

 Our discussions in Chapter 5 also imply that within the semi-classical ballistic 

transport model, there is no gain obtained by introducing potential barriers. As we 

introduce potential barriers, values of S and G change. In the semi-classical ballistic 

model, however, S and G are all represented by the position of the conduction band edge 

at the barrier, i.e. F defined in Chapter 5, so the same S and G values can be achieved 

equivalently by changing the uniform doping density of a bulk. Therefore, there is no 

fundamental change in the S vs. G trade-off itself. Note that more rigorous simulations 

using a quantum ballistic transport model [204] show that potential barriers within the 

channel result in G worse than those in bulk due to quantum reflections [205]. Therefore, 

in the ballistic limit, it appears that potential barriers degrade the TE performance or, at 

best do not affect the performance. 

 When the carrier transport is diffusive and the performance is well below its ballistic 

upper limit, however, the story may change. It has been suggested that the power factor 

may be improved by using composite nano-structures [24] composed of grains and grain 

boundaries, where the grain is a doped crystalline region, and the grain boundaries are 

treated to be potential barriers, which filter out low energy carriers improving S. It has 

been suggested that if the grain size is larger than the momentum relaxation length p, 

then the material is already in the diffusive limit so that G is not degraded much due to 

potential barriers resulting in improved S2G [81]. Our goal in this chapter is to 

computationally explore the possibilities to improve the S vs. G trade-off and the power 

factor of diffusive composite nano-structures. We use the simulation framework similar 

to that developed in Chapter 6 to explore the effect of energy relaxing scattering and 

lattice heat conduction on the TE properties of one-dimensional (1D) composite nano-

structures. We compare the TE performance of 1D composite nano-structures to those of 

1D bulk materials (i.e. 1D channels with uniform potential profiles) with the same 
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scattering parameters. The goal is to see if the wire with potential barriers offers better 

performance than that of the wire with no barrier. 

 This chapter is organized as follows. In Section 7.2, we explain our model device 

and simulation methods to compare TE performance across composite and bulk 

structures. In Section 7.3, simulation results for S vs. G and power factor are presented 

for composite structures with uniform and non-uniform lattice thermal conductivities and 

compared with those for bulk. In that section, we also clarify the condition under which 

the power factor of a composite structure can be improved over bulk. We also identify 

special features of 1D composite structures and briefly discuss the expected features of 

three-dimensional (3D) composite nano-structures. Conclusions follow in Section 7.4. 

 

7.2. Approach 

7.2.1. Model Device 
 Fig. 7.1 shows the schematic of our model device to treat 1D composite nano-

structures with x being the transport direction. A 1D channel of length L is connected to 

two ideal reservoirs [96] contact 1 and contact 2, which are maintained under equilibrium 

with Fermi levels EF1 and EF2. For a fixed L = 300 nm, we vary the number of barriers 

within the channel to change the grain size d. If there are five barriers in the channel, for 

example, d = 60 nm. Note that when we define d, we do not consider the finite thickness 

of the barrier lb, which is 5 nm in our model device. To describe the potential barrier and 

grain doping, we define two quantities, i.e. the barrier height B and the conduction band 

edge in the grain EC,g. We assume rectangular potential barriers. Note that EF1  EF 

always lies at 0 eV, and the values of B and EC,g are defined from this reference. 
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Fig. 7.1 Schematic of our model device to treat 1D composite nano-structures. The 
channel with length L is connected to ideals reservoirs contact 1 and contact 2, which are 

under equilibrium with Fermi levels EF1 and EF2. The barrier height B and the 
conduction band edge in the grain EC,g is defined from the reference, EF1  EF = 0 eV. 

The grain size d changes with the total number of barrier within the channel with a fixed 
L and includes the finite thickness of the barrier lb. In our simulations, L = 300 nm, lb = 5 

nm, and x is the transport direction.  

7.2.2. Simulation Methods 
 In this work, we use an electro-thermal simulation framework similar to that 

developed in Chapter 6. We assume that the potential profiles depicted in Fig. 7.1 are 

fixed and do not solve the Poisson scheme self-consistently. This is mainly due to the 

simulation burden, but fixing the potential profile also helps us clearly understand the 

effect of varying d and carrier scattering on the TE performance of a composite structure. 

Electron transport is described by the non-equilibrium Green’s function method [96] 

using the effective mass approximation with m* = 0.25m0, where m0 is the free electron 

mass. It should be noted that the lattice heat diffusion equation is still solved self-

consistently with electron transport because it is essential to treat both to calculate the TE 

properties of a composite structure as discussed in Chapter 6. For carrier scattering, we 

assume an optical phonon process with a deformation potential D0 [96], which can be 

shown to be related to the conventional optical phonon deformation potential Dop [137] as 

D0 =  2
opD F/(2oa3) [196], where  is the reduced Planck constant, F is the wave 

function overlap [36],  is the mass density, o is the optical phonon frequency, and a is 

the grid size. In all following simulation results, we use o = 20 meV with D0 = 0.005 

eV2 for a = 0.5 nm, which give p ~ 6.9 nm for a bulk wire (i.e. 1D channel with no 
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potential barriers) with the conduction band edge EC lying at −0.06 eV, which 

corresponds to a 3D doping density of ~ 4 ×  1019 cm–3 for our model device. For the 

lattice heat conduction, we assume that the lattice thermal conductivity L is uniform or it 

varies along the x-direction. The wire diameter is assumed to be 3 nm to solve the 1D 

heat diffusion equation.  

 As discussed in Chapter 6, there are two ways to numerically “measure” S, i.e. open-

circuit voltage measurement for a temperature difference T or current measurements for 

finite T and V, where V is the voltage difference between two contacts. As shown in 

Chapter 6, the two approaches are equivalent, so we calculate S using the current 

measurement approach, which usually requires fewer simulation runs. 

 

7.2.3. Comparing S vs. G 
 Fig. 7.2 depicts how we generate and compare the S vs. G curves for the composite 

and bulk structures. As shown in Fig. 7.2(a)-(b), the S vs. G curve of a composite 

structure for the given B and EC,g is generated by changing d (i.e. the number of barriers 

within the channel). For a large d (fewer barriers within the channel) in Fig. 7.2(a), the G 

is high while the magnitude of S is low due to the relaxation of carrier energy in the 

doped grain region as discussed in Chapter 6. For a smaller d (many barriers within the 

channel), S improves because the carrier energy is less relaxed within the grain while G 

degrades due to the barriers. Therefore, the S vs. G trade-off curve can be generated by 

changing d. In all following simulation results, we vary d as 300 nm (one barrier within 

the channel), 150 nm, 100 nm, 75 nm, 60 nm, 50 nm, 37.5 nm, 30 nm, 25 nm, 20 nm, 15 

nm, 12.5 nm, 10 nm, and 7.5 nm (40 barriers within the channel). Then the process is 

repeated for other composite structures with different B and EC,g values. For bulk 

structures, the S vs. G curve is generated by changing the doping density, i.e. the 

conduction band edge EC (or F) throughout the device. The G is high and |S| is low for a 

high doping density (low EC) in Fig. 7.2(c), and S improves while G degrades for a lower 

doping density (high EC) in Fig. 7.2(d). 



 

 

127

 

Fig. 7.2 Generating and comparing the S vs. G curves for diffusive composite and bulk 
structures. For a composite structure with the given B and EC,g, the S vs. G curve is 

generated by changing d. For a large d in (a), G is high while |S| is low, and for a small d 
in (b), S improves while G degrades. The process is repeated for different B and EC,g 

values. For bulk, the S vs. G curve is generated by changing the conduction band edge EC 
(or F) throughout the device. For a low EC (high doping density) in (c), G is high while 

|S| is small, and for a high EC (low doping density) in (d), |S| is high while G is low. 

7.3. Results and Discussion 
 In this section, we present simulation results for S vs. G and power factors of 1D 

composite nano-structures and 1D bulk structures considering optical phonon scattering. 

We first consider a uniform L which gives a linear lattice temperature (TL) profile along 

the device. And then we consider non-uniform L, i.e. smaller L in the barrier than in the 

grain and see how the results change. 

