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Homework Assignment: 
Simulating Precipitate Morphology using the PRISMS-PF Tool 

  
Research Question 

 
Magnesium alloyed with rare-earth elements (Mg-RE 

alloys) is of technical interest in the aerospace and automotive 
industries because the alloys are lightweight and can undergo 
precipitation hardening. However, these alloys can also exhibit 
complicated precipitation structures and superstructures. For 
example, Figure 1 shows an electron microscope image of the 
microstructure of an Mg-2.32 at% Y alloy. The large white 
blocks are β’-Mg7Y precipitates, while the smaller platelets on 
the “horns” of the β’ precipitates are hypothesized to be β’’, a 
different phase. Researchers such as Liu et al. are investigating 
the causes of the complicated Mg-RE precipitate morphology. 
This module investigates the following research question: In an 
Mg-2.32 at% Y alloy, why do the β’-Mg7Y precipitates have a 
faceted and equiaxed microstructure? Specifically, what is the 

role that anisotropic interfacial and strain energies have on the precipitate shape? 
To answer this research question, we will use the PRISMS-PF tool on nanoHUB to 

simulate the shape of precipitates of β’-Mg7Y precipitates that form in Mg. We will evaluate the 
precipitate morphology under a range of materials parameters such as interfacial energy and lattice 
strain based on the work by H. Liu et al [1]. 

 
Background 

Overview 
In metal alloys, precipitates may form morphologies such as spheres, plates, and rods, 

depending on the thermodynamics and kinetics of the system. Each phase in the system (matrix 
and precipitate) can be characterized by its crystal structure and lattice parameter. The 
crystallography of the phases is important since many materials are anisotropic, which means their 
properties depend on direction. Thus, the interplay between the properties of the precipitate and 
matrix can result in certain planes and directions that are more likely to form than others.  

 
Simulation Method 

PRISMS-PF uses the phase field method, a materials science model that incorporates both 
thermodynamics and kinetics of phase transformations. The free energy, F, of a system (with 
volume V) is given by the integral of the free energy density, , a field that can vary throughout 
the microstructure. In this case, we account for energy due to the bulk energy of the phases, 
interfacial energy, and strain energy: 

  Eq. (1) 
From thermodynamics, the equilibrium state of the system is characterized by the lowest free 
energy, F. However, the interplay between the three energy terms can affect this state; these 
energies will each be briefly described in the following paragraphs. 

Figure 1. HAADF-STEM image of 
precipitates in a Mg-2.32 at% Y alloy [1]  
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 The phase field method also accounts for the kinetics of phase transformations. However, 
this portion of the model is performed and contained within the simulation module; only the final 
equilibrium shape is output. More detailed information on the phase field method is available from 
Refs. [2] and [3], and the full version of the open-source PRISMS-PF code is hosted at Ref. [4].  

 
Bulk Free Energy 

This simulation assumes that there are two phases: Mg (matrix) and β’-Mg7Y (precipitate). 
Based on thermodynamics, the free energy of each phase depends on temperature, pressure, and 
composition. Furthermore, a system wants to lower its free energy, so the lowest energy phase at 
a given temperature, pressure, and composition is stable. At this stage, the system is assumed to 
always reach thermodynamic equilibrium in the end so kinetically favorable phases are not 
considered.  
 
Interfacial Energy 

In this simulation a β’ precipitate is surrounded by a Mg 
grain, forming an interface where these two materials meet. 
Inserting a precipitate into a grain requires breaking and reforming 
interatomic bonds to create interfaces, which increases the energy 
of the system.  For instance, in the schematic of an incoherent 
interface in Figure 2, the atoms along the interface are not aligned 
between the two phases due to different orientations and lattice 
parameters. The interfacial energy is the energy associated with 
disrupting the interatomic bonds in this region and is normalized by 
the area of the plane.  

