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1) review
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nS ∝ eqψ S kBT

quantum capacitance

1) What is quantum capacitance?

2) What is the quantum capacitance limit? 

CS =
dQI

dψ S

=
qnS

kBT q

nS =
m*

πh2 EF − EC( )

EC = const − qψ S

CS =
d(qnS )
dψ S

= q2D2D = CQ

Boltzmann T = 0K
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nS ≈ 1013 cm-2

CS =
qnS

kBT q

quantum capacitance:  example

≈ 6.5 ×10−5  F/cm2

 
CQ = q2 m*

πh2 ≈ 2.5 ×10−5  F cm2

ΔV = VG −VT( )

COX

CS (inv)
Δψ S

Δψ S = ΔV
COX

CS (inv) + COX

quantum C limit:

CS << COX



surface potential vs. gate voltage

ψ S

′VG

2ψ B

′VT

ψ S = ′VG

CS (inv) >> COX

CS (inv) << COX
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n+ poly silicon gate

ΦM χS

ΦS

qφm = χSi − EF − EC( )

qφS = χSi + EC − EF( )

φms = −
kBT
q

ln
ni

2

NAND

⎛

⎝⎜
⎞

⎠⎟
= −Vbi

Vbi =
kBT
q

ln
NAND

ni
2

⎛

⎝⎜
⎞

⎠⎟
(expected results for a pn junction)

EVAC

EC

EV

EF

EF
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equilibrium e-band diagram

qψ S > 0

VFB < 0 for n+ poly on p-Si

EC

EV

EF

EV

EF
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n+ poly silicon gate (approximate)

ΦM χS

ΦS φms ≈ −
EG

2q
−ψ B

φms ≈ −0.55 −ψ B ≈ −1 V

EC

EV

EF

EFM

EVAC



Lundstrom EE-612 F08 11

CMOS technology

p-Si

n+-Si

n+-Si

n+-Si

NMOS

n-Si

p+-Si

p+-Si

p+-Si

PMOS
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equilibrium e-band diagram (again)

x

recall Ex =
1
q

dEC

dx

ES > 0EOX > 0

must have EX > 0 in the poly-Si

EC

EV

EF

EF

EC

EV
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e-band diagram for poly gate

x

ψ S

ψ p

ΔVOX

VG = VFB +ψ S +ψ p −
QS

COX

qVG

“poly depletion”

EC

EV

EF

EC

EV

EF
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state of substrate and poly for V’G < 0

p − Sin+VG

x

1) VG < VFB

EOX < 0

p-Si substrate accumulated

n+-poly gate accumulated

Exercise:  draw the energy band diagram 



Lundstrom EE-612 F08 16

state of substrate and poly for 0 < VG < VT

p − Sin+VG

x

2) VFB < VG < VT

EOX > 0

p-Si substrate depleted

n+-poly gate depleted

Exercise:  draw the energy band diagram 

ψ S < 2ψ B

ψ p < 2ψ B (poly)
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VT < VG < VT (poly)

p − Sin+VG

x

3) VT < VG < VT(poly)

EOX > 0

p-Si substrate inverted

n+-poly gate depleted

Exercise:  draw the energy band diagram 

ψ S > 2ψ B

ψ p < 2ψ B (poly)

VT = VFB + 2ψ B +ψ P + 2qεSiNA (2ψ B ) COX
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VG > VT (poly)

p − Sin+VG

x

4) VG > VT(poly)

p-Si substrate inverted
n+-poly gate inverted

Exercise:  draw the energy band diagram 

ψ S > 2ψ B

ψ p > 2ψ B (poly)