 

7.3.1. Uniform L 
 In this section, we present simulation results for a uniform L of 150 W/m-K, which 

is the bulk silicon value [19]. Fig. 7.3 shows the simulation results for the energy (E) and 

position (x) resolved current I(E, x) for a composite structure with B = 40 meV, EC,g = 

−0.06 eV, V = 1 mV and T1 = T2 = 300 K for two different d values, d = 100 nm (3 

barriers within the channel) and d = 30 nm (10 barriers within the channel), where T1 and 

T2 are the temperatures of contact 1 and contact 2, respectively. On the barrier, the 

average energy of the current flow <E> is high in both cases due to the filtering of low 
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energy carriers. As d gets larger, the carrier energy is more relaxed within the heavily-

doped grain region, so <E> decays more in Fig. 7.3(a) than in Fig. 7.3(b). Therefore, the 

overall |S| is lower for the device in Fig. 7.3(a) (S = −110 V/K) than in Fig. 7.3(b) (S = 

−165 V/K). Note that the decay rate of <E> within the grain depends on the relative 

length of d compared to the energy relaxation length E as discussed in Chapter 6. More 

details of p and E of our model device will be discussed later. 

 

Fig. 7.3 Simulation results for I(E, x) of composite nano-structures with B = 40 meV, 
EC,g = −0.06 eV, V = 1 mV, and T1 = T2 = 300 K. The brighter color represents the 

higher intensity of I(E, x). An optical phonon process with o = 20 meV and D0 = 0.005 
eV2 (a = 0.5 nm) is considered. For d = 100 nm (3 barriers within the channel) in (a), the 

average energy of current flow <E> is more relaxed, and the overall |S| is smaller (S = 
−110 V/K) than for d = 30 nm (10 barriers within the channel) in (b) (S = −165 V/K). 
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 Fig. 7.4 shows the simulation results for S vs. G and power factor (S2G) vs. G of bulk 

and composite structures with various B values (10 meV, 20 meV, 40 meV, 60 meV, 80 

meV, and 0.1 eV) with EC,g = −0.06 eV. As explained in Section 7.2.3, the curve for bulk 

is generated by changing EC throughout the device. For the results in Fig. 7.4, EC = −0.15 

eV ~ 0.04 eV. For composite structures, curves are generated by changing d for the given 

sets of B and EC,g. Therefore, the symbols on each curve in Fig. 7.4 correspond to the 

specific values of d, where the one on the right end (the one that gives the highest G) 

corresponds to the largest d (300 nm), and the one on the left end (the one that gives the 

lowest G) is for the smallest d (7.5 nm). 

 While the features are not clearly seen in the S vs. G curve in Fig. 7.4(a), we see that 

the maximum S2G improves for composite structures with B of 10 meV ~ 40 meV in 

Fig. 7.4(b) with the maximum improvement being about 12 % for B = 20 meV. For B 

= 60 meV, the peak value of S2G is comparable to that of bulk, and as B gets higher than 

that, the maximum S2G of a composite structure becomes smaller than that of bulk as 

shown in Fig. 7.4(b). For those high B values (80 meV and 0.1 eV), the degradation of 

the S vs. G trade-off is also clearly seen in Fig. 7.4(a). 

 As shown in Fig. 7.4, for a diffusive composite nano-structure with energy relaxing 

scattering, there exists an optimum B that improves the power factor over bulk, and it is 

around kBT ~ 26 meV where kB is the Boltzmann constant, and T = 300 K. If B is much 

higher than that, then S2G is degraded. These results can be understood in the following 

way. If B is low, then G improves, but |S| may not be large enough to improve the S2G. 

If B is very low, then the characteristics will approach to those of bulk. If B is too high, 

then S improves significantly, but G may be degraded even more. At the optimum B ~ 

kBT, S still improves while G is less degraded because the current flow near EF is not 

obstructed too much due to barriers. Fig. 7.5 shows the results for the optimum S and G 

(Sopt and Gopt) extracted at the peaks of the S2G curves of the composite structures for 

various B values in Fig. 7.4(b). The optimum S and G for bulk (values for EC ~ 0 eV in 

Fig. 7.4) are also shown as a reference. As B becomes very large, |Sopt| increases 

significantly in Fig. 7.5(a), but Gopt degrades even more in Fig. 7.5(b), so the overall 
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power factor in Fig. 7.5(c) becomes inferior to that of bulk. The peak of 2
opt optS G  occurs at 

around B ~ kBT. 

 

Fig. 7.4 Simulation results for (a) S vs. G and (b) power factor (S2G) vs. G for diffusive 
bulk and composite nano-structures with various B values and EC,g = −0.06 eV. The 

values of B are shown in the legend. As shown in (b), the maximum S2G improves over 
bulk for composite structures with B = 10 meV ~ 40 meV, and the maximum 

improvement is about 12 % for B = 20 meV. For B = 60 meV, the maximum S2G is 
comparable to the bulk case, and for the B higher than that, the maximum power factor 

becomes inferior to that of bulk. For those high B values (80 meV and 0.1 eV), the 
degradation of the S vs. G trade-off is also clearly seen in (a). 
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Fig. 7.5 (a) The optimum S (Sopt) and (b) the optimum G (Gopt) exacted at the peaks of 
S2G curves in Fig. 7.4(b) for composite nano-structures for various B values. The 

optimum S and G for bulk (values for EC = 0 eV in Fig. 7.4) are shown as a reference. As 
B increases, |Sopt| increases significantly, but Gopt is degraded accordingly. (c) For a very 
large B, the power factor is smaller than that of bulk due to the significantly degraded G. 

If B is very low, the characteristics approach to that of bulk. The optimum B is ~ kBT 
for T = 300 K. 

 Fig. 7.6 shows simulation results for S vs. G and S2G vs. G for bulk and composite 

nano-structures with a fixed B = 40 meV and various EC,g values of −0.03 eV, −0.06 eV, 

−0.09 eV, and −0.12 eV, which correspond to 3D doping densities of about 3 ×  1019 cm−3 

~ 6 ×  1019 cm−3 for our model device. Note that the results for bulk in Fig. 7.6 are the 

same as those in Fig. 7.4. In Fig. 7.6(a), it is clearly seen that the S vs. G trade-off 

improves as |EC,g| increases (i.e., grain doping density increases). The maximum power 

factor improvement in Fig. 7.6(b) is about 32 % for EC,g = −0.12 eV. There are two 

reasons for this improvement. First, as |EC,g| increases, the electrical conductivity of the 

grain increases due to the increased carrier density, so the overall G improves. Secondly, 

the energy relaxation length E improves as the |EC,g| increases as the carrier energy 
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increases. Note that the second feature comes from the characteristics of 1D conductors, 

where the carrier mean-free-path  increases with E [36]. The  can be roughly expressed 

as  ~ , where  is the group velocity, and  is the relaxation time. For a parabolic band, 

 ~ E1/2, and if the scattering rate (1/) is proportional to the density-of-states as in the 

phonon-type scattering, then  ~ E1/2 for a 1D conductor, and  ~ E1. As E increases with 

the increasing |EC,g|, the carrier energy is less relaxed within the grain, and the overall |S| 

increases. Note that in Fig. 7.6(a), the improvement coming from the second factor, i.e. 

the improvement of S due to the increased E is dominant as can be seen from the almost 

vertical movement of the S vs. G curve for the increasing |EC,g|. 

 Fig. 7.7 shows the results for the peak values of S2G ( 2
opt optS G ) of the composite 

nano-structures in Fig. 7.6 and the Sopt and Gopt values extracted at those peaks. The 

optimum values of bulk are also shown as a reference. As summarized in Fig. 7.7(a), the 

maximum power factor improves more over bulk as |EC,g| increases. As shown in Fig. 

7.7(b), the Gopt somewhat increases as |EC,g| increases while Sopt in Fig. 7.7(c) stays more 

or less similar. The results in Fig. 7.7(b)-(c) mean that for higher |EC,g| values, due to the 

significantly improved S for the similar (or improved) G (see Fig. 7.6(a)), we can 

maintain high |Sopt| while increasing Gopt, which results in the significantly increased 
2
opt optS G  as shown in Fig. 7.7(a).  
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Fig. 7.6 Simulation results for (a) S vs. G and (b) S2G vs. G for bulk and composite nano-
structures with B = 40 meV and various EC,g values as shown in the legend. As |EC,g| 
increases (grain doping increases), the S vs. G trade-off improves, and the maximum 
power factor increases by upto ~32 % over bulk for the highest grain doping (EC,g = 
−0.12 eV). This is due to the increased carrier density and electrical conductivity of the 

grain (improved G) and the improved S due to the large E. As shown by the almost 
vertical movement of the |S| vs. G curves for the increasing |EC,g| in (a), the improvement 

of S is more dominant. 
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Fig. 7.7 Simulations results for the (a) maximum S2G, (b) optimum G (Gopt), and the (c) 
optimum S (Sopt) at the peaks of the S2G curves of the composite nano-strucrues with B 

= 40 meV and various EC,g values in Fig. 7.6. As |EC,g| increases, Gopt somewhat increases 
while |Sopt| remains similarly high, which result in the increasing power factor with 

increasing |EC,g|. This is mainly because E increases with increasing |EC,g| in 1D 
conductor with phonon-type scattering resulting in the improved S. 