For most materials, the interfacial energy is anisotropic: it 
changes with crystallographic orientations. For example, the 
interfacial energy of the figure above will change if there is a 
different crystallographic orientation for the grain on the top. The 
equilibrium shape of a precipitate can be predicted using the Wulff construction, which is based 
on minimizing the total interfacial energy for a fixed volume. For a material with two interfaces, 
such as the (100) and (010) planes, the aspect ratio of the precipitate is given by 
!"#$%ℎ(()))/!"#$%ℎ()()) = -()())/-(())).  

 
Strain Energy (Misfit Strain) 

When a precipitate forms within a metal matrix, it is likely that these 
phases do not share the same lattice parameter. However, if these form a 
coherent interface then there are no lattice defects (such as dislocations) 
present and the atoms must be aligned across the interface. In this case, a 
misfit strain arises from straining the lattice of the precipitate and matrix so 
that they align, as shown in Figure 3. The misfit strain depends on crystal 
structure and orientation since these affect the positions of atoms along the 
interface. Additionally, accommodating the precipitate in the matrix causes 
bonds to be deformed, increasing the free energy of the system, both directly 
at the interface and in the surrounding microstructure. 
 

Figure 2. Schematic of an incoherent 
interface, represented as a dashed 
line. The atoms are represented by 
black circles in one phase and open 
circles in the other phase [5]. 

Figure 3. Schematic of 
misfit strain due to a 
precipitate with a smaller 
lattice parameter than the 
matrix [5]. 
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Limitations of the Computational Method 
Phase field models, such as PRISMS-PF, assume that interfaces are diffuse changes 

between adjacent regions, rather than sharp changes. Each phase is represented by an order 
parameter that is a spatially-varying field corresponding to the relative influence of that phase on 
a system’s free energy. At an interface, one or more order parameters smoothly vary across the 
region. These order parameters are evolved over time using phase field equations that are 
dependent on spatial derivatives of the order parameters. Mathematically, the diffuse nature of the 
interfaces allows the partial differential equations to be calculated at each point. However, tracking 
the order parameters as a function of location and time can be computationally demanding for 
large domains or complicated microstructures. Simplifications are often made to reduce the 
computational load, such as creating a larger interfacial width than is observed in experiments.   
 

Materials Parameters: Mg-Y alloys 
This simulation will investigate a system consisting of a single β’-Mg7Y precipitate in a 

Mg matrix, using the properties of the phases as inputs. Magnesium has a hexagonal close-packed 
(HCP) structure and β’-Mg7Y phase has a base-centered orthorhombic structure, with lattice 
parameters given in the table below. The β’ phase forms precipitates with three orientations that 
are rotated 120° from each other. For simplicity, this simulation will only consider vertically-
oriented precipitates, though the other two variants are energetically equivalent. 
 

Table 1. Lattice parameters for ɑ-Mg and β’-Mg7Y interfaces [1]. 
 a (nm) b (nm) c (nm) 

β’-Mg7Y 0.6596 2.2623 0.5176 

Mg 0.3199    

 
 The interfacial energy between Mg and β’-Mg7Y depends on the crystallographic 
orientation of the two materials. Different crystallographic orientations have different planar 
densities, and thus different amounts of broken and reformed bonds. For β’ precipitates in a Mg 
matrix, there are three interfacial energies for the (100), (010), and (001) β’ planes. These values 
are given in Table 2 along with their corresponding Mg planes. 
  
Table 2. Interfacial energies for Mg/β’-Mg7Y interfaces [1]. The indicated planes are relative to 

the β’ precipitates. 
Mg 

Plane 
β’-Mg7Y 
Plane 

Interfacial energy (mJ/m2) 

(11200) (100) 30.16 

(10100) (010) 4.39 

(0001) (001) 27.76 

 
The misfit strain between the two phases is also affected by their orientations since the 

phases have different crystal structures and lattice parameters. A tensor is used to give the strain 
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in different directions (denoted 1, 2, and 3). Thus, if there is a misfit strain on the “top/bottom” 
and “left/right” faces, then the strain components on these two faces (2((and 233, respectively) will 
be non-zero. The misfit strain for Mg/β’-Mg7Y precipitates is given by Eq. 2 for one of the 
orientation variants [1]. 
 

