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Overview

In linear discriminant analysis (LDA), there are generally two types of
approaches

Generative approach: Estimate model, then define the classifier

Discriminative approach: Directly define the classifier
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MLE and MAP

There are two typical ways of estimating parameters.

Maximum-likelihood estimation (MLE): θ is deterministic.

Maximum-a-posteriori estimation (MAP): θ is random and has a prior
distribution.
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From MLE to MAP

In MLE, the parameter θ is deterministic.
What if we assume θ has a distribution?
This makes θ probabilistic.
So make Θ as a random variable, and θ a state of Θ.
Distribution of Θ:

pΘ(θ)

pΘ(θ) is the distribution of the parameter Θ.
Θ has its own mean and own variance.
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Maximum-a-Posteriori

By Bayes Theorem again:

pΘ|X (θ|xn) =
pX |Θ(xn|θ)pΘ(θ)

pX (xn)
.

To maximize the posterior distribution

θ̂ = argmax
θ

pΘ|X (θ|D)

= argmax
θ

N∏
n=1

pΘ|X (θ|xn)

= argmax
θ

N∏
n=1

pX |Θ(xn|θ)pΘ(θ)

����pX (xn)

= argmin
θ

−
N∑

n=1

{
log pX |Θ(xn|θ) + log pΘ(θ)

}
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The Role of pΘ(θ)

Let’s look at the MAP:

θ̂ = argmin
θ

−
N∑

n=1

{
log pX |Θ(xn|θ) + log pΘ(θ)

}
Special case: When

pΘ(θ) = δ(θ − θ0).

Then the delta function gives

log pΘ(θ) =

{
−∞, if θ 6= θ0,

0, if θ = θ0.

This will give

θ̂ = argmin
θ

−
N∑

n=1

{
−∞, if θ 6= θ0,

log pX |Θ(xn|θ0), if θ = θ0.

}
= θ0.

No uncertainty. Absolutely sure θ = θ0.
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Illustration: 1D Example

Suppose that:

pX |Θ(x |θ) =
1√

2πσ2
exp

{
−(x − θ)2

2σ2

}
pΘ(θ) =

1√
2πσ2

0

exp

{
−(θ − θ0)2

2σ2
0

}
.

When N = 1. The MAP problem is simply

θ̂ = argmax
θ

pX |Θ(x |θ)pΘ(θ)

= argmax
θ

1√
2πσ2

exp

{
−(x − θ)2

2σ2

}
· 1√

2πσ2
0

exp

{
−(θ − θ0)2

2σ2
0

}

= argmax
θ

−(x − θ)2

2σ2
− (θ − θ0)2

2σ2
0
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Illustration: 1D Example

Taking derivatives:

d
dθ

{
− (x−θ)2

2σ2 − (θ−θ0)2

2σ2
0

}
= 0

⇒ (x−θ)
σ2 − (θ−θ0)

σ2
0

= 0

⇒ σ2
0(x − θ) = σ2(θ − θ0)

⇒ σ2
0x + σ2θ0 = (σ2

0 + σ2)θ

Therefore, the solution is

θ =
σ2

0x + σ2θ0

σ2
0 + σ2

.
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Interpreting the Result

Let us interpret the result

θ =
σ2

0x + σ2θ0

σ2
0 + σ2

.

Does it make sense?

If σ0 = 0, then θ = ��σ
2
0x+σ2θ0

��σ
2
0+σ2

= θ0.

This means: No uncertainty. Absolutely sure that θ = θ0.

pΘ(θ) = δ(θ − θ0)

The other extreme

If σ0 =∞, then θ =
σ2

0x+��σ2θ0

σ2
0+��σ2 = x .

This means: I don’t trust my prior at all. Use data.

pΘ(θ) = 1
|Ω| , for all θ ∈ Ω.

Therefore, MAP solution gives you a trade-off between data and prior.
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When N = 2.