 Next, we discuss the effect of grain size d on the TE properties of composite nano-

structures. As explained in Section 7.2.3, we generate the S vs. G curves for the 

composite nano-structures by varying d for the given B and EC,g. Then as shown in Fig. 

7.4 and Fig. 7.6, we obtain the S vs. G trade-off and the power factor behavior that are 

similar to those of conventional bulk materials with varying doping densities [12], i.e., 

the power factor shows an optimum. This means that there exists an optimum d that 

maximizes the power factor of the composite structure for the given B and EC,g. Fig. 7.8 

shows the results for the optimum d (dopt) that gives the maximum S2G for the cases in 

Fig. 7.4 and Fig. 7.6 and the extracted p and E values. Note that p is extracted from the 

transmission results of bulk wires with EC = EC,g and different channel lengths using the 
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approach discussed in Chapter 3 [206]. The E is extracted using the exponential decay of 

<E> within the grain, and more details are discussed in Appendix E. Also note that 

usually E > p [36]. In Fig. 7.8(a) (for the results of Fig. 7.4), E increases as B 

increases, and dopt is larger than E and also increases with increasing B. Note that p is 

constant in Fig. 7.8(a) because it is from bulk wires with EC = EC,g = −0.06 eV (fixed), 

and the E increases with B because roughly E ~ E/(o) ×  p [36], and the carrier 

energy E increases with increasing B. Results in Fig. 7.8(a) show that dopt is 

significantly larger than p and comparable to or larger than E, i.e., dopt ~> E > p. Note 

that d should not be much larger than E because if it is so, then the carrier energy is more 

relaxed within the grain so that the overall |S| approaches to that of heavily-doped bulk. 

The values of dopt for different |EC,g| values for a fixed B = 40 meV in Fig. 7.8(b) (for 

results for Fig. 7.6) show similar trends. In Fig. 7.8(b), p increases with increasing |EC,g| 

because  ~ E1 for diffusive 1D conductors as discussed previously [36], and E increases 

accordingly. The extracted dopt is significantly larger than p and somewhat larger than E, 

i.e., dopt ~> E > p. (Note that although they capture the trend, the results for dopt in Fig. 

7.8 may scatter a little because we do not run simulations for all continuous values of d.) 

 Results in Fig. 7.8 support the suggestions that composite nano-structures with 

engineered d may improve the power factor [81]. The basic idea is the following. For d > 

p, the overall G is not degraded much due to barriers because the device is already in the 

highly diffusive limit. For d < E, carrier energy is not fully relaxed within the grain so 

that the overall |S| remains high. Usually E is larger than p, so it has been suggested that 

by engineering d as p < d < E, both conditions can be satisfied. Our results in Fig. 7.8 

suggest that dopt should be significantly larger than p and is comparable to or somewhat 

larger than E as dopt ~> E > p. (Note that the detailed conditions for dopt may be a little 

different and depend on the specific definitions of p or E.) For the E defined in our 

approach in Appendix E, d should be significantly larger than E (d ~ 10E) to fully relax 

the carrier energy and see some bulk property, and we still see significant energy filtering 

effects for d values comparable to or somewhat larger than E as in the cases of Fig. 7.8. 

Therefore, the basic idea of using “energy filtering” effects, i.e., engineering d so that low 
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energy carriers are filtered out due to potential barriers while the overall electrical 

conductivity is not degraded much, still works consistently here. 

 

Fig. 7.8 Simulation results for dopt that maximizes the S2G of composite nano-structures 
for the given B and EC,g and the extracted values of p and E. (a) For the results in Fig. 
7.4 with a fixed EC,g and various B values. (b) For the results in Fig. 7.6 with a fixed B 
and various EC,g values. In all cases, E > p, and dopt is comparable to or somewhat larger 

than E. 

7.3.2. Non-Uniform L 
 Grain boundaries are expected to impede phonon flow as well as electron flow. 

Accordingly, we should expect L to be lower near the grain boundaries. In this section, 

we reduce L in the barrier region and explore its effect on the thermoelectric 

performance of the nano-composite materials. Fig. 7.9 shows simulation results for TL vs. 

x for a composite structure with B = 20 meV, EC,g = −0.06 eV, d = 60 nm, V = 0, T1 = 

301 K, and T2 = 300 K. The L in the grain remains the same as in Section 7.3.1 (150 

W/m-K) while L in the barrier is reduced by a factor 1 (i.e. a uniform L), 2, 5, and 10. 

Note that to clearly show the x-resolved TL, only a part of the channel (80 nm < x < 220 

nm) is shown, and the barrier region with the reduced L are marked by dotted lines. As 

shown in Fig. 7.9, the lattice temperature gradient dTL/dx applied across the barrier 

increases as L in the barrier is reduced more. As discussed in Chapter 6, the overall 

Seebeck coefficient of a composite structure is the weighted average of the x-dependent 

Seebeck coefficient S(x) with dTL/dx being the weighting factor as 
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( ) ( )LdxS x dT x dx
S

T
=

Δ
 . (7.1) 

Therefore, the results in Fig. 7.9 suggest that the overall S is more dominated by the 

barrier region that has higher carrier energy and higher |S(x)|. 

 

Fig. 7.9 Simulation results for TL vs. x for a composite structure with B = 40 meV, EC,g 
= −0.06 eV, V = 0, T1 = 301 K, T2 = 300 K, L = 150 W/m-K in the grain, and L in the 

barrier is smaller than in the grain by the factors shown in the legend (the factor “1” 
means that L is uniform along the device). To clearly show the x-resolved TL, only a part 
of the channel (80 nm < x < 220 nm) is shown, and the barrier region with reduced L are 

marked by dotted lines. As L is suppressed more in the barrier, more temperature 
gradient is applied across the barrier region. 

 Fig. 7.10 shows simulation results for S vs. G and S2G vs. G for a composite 

structure with B = 20 meV, EC,g = −0.06 eV, L = 150 W/m-K in the grain, and L in the 

barrier is reduced by a factor of 1 (i.e. a uniform L), 2, 5, and 10 from that of the grain. 

As L is reduced more in the barrier, we note that S improves while G stays similar, i.e., 

the S vs. G curve in Fig. 7.10(a) moves in the vertical direction. This improved S is 

directly reflected in the power factor in Fig. 7.10(b), where the maximum S2G is 

improved significantly (maximum ~ 28 % over bulk for L reduced by a factor of 10 in 

the barrier). We also note significant improvements of power factor at large d values, 

where there was little improvement in the uniform L case in Fig. 7.4. This is because the 
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large temperature gradient in the barrier region selectively picks up the large <E> in the 

barrier and increases the overall |S|. Note that for small values of d (near the left end of 

the curves), the reduced L in the barrier does not improve S further because <E> is not 

relaxed and |S(x)| is high also in the grain region. 

 

Fig. 7.10 Simulation results for (a) S vs. G and (b) S2G vs. G for a diffusive composite 
nano-structures with B = 20 meV, EC,g = −0.06 eV, L = 150 W/m-K in the grain, and L 
in the barrier is smaller than that of grain by the factors shown in the legend. As L in the 

barrier is reduced more, S improves while G stays similar, and the maximum S2G 
improves significantly (~ 28 % over bulk for L in the barrier reduced by a factor of 10). 



 

 

139

 

Fig. 7.11 Simulation results for S2G vs. G for composite structures with EC,g = −0.06 eV, 
L = 150 W/m-K in the grain, and various B values. The values of B are shown in the 

legend. The L in the barrier is reduced by factors of (a) 5 and (b) 10 from that of the 
grain. As L is more suppressed, the maximum power factor improves more over bulk, 

and we can achieve power factor improvement even for high B values (e.g. 60 meV and 
80 meV) that showed inferior performance for the uniform L in Fig. 7.4. 

 Fig. 7.11 shows simulation results for S2G vs. G for composite structures with EC,g = 

−0.06 eV and various B values (10 meV, 20 meV, 40 meV, 60 meV, 80 meV, and 0,1 

eV) and L suppressed in the barrier. In Fig. 7.11(a) and Fig. 7.11(b), L in the barrier is 

smaller than in the grain by factors of 5 and 10, respectively. In Fig. 7.11(a), we observe 

that we achieve a power factor improvement even for B = 60 meV, which gave no 

benefit in the uniform L case in Fig. 7.4(b). In Fig. 7.11(a), the optimum B is ~ 40 

meV, which gives ~ 24 % improvement over bulk for the maximum S2G. For the further 



 

 

140

suppressed barrier L in Fig. 7.11(b), we can achieve a power factor improvement even 

with B = 80 meV which gave inferior performance for the uniform L in Fig. 7.4, and 

the maximum improvement over bulk for the optimum power factor is ~ 36 % for B ~ 

40 meV. 

