
5. TUNNELING
In the previous chapter we discovered that all particles with E<V0 incident on a potential
step of height V0 are reflected.  In other words, although the quantum-mechanical treat-
ment predicts penetration of the wavefunction into the classically-forbidden region (the
probability density in this region is non-zero), we can not demonstrate this phenomenon
in a laboratory.  However, one can demonstrate the penetration into a classical-forbidden
region if we chop-off the potential step, changing it into a barrier of width L.  Then, ac-
cording to quantum physics, particles with E<V0 incident on the barrier from the left, will
penetrate the potential and will be transmitted into the classically-allowed region where
we can detect them.  This wholly non-classical phenomenon is called TUNNELING.  The
two remarkable applications of tunneling are:

(a) Resonant tunneling diodes, which are used as switching units in fast electronic
circuits.

(b) Scanning tunneling microscope (STM), based on the penetration of electrons near
the surface of a solid sample through the barrier at the surface.  These electrons
form a "cloud" of probability outside the sample.  Although the probability of de-
tecting one of these electrons decays exponentially with distance (from the sur-
face), one can induce and measure a current of these electrons and attain a magni-
fication factor of 100 million - large enough to permit resolution of a few hun-
dredths the size of an atom.  Gerd Binning and Heinrich Rohrer won the Noble
Prize in Physics in 1986 for the invention of The STM.

In the rest of this section, we will first describe the tunneling phenomenon through the
example of a single barrier (section 5.1).  Then, in section 5.2, we will talk about double-
barrier case, a type of barriers that we have in resonant tunneling diodes.  The description
of the WKB approximation is given in section 5.3. Esaki and resonant tunneling diodes
are a subject of analysis of section 5.4.  We will finish this section with a description of
periodic potentials.

5.1 Tunneling through a single-barrier
Consider the potential barrier shown in Figure 1, for which the potential energy term ap-
pearing in the 1D TISE is of the form:
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Following the steps outlined in the previous section, it is easy to show that for en-
ergies E<V0, the general solution of the 1D TISE in each of the three regions, is of the
form:
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Figure 1.  Single potential barrier.

The application of the continuity conditions of the wavefunction at the boundaries 0=x
and Lx = , leads to the following relationship between the unknown constants:
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Using the above four equations, we can find the relationships between various coeffi-
cients, i.e. using matrix representation these relationships can be represented as:
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In other words, we have the following  relationship between the coefficients A and B, and
the coefficients E and F:
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where the matrix M has elements mij.  Therefore, for coefficients A and E (using the as-
ymptotic condition that F=0) we have the following simple relationship: A=m11E, i.e.
thetransmission coefficient is simply given by:
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After a rather straightforward calculation, we arrive at the following expression for the
transmission coefficient for particle energies less than the barrier height:
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In the case of a weak barrier (γL<<1), the expression for the transmission coefficient sim-
plifies to:
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In the opposite limit, i.e. when the barrier is very strong (γL is very large), we have the
following approximate expression for the transmission coefficient:
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For energies larger than the barrier height, i.e. E>V0, using that γ=ik2, gives:
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The later result is similar to the one obtained in the previous section, i.e. the transmission
maxima (T(E)=1) occur for π= nLk2 .

In Fig. 2a, we show several results for a potential barrier. The barrier height
equals V0=0.4 eV, whereas the barrier  width is L=6 nm. We also show how the transmis-
sion coefficient varies with the width of the barrier, for fixed E and V0 (Fig. 2b). We con-
sider two cases: particle energies smaller and larger than the barrier height.
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Figure 2.  (a) Variation of the transmission coefficient with energy.  (b) Variation of the
transmission coefficient with the barrier thickness.



Discussion of the results:

• Classical physics would predict that no particles with energy E<V0 are transmitted;
quantum physics reveals that the probability of transmission of such particles in-
creases hyperbolically with increasing energy (Fig. 2a).

• Classical physics would predict that all incident particles with E>V0 are transmitted;
quantum mechanics shows that this condition - called total transmission - occurs
only at a few discrete energies.  An incident particle with E>V0 that lies between these
special values, determined by the condition π= nLk2 , may be reflected.  The prob-
ability of reflection decreases very rapidly with increasing the energy of the particle E
(see Fig. 2a).

• For another perspective on transmission and reflection by a barrier, now lets look at
the results shown in Fig. 2b.  Here, the energy of the particle E and the barrier height
are fixed and T(E) is plotted as a function of the barrier width L.  This figure shows
another bizzare result: for a given energy E, only barriers of certain width will trans-
mit all particles of this energy (transparent barriers).  But there is no value of the
width such that a barrier of this width reflects all incident particles, because for all
values of L, the reflection coefficient R(E) is less than one.

• Because of the hyperbolic decay of the eigenfunction in the classically forbidden re-
gion, the amplitude of the eigenfunction in the detector region is reduced from its
value in the source region.


