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Abstract

Derivation of the phonon-limited mobility is reviewed for electrons in bulk (3D) or
quantum confined (2D and 1D) semiconductor structures. Analytical estimates are made
that show the mobility in quantum confined structures is, in general, lower or no higher
than in non-confined ones.

Motivation

This note deals with the comparison of electron mobility in traditional CMOS transistors
and in nanowire transistors. It is commonly assumed that mobility is increased in
nanowire transistors due to a decreased density of states for electrons available for
scattering. However, a recent simulation result of Intel TCAD team [1] contradicts this
expectation.

This note is intended to provide a pedagogical review of the mobility calculation. Where
possible we make simplifying approximations in order to uncover the physical reasons
for change of mobility in quantum confined structures. This discussion leaves out the
effects of scattering from impurities of imperfections in the crystal or interface as well as
electron-electron scattering. Quantum confined structures may improved these
contributions to mobility.

Quantum mechanics of electron-phonon interaction

At room temperature the mobility of charges in semiconductor devices is primarily
limited by phonon scattering. In the following, we review the description of the
interaction of free carriers in a semiconductor with phonons in a form that is valid for
cases of unconfined electrons (3D, bulk), or confined in one dimension (2D, quantum
well), or in two dimensions (1D, nanowire). In this note, D = number of unconfined
dimensions, L = number of confined dimensions.

We consider for simplicity only electrons in the conduction band (rather than holes in the
valence band). As it is the case in silicon, electrons can exist in a number of valleys v, (=

minima of energy) of the conduction band. In silicon, the six degenerate valleys with
lowest energy are dominant. For simplicity, we assume the conduction band parabolic
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and isotropic with mass m in the vicinity of the valleys. It was found [1] that non-
isotropic bands result in somewhat lower mobility for confined structures. We disregard
the effect of the confining structure on the spectrum of phonons (i.e., still consider them
uniform in 3D). It was found [2] that the use of bulk phonons also slightly decreases that
value of mobility.

We designate the coordinates in the unconfined dimensions as r and in confined
dimensions as z , so that the three-dimensional vector is R = (r,z). The states of electrons

are labeled by their momentum in the unconfined dimensions and by the subband index
in the confined dimensions K = (k,n) . The states of the phonons are labeled by their

momentum with components in the confined and unconfined dimensions Q =(q,¢q) . The
general form of the electron-phonon interaction Hamiltonian is

H =3 M(Q)(co+cy)exp(iOR), (1)
0
where ¢, c,, are the annihilation and creation operators for a phonon in mode O, and

M(Q) is the matrix element of interaction.

Intravalley scattering is mediated by acoustic phonons and the intervalley scattering by
both acoustic and optical phonons [3]. The matrix element for the longitudinal acoustic
phonons is [4]

[ n
M(©Q), ==0Q 2L p0)’ ()

where = is the deformation potential (=12eV for Si), L is the nominal size of the
semiconductor in the unconfined dimensions, p is the density of the material, in the

following we assume the frequency of acoustic phonons proportional to momentum
@ =u,Q with the constant of longitudinal speed of sound.

For intervalley transitions (optical phonons) the matrix element is [4]

h
M(Q), =D, | 2pa’ 3)

where D, is the optical coupling constant ( D, ~10"'eV/m, see [4] for details), @, is the

frequency of optical phonons (often set constant, =36meV in g-processes and 54meV in
f-processes for Si). Most of the further derivation is common to all types of phonon-
assisted processes.

We will calculate the rate of scattering using the “Fermi Golden Rule” in the form of [4].
The probability per unit time to scatter from state K to state K 'is

P(K,c,K' c") = %KK'C'|H|K0>‘2 S(E(K',c¢")— E(K, ¢)), (4)



where c¢,c' stand for the state of the crystal with the number of phonons in each
momentum state before and after scattering, and E is the energy of a state.

The envelope wavefunctions (which are orthogonal and normalized) for the states of
electron are products of the plane wave and the confined wavefunction

<r,z

The summation over the states of electrons is defined as

L"d"k
; :;J(ZE)D . ©

One also needs to multiply by the number of equivalent valleys v, . The summation over

k,n) :#exp (ikr)u,(z2). (5)

the coordinates (implied in the bracket expression of the transition element in (4)) is
defined as

D =j‘izrjdz. (7)

Thus, the transition amplitude

(K'c'|H|Ke)=1"Y (k'.n'

O,R

7, z><r, z| k, n>exp(iqr+ iéz)M(Q)<c'| o+, | c> : (8)

The matrix elements of the creation and annihilation operators are given by the number of
phonons N, in the mode [3],

lele)=Fg.  (eletole)= N, o)

correspond to the scattering processes with absorption and emission of a photon,
respectively. The coordinate integration results in the expression for momentum
conservation, k' = k £ ¢ , in unconfined dimensions. Here and later in this note, the upper

sign in the expression will correspond to absorption and the lower to emission of a
phonon.

