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Spin rotation
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Spinors and Vectors **
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Spin-like entities 
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Spin Rotation in Bz
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up : cos θ /2 e−iϕ / 2

dn : sin θ /2 e+iϕ / 2

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

 
u(t) = exp −i μBBzt⎛ 
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Sx = cos ϕ(t) ,
Sy = sin ϕ(t)
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Spin Rotation in Bz

up : cos θ /2 e−iϕ / 2

dn : sin θ /2 e+iϕ / 2
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Spin Rotation in Bz
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Spin Rotation in Bx
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Rotation operators
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Rotation operators

σ xσ y − σ yσ x = 2iσ z
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Rotation operators
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Eigenvectors
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Rotation operators

σ xσ y − σ yσ x = 2iσ z
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** NEGF-Landauer equations
Γ= i [Σ−Σ+]

  

I1
q /

= Trace [Γ1A] f1 − [Γ1Gn ]( )Current

“Electron density”

Gn = GΓ2G+ f2 + GΓ1G+ f1 + GΣs
inG+

A = i[G − G+]“Density of states”

Green

function
[G] = EI − H − Σ1 − Σ2 − Σs[ ] −1

Dephasing model: [Σs
in ] = D [Gn ]

H
Σ1 Σ2

μ1 μ2

Σs

up
dn

All matrices double
From N x N
To 2N x 2N 
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Extended devices (1-D)

H =
ε t 0
t ε t
0 t ε

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

[H][Σ1] [Σ2]
ε ε ε ε ε- t - t- t- t- t- t

a

up
dn

BI B .σμεε +→

− t → − t I
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Contact self-energy for extended devices (1-D)

[H][Σ1] [Σ2]
ε ε ε ε ε- t - t- t- t- t- t

a
up
dn

−teika → −teika I ≡ −teika 1 0
0 1

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ − teika

1 0 0
0 0 0
0 0 0

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

− teika α 0
0 β

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

ˆ z 
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Spin-orbit (Rashba) Hamiltonian

εεε

εεε

εεε
- t - t

- t
- t

2-D model

E = ε − te+ ikx a − te−ikx a

− te+ iky a − te−iky a

 
→ (ε − 4t) +

h2

2m
(kx

2 + ky
2)

= ε − 2t(coskxa + coskya)

  

E(kx ,ky )

= Ec +
h2

2m
(kx

2 + ky
2)
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Spin-orbit (Rashba) Hamiltonian

εεε

εεε

εεε
- t - t

- t
- t

2-D model

  

E(kx ,ky )

= Ec +
h2

2m
(kx

2 + ky
2) + α (σ x ky − σ y kx )

BH B .σμ=

22
~

mc
pxEBeff

)(.~ kxEH σ

)(. kxE σ−=
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Spin-orbit (Rashba) Hamiltonian

εεε

εεε

εεε
- t - t

- t
- t

2-D devices

E = ε − te+ ikx a − te−ikx a

− te+ iky a − te−iky a

α
a

(σ x sinkya − σ y sinkxa)

  
→ (ε − 4t) +

h2

2m
(kx

2 + ky
2) + α (σ x ky − σ y kx )

E =
iα
2a

σ y e+ ikx a − σ y e−ikx a

− σ x e+ iky a + σ x e−iky a

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

− tx →
iα
2a

σ y[ ]

− ty → −
iα
2a

σ x[ ]

= ε − 2t(coskxa + coskya)
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** NEGF-Landauer equations
Γ= i [Σ−Σ+]
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q /

= Trace [Γ1A] f1 − [Γ1Gn ]( )Current

“Electron density”

Gn = GΓ2G+ f2 + GΓ1G+ f1 + GΣs
inG+

A = i[G − G+]“Density of states”

Green

function
[G] = EI − H − Σ1 − Σ2 − Σs[ ] −1

Dephasing model: [Σs
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Wavefunction <--> Correlation function

1
0

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

1
2

1
1

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

0
1

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

ˆ z − ˆ z 

ˆ x 

u
d

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

u * d *{ }

=
uu* ud *
du* dd *

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

1 0
0 0

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

0 0
0 1

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

Correlation
Function, Gn

Wavefunction

.5 .5

.5 .5
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

ˆ z − ˆ z 

.5 0
0 .5

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ * 2

?? 
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Spin density

ˆ x 
1 0
0 0

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

0 0
0 1

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

Correlation
Function, Gn

.5 .5

.5 .5
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

1 0
0 1

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

ˆ x 
1.5 .5
.5 .5

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

Sz =1

Sz = Trace [Gnσ z] = Trace
a c
c * b

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

1 0
0 −1

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ = a − b

Sx = Trace [Gnσ x ] = Trace
a c
c * b

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

0 1
1 0

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ = c + c *

Sz = −1 Sx =1 Sz = Sx = 0 Sz = Sx =1

n = Trace [GnI] = a + b
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Current