 

7.3.3. Discussion: 3D Composite Nano-Structures 
 So far, we have treated diffusive carrier transport in 1D composite nano-structures 

and compared the TE properties with those of 1D bulk with the same scattering 

parameters. Although our simulation results can be reasonably interpreted using some 

physical models, we should note that realistic nano-composite structures are in 3D [24]. 

Therefore, to project the performance and optimize the design of of realistic nano-

composite materials, it will be essential to extend this work to 3D. As a first step, we 

should clarify 1D characteristic features that affect the TE properties in our simulations 

but are not expected to occur in the 3D case.  

 We first examine the B-dependence of S vs. G in Fig. 7.4. We showed that there 

exists an optimum B that improves the maximum S2G of the composite structure over 

bulk, and it is ~ kBT for a uniform L. We believe that this feature will be common to all 

dimensions because the mechanism that determines the optimum B, i.e., S improvement 

with the current flow near EF not being obstructed much, does not depend on any specific 

1D features and should be still valid in 3D.  

 The EC,g-dependence in Fig. 7.6, however, will significantly depend on the 

dimensionality. As discussed in Section 7.3.1, the carrier mean-free-path  increases with 

carrier energy for phonon-type scattering in 1D [36]. In 3D, however, a similar type of 

scattering gives  independent of carrier energy [36, 156]. Therefore, the improvement of 

S for the increasing |EC,g| is not expected occur for 3D composite structures. The increase 

of |EC,g|, however, will still improve G in 3D due to the increased carrier density, so there 

still may be some improvement in S2G with increasing |EC,g| in 3D. What we should note 

is that the improvement may not be as dramatic as that observed for 1D in Fig. 7.6.  

 Next, we consider the L-dependence of power factor discussed in Section 7.3.2. We 

believe that the further improvement of S and S2G due to the decreased L in the barrier 
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does not depend on any specific 1D features, and it may be universal in all dimensions. 

We should note, however, that it is yet uncertain how the percolative transport in 3D 

composite structures [207, 208] affects the conclusions. We should also develop simple 

but physical carrier transport model that can treat carrier scattering in multi-dimensions. 

Although the dissipative quantum transport model we use in this work [96] is quite 

rigorous, its application is essentially limited to 1D due to computational difficulties.  

 

7.4. Conclusions 
 In this chapter, we explored possibilities to improve the S vs. G trade off of diffusive 

composite nano-structures over bulk by engineering the grain size d, potential barrier, 

grain doping, and the distribution of lattice thermal conductivity L. For a uniform L that 

gives a uniform lattice temperature gradient along the device, our simulations suggest 

that the power factor of a composite structure may be improved over bulk with the 

optimum barrier height B being about kBT. The optimum B occurs because the current 

flow near the Fermi level is not reduced too much while S still improves due to barriers. 

We believe that this feature will be general in all dimensions. We also showed that as the 

grain doping increases for the same B, S and power factor improve significantly mainly 

due to the increased energy relaxation length E. It should be noted, however, that this is a 

special feature of 1D diffusive transport due to phonon scattering and may not occur in 

3D bulk composite structures. We also clarified the condition of the optimum grain size 

dopt to maximize the power factor. The dopt is significantly longer than the momentum 

relaxation length p so that the G is not degraded much due to the barriers, and dopt is 

comparable to or somewhat larger than the E so that the carrier energy is not fully 

relaxed within the grain and |S| remains high. Our simulations also suggest that if L in 

the barrier region is smaller than in the grain, S and power factor may be further 

improved even for large grain sizes. 

 To treat realistic composite nano-structures, however, there are a few issues to be 

resolved. First, a more realistic model is required to treat realistic potential barriers at the 

grain boundaries. Although we assumed fixed potential profiles in this work, treating 

self-consistent potential profile will be important to explore the effects of charge spill and 
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modulation doping in composite structures [209]. Our simulation results in this work also 

suggest that it may be quite easy to improve the S vs. G trade-off by engineering the 

composite structures. In reality, however, most of the improvement comes from the 

reduced L [15, 17, 21, 202], and there are only a few experimental results that actually 

report improved power factors in composite nano-structures [78, 79]. This may be 

because the treatment of grain boundaries in this work may be too simple and ideal. In 

realistic devices, there may be additional degradation of G due to surface roughness 

scattering at the barrier interface [171] etc., which compensate the improved S and 

degrade the overall power factor. Finally, it should be noted that although we assumed a 

relatively thick potential barrier to avoid direct carrier tunneling and make our analysis 

simpler, tunneling may be an essential transport mechanism in realistic composite 

structures. It has been suggested that tunneling does not help the TE performance [185, 

205].  
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8. SUMMARY AND FUTURE WORK 

 In this thesis, we presented comprehensive theoretical and simulational studies for 

nanoscale electronic and thermoelectric devices. The main accomplishments of this thesis 

are the following: 

1) In Chapter 2, we theoretically investigated characteristic features of one-

dimensional (1D) ballistic transport in nanowire (NW) metal-oxide-

semiconductor field-effect transistors (MOSFETs). An analytical model for 

ballistic NW transistors was derived at zero temperature using the top-of-the-

barrier ballistic transport model, and results for finite temperatures were obtained 

through numerical simulations. We showed that stepwise increases of drain 

current with the gate voltage or the spikes in the transconductance vs. gate voltage 

for low drain voltages are the most evident signatures of 1D transport. The 1D 

and two-dimensional (2D) ballistic transistors are also compared using the same 

framework to see if there are any inherent differences. Simulation results for the 

model devices showed that if the electrostatics is assumed to be perfect, 1D and 

2D ballistic transistors behave similarly particularly at room temperature. Some 

experimental results reported for silicon NW MOSFETs were analyzed with our 

model, and we showed that some quantum features of these experiments can be 

explained with our simple, ballistic model.  

2) In Chapter 3, the physics of carrier backscattering in 1D and 2D transistors was 

examined. An analytical formula for the backscattering coefficient was derived 

for elastic scattering in a 1D channel. This formula showed that the critical length 

for backscattering is actually longer than the kT length, and it depends on the 

shape of the channel potential profile. For inelastic scattering, Monte Carlo (MC) 

simulations showed that the critical length is related to the phonon energy. MC 
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simulations also show that although the scattering physics in 1D and 2D 

transistors is very different, the overall backscattering characteristics are 

surprisingly similar. For elastic process, this similarity is due to the compensating 

effects of the scattering rate and the fraction of scattered carriers that contribute to 

the backscattering coefficient. For inelastic process, the critical length is 

determined from the phonon energy for both 1D and 2D channels. 

3) In Chapter 4, the role of dimensionality on the electronic performance of 

thermoelectric (TE) devices was clarified using the Landauer formalism. 

Although it has been suggested that low-dimensional TE devices may provide 

enhanced performance over three-dimensional (3D) bulk devices, comparisons 

across dimensions are not straightforward because the units of physical quantities 

are different. In this work, we presented a comparison metric that bypasses this 

issue. We also provided a physical interpretation of the “transport distribution 

[82],” which is shown to be directly related to the carrier transmission and the 

number of modes M(E). Using our approach, we were able to show quantitatively 

how much more efficiently the modes are utilized in 1D than in 2D and 3D. We 

also discussed the possible benefits from engineering M(E) into the ideal delta 

function [82] and showed that the improvement over a parabolic band in 3D is 

about 50 %, which is modest. We also showed that as dimensionality decreases, 

the shape of M(E) becomes closer to the ideal delta function, but this does not 

necessarily mean that 1D is always better than 2D or 3D because the magnitude of 

M(E) is also important. 

4) In Chapter 5, the possibility of increasing the performance of thermionic cooling 

devices by relaxing lateral momentum conservation was examined. Upper limits 

for the ballistic emission current with ideal carrier reservoirs were established, 

and it was shown that in homo- and heterojunctions we consider, non-conserved 

lateral momentum model [103] produces a current that exceeds this upper limit. 

We showed that these results can be simply understood from the general principle 

that the current is limited by the location, well or barrier, with the smallest M(E). 

The general rule also shows that within a thermionic emission framework, 
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relaxing lateral momentum conservation does not increase the upper limit 

performance. 