VT (poly) = VFB + 2ψ B + 2ψ B (poly) + 2qεSiND 2ψ B (poly)[ ] COX

EOX >> 0

QS
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C-V

VG

CG

COX
Cacc Cinv

LF

p − Sin+VG

x

How does band bending in 
the poly-Si change the 
MOS CV characteristic?
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capacitance

p − Sin+VG

x

VG = VFB +ψ S +ψ p −
QS

COX

CG ≡
dQG

dVG

QG = QP = −QS

1
CG

=
1

CP

+
1

COX

+
1

CSi

VG

COX

CSi

CP
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capacitance vs. voltage

VG

CGCOX

1

1:  both accumulated

2

2:  both depleted

3

3:  substrate inverted, poly depleted

4

4:  both inverted



Lundstrom EE-612 F08 20

C-V

VG

CG

COX
Cacc Cinv

LF

p − Sin+VG
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capacitance vs. voltage

VG

CGCOX
Cacc Cinv

1

1:  both accumulated
1

CG

=
1

CP

+
1

COX

+
1

CS
1

CG

=
1

Cacc 2
+

1
COX
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C-V

VG

CG

COX
Cacc Cinv

LF

p − Sin+VG

x

How does band bending in 
the poly-Si change the 
MOS CV characteristic?
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capacitance vs. voltage

VG

CGCOX

2

2:  both depleted
1

CG

=
1

CP

+
1

COX

+
1

CS

CS =
εSi

WD
CP =

εSi

WP

1
CG

=
εSi

WP

+
1

COX

+
εSi

WD
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capacitance vs. voltage

VG

CGCOX

3

3:  substrate inverted, poly depleted
1

CG

=
1

CP

+
1

COX

+
1

CS

CS = Cinv CP =
εSi

WP

1
CG

=
1

Cinv

+
1

COX

+
εSi

WP
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capacitance vs. voltage

VG

CGCOX

4

4:  both inverted
1

CG

=
1

CP

+
1

COX

+
1

CS

CS = Cinv CP = Cinv

1
CG

=
1

Cinv 2
+

1
COX
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local maximum in C

VG

CGCOX

Cinv ↑

CP ↓

Cinv = CP

local maximum in C when:

CP ↓

1
CMAX

=
1

COX

+
8kBT
εSiq

2NP

Lundstrom EE-612 F08

• need high NP (~1020 cm-3)

• poly depletion increasingly difficult
to manage as tOX↓

• metal gates?

1
CG

=
1

Cinv

+
1

CP

+
1

COX
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equivalent oxide thickness electrical

VG

CG

VDD

1
CG (ON)

=
1

Cinv

+
1

CP

+
1

COX

COX1
CG (ON)

=
tinv

εSi

+
WP

εSi

+
EOT
εOX

CG (ON) ≡
εOX

EOTelec

EOTelec == EOT +
εOX

εSi

⎛

⎝⎜
⎞

⎠⎟
tinv +

εOX

εSi

⎛

⎝⎜
⎞

⎠⎟
WP
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equivalent oxide thickness electrical (2006)

68 nm node (2007):

EOT = 1.1nm

EOTelec = 1.84nm

ITRS 2007 Edition, Process Integration, Devices, and Structures, Table 
PIDS2a, pp. 11-12 , http://www.itrs.net/reports.html
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quantum confinement in an MOS-C

“quantum
well”

EC

EV

EF

VG



energy levels

x
en

er
gy

 --
>

0 W

EC = 0

d 2ψ (x)
dx2 + k2ψ = 0

ψ (x) = sin knx

 
En =

h2kn
2

2m* =
h2n2π 2

2m*W 2
ε1

ε2EF

k2 =
2m*E

h2

light mass 
narrow width ⇒ high subband energy



carrier densities

x
en

er
gy

 --
>

0 W

EC = 0

ε1

ε2
EF

quantum mechanically:

n(x) ~ψ *(x)ψ (x) cm-3

quantum 
mechanical

n(x) = NCF1/2 (EF − EC ) kBT[ ]cm-3

classically:

