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BTE

I
é—‘;+5-vrf +FE oV f _

The steady-state, near equilibrium BTE in the Relaxation
Time Approximation is:

r f—f
UOVrf0+F80fo0:—( O)z—k
] T (&
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solution to the s.s., near eq. BTE

r f
peV fs+F eV fi=——=~
n k1

of\r ! _ .

f, =1, e o anti-symmetric component
-

1
fg symmetric component

1+ e(E—Fn)/kBT
r 1

F=-VE+T [E -F ]Vr (?) generalized force
=
rV.F = —qfi’ when carrier density is constant
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solution to the s.s., near eq. BTE

E-F
f, =1, [—Z—E) LO{—Van —( T ”)VrT}

EI(I[):EZ(—q)erfA(FIE) Ji=0,E;+[sg], 0T

[ ] Q%

[ Jr, 1 r r o :

IJ_QI(r)ZEZk:(E_F”)UfA(F’k) 3P =Tsg; &, —ryo;T
£,=0,(F,/a)
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solution to the s.s., near eq. BTE

()=, (A
1 (F)= 3o (A

AV, =LEZ, AT=LoT

—

| =G AV +[SG |AT

|

19 =T[SG|AV — K AT
A A
G0y [se]=[sal
T[SG] K:K%
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transport parameters (isotropic)

q° [af)
=— ) LUL,T
sz: N =

These three expressions
iInvolve a similar sum (or

[SG]o E Z{(E i )U L, T [ an} integral over k-space)
(E- F\’U ) [_afsj

| =— s
Ozék{(E F) [ an} 2L kT

oE
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transport parameters in k-space

2 2
G:%IO
[s6]= e, | =GAV +[SG]AT
K, = 2"h§T ] I, =T [SG]AV — K, AT
h «(E-F) , ( afsj
el ) vl
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Inverted equations

AV = RI —SAT
G=1/R l, =TS 1 — K AT
s=—[sG]/G (297 \
)
K,=K,-T[SGT/G Y
S—|_8 11
(£ ol
_ W E=n (_i)
Ij_Zngk T ) T < ZKET{ If}
e — h Z_K
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Integration over energy

In the Landauer approach, we integrate over energy channels rather
than summing over k-space. (The advantage is that even for
materials with no E(k), we can compute the V)

G= jG(E)dE _ 29

jT(E)M (E)(——] dE

G=1/R
s=-[sG)/c

K,=K,-T[sGY/G
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inverted equations

AV =RI-S AT

B UST R AE

How do we express the BTE results as an integral over energy?

Lundstrom EE-656 F09

12




converting k-space sums to energy integrals

H =25"h(k H=[H(E)dE

H=23n() [HExs
H(E)=2) h(k(E-E,)
[ ] k

(factor of 2 for spin) (factor of 2 for spin)

Proof:

Iﬂl - jdE%Zh(IL)E(E - Ek):Z;h(f()jé(E ~E, )dE= 2;h(|'<)
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converting k-space sums to energy integrals

q° of

2
=29
h
- @ in(-3)
of
the (2) is for spin o = IZ(E)(_a_é) dE
h ho o,
%(E)=F;Ufff5(E—Ek) I§|(E)— 2 ;Ux ng(E_Ek)
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transport parameters In energy-space

h
IEI(E): ?;Ufrfé‘(E -E,)
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lo =TS 1 — K AT




J

I

transport parameters:

(Ek;TFnjjT_(E)[_%j IE

T(E)=T(EM(E)
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AV =Rl —=SAT

lo =TS 1 — K AT




BTE and Landauer

From the BTE, we find the TE coefficients from an integral:

j( -F)’ ( )E %(E):%;Ufrfé‘(E—Ek)

From the Landauer approach, we find the TE coefficients from a similar
integral:

JERTE( L) TE)-TEME)
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derivation

%(E):%;ugffa(e_ E,)=T (E)M (E)

How are T(E) and M(E) defined?

Define the average x-directed velocity:
Z|UX|5(E N Ek)
_ _k
<|Ux|> - Z&(E _ Ek)
] K
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average velocity, 1D

Zlvlﬁ(E E,)

Z5(E Ek) <|UX|>:Ux(E)
<| |>_jdk|u|5(E E, )_ ZLngEk)u S(E - E,)dE

X ;]:dké(E—Ek) i'r‘]]kdggk) S(E - E, )dE
+jk(S(E—Ek)olE

= — 0 :UX(E)

| L S(E-E,)E
[ ] OUX(E)
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parabolic bands, 2D

(o) - 2.|v.]o(E-E)
S(E-E

- Z( )

o0 2 o0 2

[kdk [ d6v,|s(E-E,) [kdk[dov(E)|cos6|5(E - E,)
<|Ux|>: — Ozﬁ = = 27

[kdk [dos(E-E,) [kdk [dos(E-E,)