5) In Chapter 6, the Seebeck coefficient (S) of composite nano-structures was 

theoretically explored within a self-consistent electro-thermal transport simulation 

framework using the non-equilibrium Green’s function method and a heat 

diffusion equation. Numerical techniques that determine S mimicking 

experimental measurements were also presented. Simulation results showed that 

without energy relaxing scattering, the overall S of a composite structure is 

determined by the highest barrier within the device. For a diffusive, composite 

structure with energy relaxation due to electron-phonon scattering, the measured S 

is an average of the position-dependent values with the weighting factor being the 

lattice temperature gradient. We showed the importance of self-consistent 

solutions of phonon heat transport and the resulting lattice temperature 

distribution in understanding the TE properties of a composite structure. We also 

clarified that the measured S of a composite structure reflects its power generation 

performance rather than its cooling performance. 

6) In Chapter 7, using the simulation framework developed in Chapter 6, we 

explored possibilities to improve the power factor by engineering nano-composite 

structures. We compared the power factors 1D composite structures with those of 

1D bulk considering energy relaxing scattering and clarified the conditions where 

we obtain net improvements in the power factor. We also suggested possibilities 

to further improve the power factor by engineering the lattice thermal 

conductivity within the composite structure. 

 

 There are a few possible directions to extend this work. 

1) In Chapters 6 and 7, we used a simple 1D heat diffusion model to treat lattice heat 

transport while we treated electron transport more rigorously using the quantum 

transport model. For future work, a more advanced phonon transport model [200] 

will be required to better treat non-equilibrium phonon transport in nanoscale 



 

 

146

devices and explore its effect on electron transport and the overall TE 

performance.  

2) To treat grain boundaries in Chapters 6 and 7, we assumed ideal potential barriers 

with smooth interfaces where lateral momentum is conserved. However, interface 

roughness scattering [171], for example, may result in further reduced electrical 

conductivity and different TE properties. It will be worthwhile to develop 

simulation models that can treat more realistic grain boundaries. 

3) In Chapters 6 and 7, we examined composite nano-structures in 1D mainly due to 

the computational challenges of quantum transport simulation. Although we could 

analyze the simulation results with reasonable device physics, we should note that 

the realistic nano-composite structures are all in 3D [24]. Therefore, it will be 

important to distinguish special features of 1D structure if any and understand the 

device physics and develop appropriate simulation models that can treat carrier 

transport in the network of 3D grains to address issues in realistic, bulk materials. 
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A. CALCULATION OF ELASTIC AND INELASTIC 
SCATTERING RATES IN ONE- AND TWO-DIMENSIONAL 

CONDUCTORS 

 In Appendix A, elastic and inelastic scattering rates are derived using Fermi’s golden 

rule [36] for non-degenerate one-dimensional (1D) and two-dimensional (2D) conductors 

with the effective mass approximation. Note that similar calculations in 2D are discussed 

in [36]; hence, we focus on 1D formulations and briefly discuss the 2D case for 

comparison. For the elastic process, we assume acoustic phonon scattering that is 

frequently assumed to be elastic at room temperature [36], and for the inelastic process, 

we consider optical phonon scattering. When a carrier scatters from a state with crystal 

momentum of p to a state with crystal momentum of p, the matrix element of the 

scattering potential is expressed as 
3 *

, SH d Uϕ ϕʹ′ ʹ′= p p p pr , (A.1) 

where US is the scattering potential, and p and p are the wave functions of the initial 

and final states, respectively. In this work, we consider phonon scattering where US is 

given as 
i

SU K A eβ β
± ⋅=  r , (A.2) 

where  is the phonon momentum, and K and A are the quantities related to the 

deformation potential and the amplitude of the oscillation, respectively [36]. We first 

consider scattering in 1D, where Eq. (A.1) is evaluated as 

( ) ( )
2

2 *
,

2

1 1
z z z

L
iik z i z ik z

f i
L

H dz d e F K A e e e F
L L

β
β β

± ⋅ʹ′− ±
ʹ′

−

=    r
p p r r r , (A.3) 

where L is the sample size, z is the transport direction, kz ( zkʹ′ ) is the z-component of k 

(k) where k = p/ (k = p/) with  being the reduced Planck constant, z is the z-

component of , || is the other component of , and Fi(r) and Ff(r) represent the 2D 
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wave functions of the confined states for the initial and final states, respectively. 

Equation (A.3) can be reduced to 

( ) ( ) ( )

( )

2
2 *

,
2

,

1
z z z

z z z

L
i ik z i z ik z

f i
L

fi p p

H K A d F F e dze
L

I K A

β
β β

β β βδ

ʹ′± ⋅ − ± +
ʹ′

−

ʹ′ ±

=

=

  r
p p r r r





 

, (A.4) 

where pz ( zpʹ′ ) is the z-component of p (p), and we define Ifi(||) as 

( ) ( ) ( )2 * i
fi f iI d F F e± ⋅=   r r r r 

 . (A.5) 

From Eq. (A.4), the transition rate is given as 

( ) ( )

( ) ( )

2
,

2 2 2
,

2,

2
z z zfi p p

S H E E E

I K A E Eβ β β

π
δ

π
δ δ ω

ʹ′

ʹ′ ±

ʹ′ ʹ′= − −Δ

ʹ′= −

p pp p

 



 


, (A.6) 

where E (E) is the carrier kinetic energy in the initial (final) state,  is the phonon 

frequency, and E is the energy change due to the absorption or emission of phonons, 

and   sign represents the absorption and emission of acoustic phonons. Note that the 

first delta function in Eq. (A.6) represents the conservation of 1D momentum, 

z z zp p βʹ′ = ±  . (A.7) 

In this work, we assume a parabolic band with an effective mass, m*. Then the argument 

of the second delta function in Eq. (A.6) is expressed as 
2 2

* *2 2
z zp pE E

m m
ω ω

ʹ′
ʹ′ − = −    . (A.8) 

From Eq. (A.7), we obtain 
2 2 2 22z z z z zp p p β βʹ′ = ± +  , (A.9) 

and from Eqs. (A.8)-(A.9), we obtain 
2 2

* *2
z z zpE E

m m
β β

ω ωʹ′− = ± +
     . (A.10) 

Then the two delta functions in Eq. (A.6) can be combined as 

( ) ( )
2 22 2 2

* *
2,

2
z z z

fi
pS I K A
m mβ β

β βπ
δ ω
 

ʹ′ = ± + 
 

p p 
   


. (A.11) 
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Using the properties of the Dirac delta function, Eq. (A.11) can be expressed as 

( ) ( )
* *2 2 2

2
2, 1

2
z

fi
z z z z z

m mS I K A
p p pβ β

βπ ω
δ

β β
 

ʹ′ = ± + 
 

p p 
 


. (A.12) 

Note that in Eq. (A.12), it is assumed that |z| is nonzero. Therefore, scattering with no 

momentum change, i.e. self-scattering [36], is not captured within this framework. (Note 

that this results in peculiar properties for the isotropy of elastic scattering in 1D as will be 

discussed below.) We first consider intravally acoustic phonon scattering, where A and 

K are given as 

2 1 1
2 2 2

A Nβ ωρ ω
 = + Ω  

  , (A.13) 

2 2 2
AK Dβ β= , (A.14) 

where  is the mass density,  is the sample volume, N is the phonon Bose-Einstein (B-

S) factor, and DA is the acoustic phonon deformation potential [36, 137]. At room 

temperature, acoustic phonon scattering can be assumed to be elastic [36]. Therefore, the 

m*/(pzz) term in the argument of the Dirac delta function in Eq. (A.12) can be ignored, 

and the B-S factor can be approximated as 

1B L B L

S

k T k TN Nω ωω υ β
= = +

 
, (A.15) 

where kB is the Boltzmann constant, TL is the lattice temperature, and S is the sound 

velocity. From Eqs. (A.12)-(A.15), we obtain 

( ) ( )
2* 2

2 2
2, 1

2 2
A B L z

fi
z z S z

D k TmS I
p p

βπ
δ

β ρυ
 

ʹ′ = ± + Ω  
p p 




. (A.16) 

Then the scattering rate is 

( ) ( )
2* 2

2 2
1D,ac

1 1, 1
2

z

A B L z
fi

z S z z

D k TmS I
p pβ

βπ
δ

τ ρυ βʹ′

 
ʹ′= = ± + Ω  

  
p 

p p 






, (A.17) 

where “ac” represents “acoustic.” Note that in Eq. (A.17) the summation over p can be 

converted to that over || because there is one-to-one correspondence between them [36]. 

By converting the sum to an integral, the wave function overlap F is evaluated from Eq. 