When N = 2. The MAP problem is

θ̂ = argmax
θ

pX |Θ(x |θ)pΘ(θ)

= argmax
θ

(
2∏

n=1

pX |Θ(xn|θ)

)
pΘ(θ)

= argmax
θ

(
1√

2πσ2

)2

exp

{
−(x1 − θ)2 + (x2 − θ)2

2σ2

}
× 1√

2πσ2
0

exp

{
−(θ − θ0)2

2σ2
0

}
= argmin

θ
− log( · )

= argmin
θ

{
(x1 − θ)2

2σ2
+

(x2 − θ)2

2σ2
+

(θ − θ0)2

2σ2
0

}
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When N = 2.

Taking derivatives and setting to zero

d

dθ

{
(x1 − θ)2

2σ2
+

(x2 − θ)2

2σ2
+

(θ − θ0)2

2σ2
0

}
= −x1 − θ

σ2
− x2 − θ

σ2
+
θ − θ0

σ2
0

= 0.

Equating to zero yields

θ =
(x1 + x2)σ2

0 + θ0σ
2

2σ2
0 + σ2

.

If σ0 = 0 (certain prior), then θ = θ0.

If σ0 =∞ (useless prior), then θ = x1+x2
2 .
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When N is Arbitrary

General N.

θ̂ = argmax
θ

[
N∏

n=1

pX |Θ(xn|θ)

]
pΘ(θ)

= argmax
θ

(
1√

2πσ2

)N

exp

{
−

N∑
n=1

(xn − θ)2

2σ2

}
· 1√

2πσ2
0

exp

{
− (θ − θ0)2

2σ2
0

}

= argmin
θ

{
N∑

n=1

(xn − θ)2

2σ2
+

(θ − θ0)2

2σ2
0

}

=
σ2

0

∑N
n=1 xn + θ0σ

2

Nσ2
0 + σ2

.

What does it mean?
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Interpreting the MAP solution: N →∞
Let’s do some algebra:

θ̂ =
(
∑N

n=1 xn)σ2
0 + θ0σ

2

Nσ2
0 + σ2

=
(
∑N

n=1 xn)σ2
0 + θ0σ

2

N(σ2
0 + σ2

N )

=

(
1
N

∑N
n=1 xn

)
σ2

0 + σ2

N θ0

σ2
0 + σ2

N

.

Fix σ0 and σ

As N →∞,

θ̂ =

(
1
N

∑N
n=1 xn

)
σ2

0 +
�
��σ2

N θ0

σ2
0 +�

�σ
2

N

=
1

N

N∑
n=1

xn

This is the maximum-likelihood estimate.

When I have a lot of samples, the prior does not really matter.
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Interpreting the MAP solution: N → 0

θ̂ =

(
1
N

∑N
n=1 xn

)
σ2

0 + σ2

N θ0

σ2
0 + σ2

N

Fix σ0 and σ

As N → 0,

θ̂ = ��������(
1
N

∑N
n=1 xn

)
σ2

0 + σ2

N θ0

��σ
2
0 + σ2

N

= θ0.

This is just the prior.

When I have very few sample, I should rely on the prior.

If the prior is good, then I can do well even if I have very few samples.

Maximum-likelihood does not have the same luxury!
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What Happens to the Posterior?

Consider

p(D|µ) =

(
1√

2πσ2

)N

exp

{
−

N∑
n=1

(xn − µ)2

2σ2

}

p(µ) =
1√

2πσ2
0

exp

{
−(µ− µ0)2

2σ2
0

}
.

We can show that the posterior is

p(µ|D) =
1√

2πσ2
N

exp

{
−(µ− µN)2

2σ2
N

}
,

where

µN =
σ2

Nσ2
0 + σ2

µ0 +
Nσ2

0

Nσ2
0 + σ2

µML

σ2
N =

σ2σ2
0

σ2 + Nσ2
0

.
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What Happens to the Posterior?

xn are generated from µ = 0.8 and σ2 = 0.1.
When N increases, the posterior shifts towards the true distribution.
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