0 0 0 0
E = 2::2—>kdk_h*d E,
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parabolic bands, 2D

jkdkjdeu(E)|cose|5(E E ) ju(E)ﬁ(E E, )dE, +T/Zcosedéf
<|U |>_ _ ~7/2

jkdkjdea(E—Ek) j5(E E, )dE, Hj/zde

—-7f2

v(E, )s(E - E, )dE,

T5(E - E, )dE, 4
0

O ey 8

(o)==
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recall from Lecture 4

< - ;
Moo (E)=77D,p(E)2  Bpo(E)=A(m7/zh’)  (E(K)=hk*/2m")

P i) (cosf) = j‘”’z (:sede (v,)=v(E )cosb)
2
h ho{cos ) 2 =—v(E)
ey 0y ’
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parabolic bands, 3D

We leave this as an exercise.

The point is that:
Zlvlé(E E,)
Z5(E E,)

IS simply the average x-directed velocity at energy, E, in 1D,
2D, or 3D.
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sO where are we?

IE(E): %;Ufﬁé‘(E ~-E)=T(E)M(E)

Define the average x-directed velocity:

Z|U|5(E Ek)
Z5(E E,)
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derivation

h 2
2(E)= 7200 (E-E) ) Ylolo(E-E)
ZU T 5(E E ) I_IX ;5(E_Ek)
Z(E)— E Z&(E E,) 25(E Ey) Zufg(E E,)
-
;7 ) = Z5<E E,)

Z(E):F<Ufrf>D(E)

N IRy
(E) o) (o)D)= (o)) 2 2 |vs(E-E,)
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derivation (ii)

Y T,
|_l(E)— o] >ZI J6(E-E, )= L (o)

NG
<<’1(E)>>=2 <|Ux|>

h
M (E)= I;|UX|5(E -E,)

>(E)= «/I(E)» M(E)=T(E)M(E) \/
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modes: 1D

h
M (E)= Z;Ma(E ~E,)

Let’s work this out in 1D and you will find: M(E)=1 /
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modes: 2D

h
M (E)= Z;M&(E ~E,)

Let’s work this out in 2D..... h*k?
E, =—=
o f 2m
M(E):Z4ﬂ2 UX|5(E_EK) o 2E,
h WL +7z/2 “ m*
oL 4 E”
hW % E
= dE “6(E-E
| -E)- gh (ot 0E-E)
Y V2m'E
[ ] zh Lundstrom EE-656 F09
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modes: 3D

h
M (E)= Z;Ma(E ~E,)

As an exercise, work this out in 3D and show

3D (E) 7z'h2
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an alternate view

h
M (E)= I%MM(E -E,)

M(E)_—zyyyu S(E-E,)

k, K, k>0 I\/I(E):

_ EZZ—jdkxuxa(E “E,)

_szd(hk
Y Yo(E-E)
Mk K

-
——2,5(E - E, )dE,
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h
Z;|Ux|5(E_Ek)
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Interpretation

M (E): Z@)(E _ Ek) Consider a 2D conductor with
Ky

E(k,)

transport in the x-direction. Then

the sum is simply the number of
i k-states in the transverse
direction with energy less than E.

Exercise: Work the sum outin

2D and show that the result is
the same as that obtained from:

HHHHHHH MEF%;IUXM(E—EK)
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mean-free-path

_ i)
<<’1(E)>>=2 <|Ux|>

Note that this is an “average” over angle at a specific energy, E.

The double braces are to help remember that this is a
specially-defined “average.”

If we work this out in 1D, 2D, and 3D for parabolic energy bands.

((A(E))) = 20(E)z, (E) (1D)
((AE))=(z/2)v(E)z;(E)  (2D)
((A(E))=(4/3)0(E)r;(E)  (3D)
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example: mean-free-path in 2D

O, T —02 E T E
<<Z(E)>>E<<| X|>> —22 2( zE)( )Z—U(E)Tf(E)

Assume an isotropic band.

()= 2 0(E)
Zu 7, 6(E-E,) —jcos edej *(E)z; (E,)S(E - E, )dE

(Vir, )= Za(E E)

Z!d@!é(E—Ek)dE

-0 (E)r (E)
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AV =Rl - SAT

lo, =TS 1 — KAT

key results

h
IEI(E): E;Ui Tf5(E — Ek)

T(E)=T(EM(E)
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key results

M (E)= ZG)(E B Ek)

Che
IEI(E)_ZLZEUX“&(E Ek)

T(E)= <</1(LE)>> T(E)=T(E)M(E)

<Uzz' > <<’1(E)>> =20(E)z, (E) (1D)
(EN=2ms (GEN-ERExE) e
((A(E))=(4/3)0(E)r; (E)  (3D)
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