(A.5) and Eq. (A.17) as 
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( ) ( )
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 , (A.18) 

where  = AL. Then Eq. (A.17) becomes 
2*

2 2
1D,ac

1 1 1
2

z

A B z

z S z z

D k Tm F
p L pβ

βπ
δ

τ ρυ β
 

= ± + 
 

 


. (A.19) 

Note that for absorption, the argument of the Dirac delta function in Eq. (A.19) becomes 

zero only when z = −2pz. Then Eq. (A.7) gives 

2 (abs)z z z z z zp p p p pβʹ′ = + = − = − , (A.20) 

where “abs” means “absorption.” Equation (A.20) shows that zpʹ′  is in the opposite 

direction to that of pz, i.e., the carrier back-scatters. For emission, the argument of the 

Dirac delta function in Eq. (A.19) becomes zero only when z = 2pz, and Eq. (A7) gives 

2 (em)z z z z z zp p p p pβʹ′ = − = − = − , (A.21) 

where “em” means “emission.” Equations (A.20)-(A.21) show that 1D carriers always 

back-scatter when they to go through elastic scattering processes, i.e., elastic scattering is 

anisotropic in 1D. This is different than the 2D or three-dimensional (3D) case where 

similar derivations show isotropic properties [36]. As mentioned after Eq. (A.12), this 

comes from the fact that the framework does not consider self-scattering. In 1D, carriers 

can forward-scatter elastically only when there is no momentum change, i.e., zpʹ′  = pz in 

Eqs. (A.20)-(A.21), so it is basically equivalent to self-scattering. In 2D or 3D, however, 

carriers can still forward-scatter elastically due to the higher degree of freedom for carrier 

momentum. 

 By converting the sum to an integral in Eq. (A.19), the scattering rate due to the 

absorption or emission of acoustic phonons is given as 
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2 * 2*

2 2 2 2
1D,ac

1 1 11
2 2 2

A B L z A B L
z

z S z z S z

D k T m D k Tm F d F
p p p

β
β δ

τ ρυ β ρυ

∞

−∞

 
= ± + = 

 



 

, (A.22) 

and the total scattering rate due to the absorption and emission of acoustic phonon is 
* 2

2 2
1D,ac,abs+em

1 1A B L

S z

m D k T F
pτ ρυ

=


. (A.23) 

Note that the 1D density-of-states g1D(E) is given as 

( )
* *

1D *

2 2
2
v v

z

g m g mg E
pm E ππ

= =


, (A.24) 

where gv is the valley degeneracy. From Eqs. (A.23)-(A.24), the elastic scattering rate 

due to the absorption and emission of acoustic phonons becomes 

( )
2

1D2
1D,ac,abs+em

1
2

A B L

S v

D k T Fg E
g

π
τ ρυ

=


. (A.25) 

As discussed previously, Eq. (A.25) represents back-scattering only, i.e., anisotropic 

scattering, due to the special feature of 1D transport. For mathematical and numerical 

convenience, 1D elastic scattering can be treated to be isotropic by doubling the 

scattering rate in Eq. (A.25) and including self-scattering, which is fictitious and does not 

affect the momentum relaxation rate as 

( )
2

1D2
1D,ac,iso 1D,ac,abs+em

1 2 A B L

S v

D k T Fg E
g

π
τ τ ρυ

= =


, (A.26) 

where “iso” means “isotropic.” Note that the wave function overlap F depends on the 

cross-sectional geometry of the 1D conductor [36, 39]. As mentioned in Section 6.3.2, for 

example, F = 2.66/D2 for intrasubband transition within the ground state for a cylindrical 

nanowrie with diameter D. For a square wire with a thickness W considered in Section 

3.3.1, F = 9/(4W2) for intrasubband transition [36]. Then the isotropic scattering rate due 

to the absorption and emission of acoustic phonon becomes 

( )
2

1D2 2
1D,ac,iso

91
4

A B L

v S

D k T g E
g W
π

τ ρυ
=


. (A.27) 

Note that Eq. (A.27) is the same as Eq. (3.3) in Section 3.3.2. 

 Next, we consider optical phonon scattering in 1D. Then A and K are expressed as 
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o

2

o

1 1
2 2 2

A Nβ ωρ ω
 = + Ω  

  , (A.28) 

2 2
oK Dβ = , (A.29) 

where o is the optical phonon frequency, and Do is the optical deformation potential [36, 

137]. Then the transition rate in Eq. (A.12) becomes 

( ) ( ) o

2 ** 2 o o
2

o

2 1 1, 1
2 2 2 2

z
fi

z z z z z

D mmS I N
p p pω

ωβπ
δ

β ρ ω β
  ʹ′ = + ± +  Ω    

p p 
  


, (A.30) 

and the scattering rate becomes 

( )

o

1D,op

* 2 *
o o

o

1 ,

1 1 1 1
2 2 2 2

z
z

z z z z z

S

m D mN F d
p p pω

τ

ωβ
β δ

ρω β β

ʹ′

∞

−∞

ʹ′=

  = + ± +  
   





p
p p

 


, (A.31) 

where “op” means “optical,” and F is the wave function overlap in Eq. (A.18). 

 For absorption, the argument of the Dirac delta function in Eq. (A.31) becomes zero 

when 

2 *
o2z z z z zp p m p pβ ω ʹ′= − ± + = − ±  . (A.32) 

For the first case of Eq. (A.32),  

0z z z zp p pβʹ′ ʹ′= + = > , (A.33) 

so for pz > 0, the carrier forward-scatters, and for pz < 0, the carrier back-scatters. For the 

second case of Eq. (A.32). 

0z z z zp p pβʹ′ ʹ′− = + = < , (A.34) 

so for pz > 0, the carrier back-scatters, and for pz < 0, the carrier forward-scatters. For 

emission, the argument of the Dirac delta function in Eq. (A.31) becomes zero when 

2 *
o2z z z z zp p m p pβ ω ʹ′= ± − = ±  . (A.35) 

For the first case of Eq. (A.35), 

0z z z zp p pβʹ′ ʹ′− = − = < , (A.36) 

so for pz > 0, the carrier back-scatters, and for pz < 0, the carrier forward-scatters. For the 

second case of Eq. (A.35), 
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0z z z zp p pβʹ′ ʹ′= − = > , (A.37) 

so for pz > 0, the carrier forward-scatters, and for pz < 0, the carrier back-scatters. In 

summary, inelastic scattering due to absorption and emission of optical phonons is 

isotropic in 1D. For absorption, the scattering rate in Eq. (A.31) becomes 

o o

* 2 * 2
o o

1D,op,abs o o

1 1
2

z z
z

z

p pz z z z

pm D m DN F N F
p p pω ω

β
τ ρω β ρωʹ′− ±

=

= =
ʹ′+



  
, (A.38) 

and for emission, 

( ) ( )o o

* 2 * 2
o o

1D,op,em o o

1 11 1
2

z z
z

z

p pz z z z

pm D m DN F N F
p p pω ω

β
τ ρω β ρωʹ′±

=

= + = +
ʹ′−



  
. (A.39) 

Note that the 1D density-of-states for the final state is 

( )
( )

* *

1D o *
o

2 2
2

v v

z

g m g mg E
pm E

ω
ππ ω

± = =
ʹ′±


 

, (A.40) 

and the scattering rate due to the absorption or emission of optical phonon in Eqs. (A.38)-

(A.39) becomes 

( )
o

2
o

1D o
1D,op o

1 1 1
2 2 2v

D N Fg E
g ω

π
ω

τ ρω
 = + ± 
 

  . (A.41) 

For a square wire with F = 9/(4W2), Eq. (A.41) becomes 

( )
o

2
o

1D o2
1D,op o

91 1 1
8 2 2v

D N g E
g W ω

π
ω

τ ρω
 = + ± 
 

  . (A.42) 

Note that Eq. (A.42) is the same as Eq. (3.12) in Section 3.4.3. 

 Next, we briefly discuss the 2D case. The matrix element in Eq. (A.1) is expressed as 

( ) ( )

( ) ( ) ( ) ( )
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* 2
,

1

1

z

z

i i ii z
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f i fi z
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=

= =

 

 

k r  r k r
p p

k  k r
p p 

r

r

  

  

  

, (A.43) 

where z is the confinement direction, p|| ( ʹ′p ) is the planar (2D) momentum of the initial 

(final) state, || is the 2D momentum of phonon, and Ifi(z) is defined as 

( ) ( ) ( )* zi z
fi z f iI dzF z F z e ββ ±=  . (A.44) 
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Then then transition rate is 

( ) ( ) ( )
2 2 2

,
2, fi zS I K A E Eβ β

π
β δ δ ωʹ′ ±ʹ′ ʹ′= −p p p p

  
 


. (A.45) 

From the momentum and energy conservation conditions for a parabolic band, Eq. (A.45) 

becomes 

( ) ( )
* *2 2 2

2
2, cos

2fi z
m mS I K A

p p pβ β

βπ ω
β δ θ

β β

 
ʹ′ = ± +  

 
p p 

    





, (A.46) 

where  is the angle between p|| and ||, and p|| (||) is the magnitude of p|| (||). We first 

consider acoustic phonon scattering with elastic approximation. From Eqs. (A.13)-(A.15), 

Eq. (A.46) becomes 
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and the scattering rate is given as 
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The wave function overlap F is evaluated as 
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where W is the width of the quantum well, and  = AW. By converting the sum to an 

integral, the scattering rate in Eq. (A.48) becomes 
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Note that 2D acoustic phonon scattering in Eq. (A.50) is isotropic. Then the total 

scattering rate due to the absorption and emission of acoustic phonons is given as 
* 2

3 2
2D,ac,abs+em

1 A B L

S

m D k T F
τ ρυ

=


. (A.51) 

For intrasubband scattering for a quantum well with width W, F = 3/(2W) [36], and Eq. 