W0

classicaln(x)

x



carrier densities (ii)

x
en

er
gy

 --
>

0 W

EC = 0

ε1

ε2
EF

W0

classical
n(x)

x

nS = n(x)dx
0

W

∫ cm-2

quantum mechanical:

nS ~ ψ *(x)ψ (x)
0

W

∫ dx

quantum 
mechanical



carrier densities (iii)

x
en

er
gy

 --
>

0 W

EC = 0

ε1

ε2
EF

nS = n(x)dx
0

W

∫ cm-2

nS = g2D (E) f0
0

∞

∫ (E) cm-2

 
g2D (E) =

m*

πh2

 
nS =

m*kBT
πh2 ln 1+ e(EF −ε )/kBT( )



QM shift of VT

x
en

er
gy

 --
>

0 W

EC = 0

ε1

ε2

EF

qψ S

• to first order, QM simply raises      
EC by ε1

 Δψ S
QM ; ε1 / q

ψ S = 2ψ B

⇒

ψ S = 2ψ B + Δψ S
QM

• ψS must increase by ΔψS
QM to 

achieve inversion



QM shift of VT(ii)

 Δψ S
QM ; ε1 / q

COX

CS (inv)

ΔVG

Δψ S =
ΔVG

m
m = 1+

CS (inv)
COX

ΔVT = mΔψ
S

QM

Δψ S

VT = VFB + 2ψ B + mΔψ
S

QM

−
QD 2ψ B + Δψ S

QM( )
COX



QM shift VT (iv)

tSi

BOX

SOI

(D.Esseni et al. IEDM 2000 and TED 2001)



triangular quantum well

∞

E
ne

rg
y-

->

x

U(x) = qExx

x

ψ (x)

x =
2Ei

3qE

ψ (x) : Airy functions

ψ 1

εi =
3hqEx

4 2m*
i + 3 4( )⎡

⎣
⎢

⎤

⎦
⎥

2 /3

i = 1,2,3,...



infinite vs. finite height quantum well

x

en
er

gy
 --

>

W

U(x) = 0

0

∞∞

x
en

er
gy

 --
>

W0

EC (x)

ΔEC

“wave function 
penetration”

ψ (x)

ψ n (x) = 0

ψ (x)



bandstructure effects on QM confinement

x
en

er
gy

 --
>

W0

∞∞
z

x

y

 
En =

h2n2π 2

2m*

ml
* = 0.9m0

mt
* = 0.19m0

m* = ?

Si conduction 
band



bandstructure effects on QM confinement

x
en

er
gy

 --
>

W0

∞∞z

x

y
Si conduction 
band

unprimed ladder: m* = ml
* g = 2

ε1

ε3

ε2

primed ladder: m* = mt
* g = 4

′ε1

′ε2
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semiconductor capacitance

qψ S

CS (inv) ≡
∂ −Qi( )
∂ψ S

x
en

er
gy

 --
>

0 W

ε1

ε2

EF
 
Qi = qnS = q

m*kBT
πh2 ln 1+ e(EF −EC +ε1 )/kBT( )

EC = const − qψ S

CS ≈ CQ

CQ = q2D2D



Cs in a bulk semiconductor

U(x) = ESxε1

VG1

ε1

VG2 >VG1

∞

x

CS = CQ 1−
∂ ε1 / q( )
∂ψ S

⎡

⎣
⎢

⎤

⎦
⎥ < CQ



another view of how QM affects CS(inv)

ψ S + dψ S

xWD

ρ
ψ S

xWD

Δρ

CS = CD

0 <ψ S < 2ψ B

CD =
Δρ
Δψ S

CD =
εSi

WD



another view:  quantum mechanical

CS = CS (inv)

2ψ B <ψ S

CS (inv) =
ΔQi

Δψ S

CS (inv) =
εSi

tinv (QM )

x

Qi ψ S

ψ S + dψ S

x

ΔQi



Schrödinder-Poisson simulation

nanoHUB.org

HW3
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summary

1) Polysilicon depletion lowers the gate cap and 
increases the effective electrical thickness of the gate 
insulator.

2) Quantum confinement increases VT

3) Quantum confinement lowers the gate cap and further 
increases the effective electrical thickness of the gate 
insulator.
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