  Eq. (2) 
 

Finally, the elastic constants are also needed. For simplicity, we will assume that the elastic 
properties of both the precipitate and matrix are equal to the values for magnesium: E=45 GPa [6] 
and 4=0.291 [7].  
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Turn in your homework starting from this page. 
 

Name: _______________________________ 
 

  
 

Simulation Setup 
List the simulation parameters below: 
 
Interfacial Energy (-) 

(1,1) component: ______________ mJ/m2 (2,2) component: ______________ mJ/m2  

Misfit Strain(2) 

(1,1) component: ______________  (1,2) component: ______________   

(2,1) component: ______________  (2,2) component: ______________  

Elastic Constants (matrix):  

Young’s Modulus: ______________ GPa Poisson’s Ratio:   ______________ 

Elastic Constants (precipitate): 

Young’s Modulus: ______________ GPa Poisson’s Ratio:   ______________ 

 
Running the Simulation: 

Go to nanohub.org and sign in with your university login or create an account. Find PRISM PF in 
the Resources - Tools tab (https://nanohub.org/resources/prismspfmisfit), launch the tool, and run 
the simulation with the input conditions given in the table on the next page. For each simulation, 
you should make a sketch of the precipitate and record the following parameters: length 1 (long 
axis), length 2 (short axis), aspect ratio and volume fraction.  
 
Tips: Each simulation should take about 20 - 30 minutes to run, but may take up to 2 hours. Make 
sure your computer does not sleep when the simulation is running. If you see your simulation 
stuck at a certain percentage of progress, it is normal, and the simulation is still running. You can 
open multiple pages on your web browser to run separate simulations together. 
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Fill in the following table with the input values used for each simulation, and the outputs and 
shape of the precipitate. 
 

Simulation Conditions Input Values: Outputs  Shape of Precipitate 

Misfit strain: None  
 
!(1,1): Mg(112'0)/β’-Mg7Y(100) 
!(2,2): Mg(1'100)/β’-Mg7Y(010) 

)(1,1):  

)(2,2):  

!(1,1):  

!(2,2):  

Length 1: 

Length 2: 

Aspect Ratio: 

Volume Fraction: 

 

Misfit strain: given by Eq. 2. 
 
!(1,1): Mg(112'0)/β’-Mg7Y(100) 
!(2,2): Mg(1'100)/β’-Mg7Y(010) 

)(1,1):  

)(2,2):  

!(1,1):  

!(2,2):  

Length 1: 

Length 2: 

Aspect Ratio: 

Volume Fraction: 

 

Misfit strain: given by Eq. 2 (same 
values as the simulation above)  
 
!(1,1): 15 mJ/m2 
!(2,2): 15 mJ/m2 

)(1,1):  

)(2,2):  

!(1,1):  

!(2,2):  

Length 1: 

Length 2: 

Aspect Ratio: 

Volume Fraction: 
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Answer the questions below: 
Summarize the results you have gotten. What happens as the parameters are changed? Be as 
detailed as possible.  
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The previous simulations investigated the shape of precipitates as viewed along the (001) direction. 
Based on your results, predict the shape of a precipitate viewed along the (010) direction, which 
has !(1,1) = 0.0299, !(2,2) = −0.00273, .(1,1) = 30.16, and .(2,2) = 27.76. Sketch the 
shape of the precipitate and state the reason why it should look like this. 
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Survey and Reflection 
 
What suggestions do you have for improving this assignment? 
 
 
 
 
 
 
 
What did you find most interesting or eye-opening about this activity? 
 
 
 
 
 
 
 
 
Generate at least 2 questions you have about the shapes of precipitates or how we simulate them. 
 
 1.  
 
 
 
 
 2.  

 