(A.51) becomes 
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Using the expression for the 2D density-of-states g2D = gvm*/(2), we obtain 
2
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Note that Eq. (A.53) is the same as Eq. (3.13) in Section 3.5.2. For optical phonon 

scattering in 2D, the transition rate is given from Eqs. (A.28)-(A.29) and Eq. (A.46) as 
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and the scattering rate becomes 

( )
o

o

2 ** 2o o

2D,op o

2* 2 *
o o

o 0 0

1 1 1 1 cos
2 2 2

1 1 1 cos
4 2 2 2

z

fi z
D mm N I

p p p

m D mN F d d
p p p

ω
β β

π

ω

β ωπ
δ θ β

τ ρ ω β β

β ω
β θ δ θ

π ρω β β

∞

  = + ± +    Ω    
  = + ± +       

 

 





    




    


 




 



. (A.55) 

Note that 2D optical phonon scattering in Eq. (A.55) is isotropic. For absorption, 
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(A.56) 

and for emission, 
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From Eqs. (A.56)-(A.57) and F = 3/(2W), Eq. (A.55) becomes 
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Using g2D = gvm*/(2), we obtain 
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Note that Eq. (A.59) is the same as Eq. (3.16) in Section 3.5.3. 
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B. THERMOELECTRIC COEFFICIENTS IN ONE-, TWO-, AND 
THREE-DIMENSIONAL BALLISTIC AND DIFFUSIVE 

CONDUCTORS 

 For one-dimensional (1D), two-dimensional (2D), and three-dimensional (3D) 

ballistic conductors with a single parabolic band, thermoelectric coefficients defined in 

Chapter 4 are calculated from Eqs. (4.6)-(4.8) and Eqs. (4.13)-(4.15) as 
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where ( ) ( ) ( )
0

1 1 1 Fxj
j F j dx x e ηη

∞ −≡ Γ + × +  is the Fermi-Dirac integral of order j 

[109, 110], and  is the gamma function. For diffusive conductors with T(E) = (E)/L and 

(E) = 0(E/(kBT))s where E is the carrier energy, T(E) is the E-dependent transmission, L 

is the channel length, and (E) is the E-dependent mean free path with 0 being a 

constant, thermoelectric coefficients are 
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Results in Eqs. (B.16)-(B.30) with s = 1/2 are consistent with those obtained by assuming 

constant relaxation time,  [25, 26, 186]. To make the Landauer approach consistent with 

the Boltzmann transport equation, (E) should be 2 for 1D, /2 for 2D, and 4/3 for 

3D, where  is the group velocity [156, 210]. When  is constant, s = 1/2 for all 

dimensionalities because  ~ E1/2 for parabolic bands [63]. 
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C. MATHEMATICAL FORMULATIONS OF 
THERMOELECTRIC AND THERMIONIC DEVICES 

 According to the Landauer formalism [100, 101], the electrical and heat currents are 

expressed in terms of the transmission T(E) and the number of conducting channels M(E) 

at energy E. The formalism in Eqs. (4.1)-(4.3) in Chapter 4 apply to both thermionic (TI) 

and thermoelectric (TE) devices. For TI devices (ballistic transport), T(E) = 1, and for TE 

devices (diffusive transport), T(E) ~ (E)/L, where (E) is the E-dependent mean-free-

path for backscattering, and L is the length of the conductor. For several common 

scattering mechanisms, (E) can be expressed in power law form as (E) = 0(E/(kBT))s, 

where 0λ  is a constant, and s is the characteristic exponent [36].  

 In the linear response regime where TE devices operate, transport coefficients such 

as conductance G and Seebeck coefficient S can be obtained in terms of T(E) and M(E) as 

shown in Eqs. (4.13)-(4.15). The efficiency of TE devices is related to the figure of merit, 

ZT = S2GT/K [12], where T is the temperature, and K is the thermal conductance, which is 

the sum of the electronic contribution Ke and the lattice thermal conductance KL. The 

relation between ZT and Tmax is ZT  2Tmax/T [63], where Tmax is the maximum 

temperature difference in cooling devices. Then ZT can be calculated using the 

expressions for S, G, and K from the Landauer formula in Appendix B. For a three-

dimensional (3D) single parabolic band, for example, we find 
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where  is the Gamma function and A is the cross-sectional area of the 3D conductor, and 

LTE is the channel length of the thermoelectric device. Note that in 3D, KL is related to the 

lattice thermal conductivity L as KL = AL/LTE. In the non-degenerate limit with s = 0, 

Eq. (C.1) becomes 

( )22
2 F

F
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e Bη

η
−

−
=

+
, (C.2) 

and we can define the material parameter for TE device, BTE [167, 168], as BTE  

m*kB(kBT)20/(223L). 

 TI devices operate in the ballistic, non-linear regime. To calculate Tmax for a 3D 

single parabolic band, for example, we solve the heat balance equation, Iq,3D – 

ALTmax/LTI = 0, where LTI is the channel length of the thermionic device [63]. The 

expression for the 3D ballistic heat current Iq,3D, is given in Eq. (5.2). Then we obtain 
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where BTI is the material parameter for TI devices [167, 168], BTI  

m*kB(kBT)2LTI/(223L). By comparing BTE and BTI in Eqs. (C.2) and (C.3), we obtain 

BTE/BTI = 0/LTI, which is consistent with the previously reported result [168]. 
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D. MATHEMATICS OF THE TOP-OF-THE-BARRIER MODEL 
AND THERMIONIC EMISSION MODEL WITH CONSERVED 

AND NON-CONSERVED LATERAL MOMENTUM 

 In the top-of-the-barrier (TOB) model, the ballistic electrical current (I) and heat 

current (Iq) for three-dimensional (3D) carriers are calculated as 
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where  is the sample volume, and z is the velocity along the transport (z) direction. 

(See Chapter 5 for the definitions of other symbols in Eqs. (D.1)-(D.2).) Expressions for 

one-dimensional (1D) and two-dimensional (2D) carriers can be obtained in a similar 

way. We split the conserved lateral momentum (CLM) model [104] into two cases, m1
* > 

m2
* and m1

* < m2
*. For m1

* > m2
*, the case in Fig. 5.5(a), the results are 

( ) ( )

* *
1 2 1

* 2 2
1

*
1

2sin 1
2

2
3D,CLM 03 *

10 02

*
22

12 3

sin cos
4

2

B

B

m m
m k

m

B F

q kI A dkk d d f
m

qm k T

φ

π

φ

θ θ φ θ
π

η
π

−  
−  

 ∞

=

=

  









, (D.3) 



 

 

183

( )

( ) ( ) ( )( )

* *
1 2 1

* 2 2
1

*
1

2sin 1
2

2
,3D,CLM 03 *

10 02

*
32

2 12 3

1 sin cos
4

2
2

B

B

m m
m k

q F

m

B F F F

kI A dkk d d E E f
m

m k T

φ

π

φ

θ θ φ θ
π

η η η
π

−  
−  

 ∞

= −

= −

  







 

, (D.4) 

and we note that the results of Eqs. (D.3)-(D.4) are the same as those from Eqs. (D.1)-

(D.2). In Fig. 5.5(a), the hyperbola (A) that maps onto the kx−ky plane with kz = 0 on the 

barrier is expressed as 
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Note that the results from the CLM model can be expressed equivalently using the rule of 

“miminum number of modes” as discussed in Chapter 5. For the 3D heterojunction we 

consider, the numbers of modes are expressed as M1(E) = m1
*E/(22) and M2(E) = m2

*(E 

− Bφ )/(22) in the well and in the barrier, respectively. For m1
* > m2

*, M1(E) > M2(E) 

regardess of the value Bφ , so M2(E) determines the overall current. Then, the results in 