Γ= i [Σ−Σ+]

H
Σ1 Σ2

μ1 μ2

EI − H − Σ1 − Σ2[ ] ψ{ } = S1{ }
ψ{ } = [G] S1{ }

A= i [G−G+]

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
Γ−Σ=

Γ

][][
/ 1

][

1
1

11

n

f

in GATrace
q
I

 
ih

∂
∂t

ψ{ } ψ{ }+
= [HGn − GnH]

+ [Σ1
in G+ − G Σ1

in + Σ1 Gn − Gn Σ1
+]

+ [Σ2
in G+ − G Σ2

in + Σ2 Gn − Gn Σ2
+]

 
h

∂ N
∂t

= Trace [Σ1
in A − Γ1 Gn ]

+ Trace [Σ2
in A − Γ2 Gn ]

~  I1

+  I2Correlation function

  

Gn = ψ{ } ψ +{ }=

ψ1ψ1
* L ψ1ψ N

*

L L

ψ Nψ1
* L ψ Nψ N

*

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
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Spin current

Γ= i [Σ−Σ+]

H
Σ1 Σ2

μ1 μ2

A= i [G−G+]

 
ih

∂
∂t

ψ{ } ψ{ }+
= [HGn − GnH]

+ [Σ1
in G+ − G Σ1

in + Σ1 Gn − Gn Σ1
+]

+ [Σ2
in G+ − G Σ2

in + Σ2 Gn − Gn Σ2
+]

 
h

∂ Si

∂t
=

+ Trace σ i [Σ1
in G+ − G Σ1

in + Σ1 Gn − GnΣ1
+] ~  I1,spin

+  I2,spin+ Trace σ i [Σ2
in G+ − G Σ2

in + Σ2 Gn − GnΣ2
+]

Trace σ i [HGn − GnH] ~  Spin transfer
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Example: Hall effect versus Spin-Hall effect

BA
m
eApH =×∇

+
= ,

2
)(

*

2

+
+
+

-
-
-

µ1

µ2

x
x
x

o
o
o

µ1

µ2

Σ1

Σ2

H

)(
2 *

2

xyyx pp
hm

pH σσα
−+=

B =1T ,α =1e −11 eV − m B = 0T ,α =1e −11 eV − mB =1T ,α = 0
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** Spins and magnets

µ
2

µ1

~ 1 eV

μB B = 1eV

B =
1.6e −19 J

1e − 23 A − m2 = 16,000 T !!!!

μB ~ 10−23 A − m2

= 1 mA − 1 Ang2

NμB ~ 106 A /m
→ 1 T
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Spin Torque

1 eVBex ~
16,000 T !!!!

µ
2

µ1

( )exBx
dt
d μγμ −=

Torque due to
magnet on

moving electrons

= - (Torque due to
moving electrons

on magnet)

m
dt
d

−=

μ
m
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Spin Torque

Bex ~
16,000 T !!!!

µ
2

µ1

( )exBx
dt
d μγμ −=

Torque due to
magnet on

moving electrons

= - (Torque due to
moving electrons

on magnet)

m
dt
d

−=

( )exBxm
dt
d μγ=

m
μ
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Magnet feels
an effective field

due to moving spins µ
that is given by

Spin Torque

Bex ~
16,000 T !!!!

µ
2

µ1

( )exBxm
dt
d μγ=

m
μ

( )μγ xm
m
Bex−=

m
BB exeff

μ
=

Moving spins of µ ~ 10-6 m
gives Beff ~ 160G 

( )effBxmm
dt
d γ−=
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Spin Torque

µ
2

µ1

m
μ

( )effBxmm
dt
d γ−=

− Damping term

m
BB exeff

μ
=

effBmstateSteady :

2008.
:)(
aletSalahuddin

m
ofnaturetheofBecause

μ

But not necessarily
for spin-torque
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Spins and Magnets

m
μ

m
BB exeff

μ
=

μ m

SPINTRONICS

Injection, detection and manipulation

of spins: GMR/TMR, Spin-Hall

MAGNETICS:

Controlling magnets 

with currents

Using spins to control 

NANOMAGNETS,

which acts like a

digital non-volatile capacitor 

for the spins.
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Nanoelectronics and the meaning of Resistance

Lectures 1a,b: 
Simple model

0.1 mm

10 µm

1 µ m

0.1 µm

10 nm

1 nm

0.1 nm

Macroscopic
dimensions

I

V

<--- L --->

Atomic
dimensions

μ1 μ2

1γ 2γ

sγ

D(E-U)

H+U
Σ1 Σ2

μ1 μ2

Σ s

Lectures 2a,b: 
Microscopic model

30

Lectures 3a,b: 
Add spin

Lectures 4a,b: 
Energy exchange 

and the second law

1γ 2γ
μ2

μ1
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