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Overview

� Pragmatic introduction to complex absorbing potentials

� Complex absorbing potentials and many-body theory

� Applications:

– Electronic decay of valence holes in clusters

– Elastic electron–molecule scattering

– Isolated atoms exposed to intense free-electron laser radiation
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Example: s-wave scattering from spherically symmetric 
one-particle model potential
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Let 

Radial Schrödinger equation: 

Impose boundary conditions

Therefore, outside potential,
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Calculate poles of scattering amplitude using complex 
version of Newton’s algorithm

• Resonance states (Siegert or Gamow states) are discrete solutions

of the Schrödinger equation satisfying Siegert boundary conditions

• The energy of a resonance state is complex 

→ Siegert energy

• Siegert states are not elements of Hilbert space → exponentially 

divergent wave function 
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Complex Absorbing Potential (CAP)

Rigorous justification: 

Connection to complex scaling:

Reviews:
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Suitable CAP in spherically symmetric case:

Solve eigenvalue problem in square-integrable basis



9

using particle-in-box basis set 

→
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Resonance wave function: with and without CAP
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Optimization of CAP strength η
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Resonance energies calculated using CAP

All digits shown are converged and agree with numerically exact results.
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Combining CAP with electronic many-body theory

� Multireference configuration interaction (MRCI)

� One-particle Green’s function/algebraic diagrammatic construction (ADC)

� Fock space multireference coupled cluster (FSMRCC)
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Matrix elements with respect to Gaussian basis set

Symmetric inner product

Gaussian basis function

Box-CAP for molecules

3d integrals can be expressed in terms of incomplete gamma function



15

Example: CAP + MRCI

� Calculate Hartree-Fock orbitals for target molecule: 

� Transform from Gaussian to HF orbitals:

� Select configuration space, e.g. 

� Real part of many-electron Hamiltonian 

calculated using standard code

� CAP is one-body operator; its matrix elements are easily calculated:
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we have to solve complex symmetric eigenvalue problem 
(CAP/CI, CAP/ADC)

Reminder:
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Properties of complex symmetric matrices
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Numerical techniques optimized for complex symmetric 
eigenvalue problem → preserve symmetry!

� Full diagonalization:

– Complex symmetric variant of Householder algorithm

– Complex symmetric QR algorithm

� Large, sparse matrices:

– Complex symmetric Davidson algorithm

– Complex symmetric Lanczos algorithm

Strategy that works well:

• First calculate subset of eigenvectors of H (real part of Hamiltonian)

• Represent H - iηW in small subspace

• Perform optimization of η by diagonalizing small complex symmetric matrix

Recall that eigenvalue problem has to be solved several times in 

order to optimize η
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Application of a CAP to the computational 
treatment of Interatomic Coulombic Decay (ICD) 
in clusters
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One- and two-particle Green’s function spectra of Nen
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Interatomic Coulombic Decay (ICD) in neon dimer

� Theory:

– Santra et al.,      

Phys. Rev. Lett. 85, 4490 (2000).

– Scheit et al.,             

J. Chem. Phys. 121, 8393 (2004).

� Experiment:

– Jahnke et al.,     

Phys. Rev. Lett. 93, 163401 
(2004).
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Potential energy curves and decay rates
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� Distribution is a manifestation of 

vibrational wave-packet dynamics

� It is rather insensitive with respect 

to the magnitude of the ICD rate

Kineticenergydistributionof

ICDelectrons: theory and 
experiment
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Application of a CAP to the description of shape 
resonances in elastic electron–molecule scattering

• Interesting because of dissociative attachment reaction

• Important mechanism underlying radiation damage in 
biological samples
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Construct optical potential:

Hartree-Fock mean field generated by electrons in occupied 

orbitals PLUS Coulomb attraction to nuclei

Self-energy with CAP and electron–electron interactions

• Solve discrete eigenvalue of effective one-electron Hamiltonian 

• Very efficient at second-order level
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Self-energy diagrams:

First-order diagrams

Second-order diagrams

• Noninteracting particles are Hartree-Fock particles

• Treat CAP as perturbation in many-body Green’s function
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Application of a CAP to the problem of 
multiphoton ionization of a noble-gas atom
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TTF-FEL at DESY (Hamburg)
→ most intense VUV laser
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Experiments on atomic xenon
(I will not talk about clusters)

� Photon energy = 12.7 eV

� Pulse duration ∼ 100 femtoseconds

� Peak intensity ∼ 1013 W/cm2

� Following initial measurements, it was believed that TTF-FEL produced 

only Xe+ ions (ionization potential of Xe is 12.1 eV)

[Wabnitz et al., Nature 420, 482 (2002)]
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Experimental mass spectrum (free atoms)

Wabnitz et al., Phys. Rev. Lett. 94, 023001 (2005)
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Hamiltonian
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Basis vectors:

: atomic eigenstate

: Fock state of laser mode

Linear  polarization, strong-field limit →
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Calculated multiphoton ionization cross sections at a 
photon energy of 12.7 eV

Santra, Greene, Phys. Rev. A 70, 053401 (2004)



37

Simulated VUV-FEL pulses (Mikhail Yurkov et al., DESY)
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Calculation of expected ionic distribution
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Calculated ionic distribution

Santra, Greene, Phys. Rev. A 70, 053401 (2004)
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Conclusion

� A complex absorbing potential provides a simple and practical approach to 

the treatment of resonances in quantum mechanics.

� A CAP can be used in conjunction with virtually any computational bound-

state method.

� A number of applications of topical interest in atomic, molecular, and optical 

physics have been treated using a CAP-based approach.