Eqs. (D.4)-(D.5) (or Eqs. (D.1)-(D.2)) can be expressed equivalently as 
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For m1
* < m2

*, the case in Fig. 5.6(a) and Fig. 5.7(a), I and Iq become 
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As m1
*/(m2

* − m1
*) B Bk Tφ×   (m1

* <~ m2
* or B Bk Tφ  ), we note that Eqs. (D.8)-

(D.9) approach Eqs. (D.1)-(D.2), and the model becomes equivalent to the TOB model as 

shown in Fig. 5.6(a). As m1
*/(m2

* − m1
*) B Bk Tφ×  0 (m1

*   m2
* with low Bφ ), 

however, Eqs. (D.8)-(D.9) are different from the TOB model as shown in Fig. 5.7(a). In 

Fig. 5.6(a) and Fig. 5.7(a), the ellipsoid (A) that maps onto the kx−ky plane with kz = 0 line 

on the barrier is expressed as Eq. (D.5). In Fig. 5.7(a), the kx−ky plane with kz = 0 in the 

source maps onto a hyperbola (B’) on the barrier, which is given as 

( )2 2 22 2 *
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 . (D.10) 

 Still the results from the CLM model in Eqs. (D.8)-(D.9) can be expressed 

equivalently using the general rule of “minimum number of modes.” As depicted in Fig. 
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5.8(b)-(c) in Chapter 5, for E < m2
*/(m2

* − m1
*) Bφ×  where M1(E) and M2(E) cross, M1(E) 

> M2(E), and M2(E) determines the overall current. For E > m2
*/(m2

* − m1
*) Bφ× , M1(E) < 

M2(E), so M1(E) determines the current in this regime. Then, Eqs. (D.8)-(D.9) can be 

expressed as (note that E should be larger than Bφ  to make the current flow) 
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 In the non-conserved lateral momentum (NCLM) model [102, 103], I and Iq for 3D 

carriers are 
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and by comparing Eqs. (D.1)-(D.2) and Eqs. (D.13)-(D.14), we can show that f(E) on the 

barrier should satisfy f(E) = ( )BE E φ− ×  f0(E) to be consistent with the NCLM model 

for 3D homojunctions. Note that in the NCLM model, f(E) > f0(E), and f(E) can be even 

larger than 1, which is unphysical. 

 The relation for 2D carriers, f(E) = ( )BE E φ− ×  f0(E), can be obtained in a similar 

way as follows. In the TOB model, I and Iq for 2D carriers are calculated as (x is the 

transport direction) 
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where W is the width of the device. For m1
* > m2

*, the CLM model gives 
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and the results in Eqs. (D.15)-(D.16) and Eqs. (D.17)-(D.18) are the same. For m1
* < m2

*, 

the CLM model gives 
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Note that the results from the CLM model in Eqs. (D.17)-(D.20) can be expressed 

equivalently using the rule of minimum number of modes for 2D with M1(E) = 

( )*
12m E π  and M2(E) = ( ) ( )*

22 Bm E φ π−  . 

 In the NCLM model, I and Iq for 2D carriers are 
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By comparing Eqs. (D.15)-(D.16) and Eqs. (D.21)-(D.22) for 2D homojunctions, we can 

show that f(E) on the barrier should satisfy f(E) = ( )BE E φ− ×  f0(E) to be consistent 

with the NCLM model. Similarly to the 3D case, f(E) > f0(E), and f(E) can be even larger 

than 1 in the NCLM model, which is unphysical. 
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E. EXTRACTING THE ENERGY RELAXATION LENGTH FOR 
COMPOSITE NANO-STRUCTURES 

 In Appendix E, we discuss how we extract the energy relaxation length E for one-

dimensional (1D) diffusive composite nano-structures discussed in Chapter 7. In this 

work, we use a 1D model structure where a grain with size d is surrounded by two grain 

boundaries as x = 0 and x = d, where x is the transport direction. In our derivation, we 

ignore the finite thickness of the potential barriers, which is a reasonable approximation 

to explain our numerical simulation results. Within the heavily-doped grain region, the 

average energy of current flow <E> (discussed in Chapters 6 and 7) decays exponentially 

[81] as 

Ex xd E dx E λ= − , (E.1) 

where the subscript x of <E> represents the position-dependence. And then <E>x has an 

exponential form as <E>x ~ exp(−x/E). Note that the detailed form of the exponential 

function depends on the definition of the coordinate system. The analytical expression for 

<E>x can be derived using exponential functions and boundary conditions. At the grain 

boundaries, <E>x has its peak values as 

barrier 0,E E x x d= = = , (E.2) 

where <E>barrier is the average energy of current on the top of the barrier at the grain 

boundaries. In our model structure, the exponential functions should also satisfy another 

condition as 

grain,bulk 2 as E E x d d= = →∞ , (E.3) 

where <E>grain,bulk means <E> of a bulk with the grain doping density. Equation (E.3) 

means that as the grain gets large (d   E), the carrier energy is fully relaxed within the 

grain so that <E> should reach the bulk limit. And then we find exponential functions 

that satisfy Eqs. (E.2)-(E.3) and obtain <E>x as 
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( ) ( )( )barrier grain,bulk barrier1EE Ex dx d
xE E E e e e Eλλ λ−− −= − + − − + . (E.4) 

 Fig. E.1 shows the model calculation results for <E>barrier = 0.1 eV, <E>grain,bulk = 30 

meV, E = 20 nm, and d = 20 nm, 50 nm, 100 nm, and 200 nm. As d gets longer, <E> 

relaxes more in the grain, and it approaches <E>grain,bulk at x = d/2 for d   E. Results in 

Fig. E.1 show that d should be significantly longer than E (d ~ 10E) to observe some 

bulk properties within the grain.  

 

Fig. E.1 Model calculation results using Eq. (E.4) for <E>x for <E>barrier = 0.1 eV, 
<E>grain,bulk = 30 meV, E = 20 nm, and d = 20 nm, 50 nm, 100 nm, and 200 nm. As d gets 

longer, the average energy of current flow <E> is relaxed more within the grain. 

 For the numerical simulation results in Chapter 7, we extract E by fitting the <E>x 

curves using the formula in Eq. (E.4). As an example, Fig. E.2 shows fitting results for a 

diffusive composite nano-structure discussed in Chapter 7. The simulation parameters are 

the following: B = 20 meV, EC,g = −0.06 eV, D0 = 0.005 eV2 (a = 0.5 nm), o = 20 

meV, V = 1 mV, and T1 = T2 = 300 K (see Chapter 7 for the definitions of these 

symbols), and d = 60 nm and 30 nm. When fitting the simulation results using Eq. (E.4), 

the values of <E>barrier are picked up at the peaks of simulation results for <E>x (e.g., 

<E>barrier = 44 meV and 46 meV for d = 60 nm and 30 nm respectively in Fig. E.2), and 

the <E>grain,bulk is taken from the simulation result of a bulk with the uniform band edge 

lying at EC,g (e.g., <E>grain,bulk ~ 24 meV for EC,g = −0.06 eV in Fig. E.2). The fitting 
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results in Fig. E.2 show that the analytical formula with E = 13 nm well describes the 

simulation results. 

 One thing to note in Fig. E.2 is that the formula in Eq. (E.4) does not apply in the 

grains at the channel ends that are connected to contacts. To analytically fit <E>x in these 

regions, we should use different boundary conditions to solve Eq. (E.1) as 

barrier 0E E x= = , (E.5) 

grain,bulk 2 as E E x d d= = →∞ , (E.6) 

where it is assumed that the last grain boundary at the left end (near contact 2 in Fig. 7.1) 

lies at x = 0, and the grain is connected to contact 2 at x = d/2. From Eqs. (E.1), (E.5)-

(E.6), we obtain 

( )barrier grain,bulk grain,bulk
Ex

xE E E e Eλ−= − + . (E.7) 

The <E>x at the right end (near contact 1) is simply obtained by flipping the plot from Eq. 

(E.7). It should be noted that Eq. (E.7) helps us better fit the simulation results, and it is 

not central to our discussion on the extraction of E. Equation (E.7) still gives consistent 

results for E with those from Eq. (E.4).  
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Fig. E.2 Simulation and analytical fitting results for a composite nano-structures with (a) 
d = 60 nm and (b) d = 30 nm. Simulation parameters are the following: B = 20 meV, 

EC,g = −0.06 eV, D0 = 0.005 eV2 (a = 0.5 nm), o = 20 meV, V = 1 mV, and T1 = T2 = 
300 K. Using analytical formulas in Eq. (E.4) (grains within the channel) and Eq. (E.7) 

(grains at the channel ends) and E = 13 nm, we can fit the numerical results well. 
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