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Mathematical Background
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Basic Notation

Scalar: a, b, c ∈ R
Vector: a,b, c ∈ Rd

Matrix: A,B,C ∈ RN×d ; Entries are aij or [A]ij .

Rows and Columns

A =

 | | |
a1 a2 . . . ad
| | |

 , and A =


— (x1)T —
— (x2)T —

...
— (xN)T —

 .
{aj}: The j-th feature. {xn}: The n-th sample.

Identity matrix I

All-one vector 1 and all-zero vector 0

Standard basis e i .
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Line Fitting
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Linear Regression

The problem of regression can be summarized as:

Given measurements: yn, (where n = 1, . . . ,N)
Given inputs: xn

Given a model: gθ(xn) parameterized by θ
Determine θ such that yn ≈ gθ(xn).

Linear regression is one type of regression:

Restrict gθ(·) to a line:
gθ(x) = xTθ

The inputs x and the parameters θ are

x = [x1, . . . , xd ]T and θ = [θ1, . . . , θd ]T

This is equivalent to

gθ(x) = xTθ =
d∑

j=1

xjθj .
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Solving the Regression Problem

The (general) regression can be solved via the following logic:

Define a (Squared-Error) Loss Function

J(θ) =
N∑

n=1

L(gθ(xn), yn)

=
N∑

n=1

(gθ(xn)− yn)2, e.g., L(♣,♠)
def
= (♣−♠)2

Other loss functions can be used, e.g., L(♣,♠) = |♣ − ♠|.
The goal is to solve an optimization

θ̂ = argmin
θ

J(θ).

The prediction of a new input xnew is ynew = g
θ̂

(xnew) = θ̂
T
xnew.
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Linear Regression Solution

The linear regression problem is a special case which we can solve
analytically.

Restrict gθ(·) to a line:

gθ(xn) = θTxn

Then the loss function becomes

J(θ) =
N∑

n=1

(θTxn − yn)2 = ‖Aθ − y‖2.

The matrix and vectors are defined as

A =


— (x1)T —
— (x2)T —

...
— (xN)T —

 , θ =

θ1...
θd

 , and y =


y1
y2
...
yN


‖ · ‖2 stands for the `2-norm square. See Tutorial on Linear Algebra.
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Linear Regression Solution

Theorem

For a linear regression problem

θ̂ = argmin
θ

J(θ)
def
= ‖Aθ − y‖2,

the minimizer is
θ̂ = (ATA)−1ATy .

Take derivative and setting to zero: (See Tutorial on “Linear
Algebra”.)

∇θJ(θ) = ∇θ

{
‖Aθ − y‖2

}
= 2AT (Aθ − y) = 0.

So solution is θ̂ = (ATA)−1ATy , assuming ATA is invertible.
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Examples

Example 1: Second-order polynomial fitting

yn = ax2n + bxn + c

A =

x
2
1 x1 1
...

...
...

x2N xN 1

 , y =

y1...
yN

 , θ =

ab
c


Example 2: Auto-regression

yn = ayn−1 + byn−2

A =


y2 y1
y3 y2
...

...
yN−1 yN−2

 , y =


y3
y4
...
yN

 , θ =

[
a
b

]
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Generalized Linear Regression
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Eg 1: Fourier series

xn =


xn1
xn2
...
xnd

 =


sin(ω0tn)

sin(2ω0tn)
...

sin(Kω0tn)


yn = θTxn =

d∑
k=1

θk sin(kω0tn)

θk : k-th Fourier coefficient

sin(kω0tn): k-th Fourier basis at
time tn