(K'c'|H|Kc)= Y 8410y Foon () M(Q),| N, +%$% : (10)
o

In Eq. (1), the form-factor of confinement is
F,, (@) = [ (2) expligz)u, (2)dz (11)

The corresponding conservation of energy is expressed in the delta function in (4) such
that the transition rate becomes (with implied momentum conservation)

4



P”"’(K,K'):%ZZ

q

E (@[ |M©f (NQ +%:%}<E<k',n'>—ﬁ‘<k,n) Fha(Q)|.  (12)

Density of states with quantum confinement

In order to calculate the density of states over energy, one has to transform the expression
for the number of states in D unconfined dimensions in one subband with the account of
two possible spin states,

L°dk
Nstzzj n_)D

e LDT(D(D)(E)dE. (13)

In Eq. (13) we for the first time explicitly use the parabolic approximation to energy in
the bands

Wk
E= : 14
. (14)
Next, after simple algebra, one derives the expressions for the density of states for
various dimensions of the electron states
N2mE  mk
DV (E) = pere = perel (15)
DN(E)=—. 16
(E) sy (16)
M \N2m 2m
riNE  wh'k

Scattering rates

To obtain useful expressions for the scattering rate, we make more simplifications. The
form factor has the strongest dependence on the transverse momentum. Therefore, the
sum over the phonon momentum results in the overlap factor

|5, @) = [2

u () dz=I'E, . (18)
q ) |

u (2

Fo@f =L

Next, for acoustic phonons at high temperature, we approximate their number of phonons
per mode as

k,T
ho(Q)

N+~ (19)



We also neglect the energy of a phonon compared to the energy of the electron (quasi-
elastic approximation). Therefore the total emission rate (with both emission and
absorption) for acoustic phonons is

_2m %, k,TE>
D u]Z

P (k,n, k', n") S(E(k',n'")— E(k,n)). (20)

For intervalley transitions, we set the energy and the number of phonons per mode
constant for all transitions. The separate rates for absorption or emission are

_2n &, Dih(N, +1/2F1/2)
n I 2pw

"

P (k,n,k'\n') S(E(k',n"Y—E(k,n)Tha,). Q1)

The acoustic and intervalley phonon transition rates have very similar expressions; both
are isotropic relative to final states under the above approximations. They both have the
form

Pk,n k', n") = U%25(E(k "0 —E(k,n)Fhe,) . (22)

The prefactors for intravalley transitions are

_ 7 k,TE?
. 2

~3x107*Jem’/s. (23)
h pu;

ac

and for intervalley transitions

n Din(N,+1/2%1/2)
h 2p0,

U™ = ~12x107Jem’/s. (24)

For silicon, the intervalley scattering processes turns out to be more dominant due to the
factor of number of valleys. By separating the prefactors, we can focus on the effects of
low-dimensional density of states on mobility.

Finally, we can calculate the total scattering rate — summed over the final momenta of
electrons. The summation is performed very easily if we replace it by integration over
energy with the factor of density of states under the integral. The density of states
contains the factor of 2 due to summation over the spin of electrons, therefore we need to
insert an extra factor of /2 .

P(k,n,n"y=Y P(k,n,k',n'") = ja’E'(D‘D)(E')%P(k, nk',n'. (25)
=

The delta-function containing the energies before and after the collision brings out the
electron density of states per unit energy ®”’(E") in the final state. This density of states
is calculated in a single valley in a specific subband.



P(k,n,n"y =0 (E"E, U . (26)

To calculate conductivity we will need not the collision rate, but the collision momentum
relaxation rate, containing the scalar product of momentum vectors,

—k

P(k,n,n") = z(kk#P(k, nk'.n'. (27)

In this equation all the momenta have an origin at the bottom of the corresponding valley
and therefore correspond to velocities. One then should not forget to include constant
momenta change in intervalley transitions. The meaning of the momentum relaxation rate
is to account for smaller contribution to resistance if the scattering is happening with
small change of momentum. Thus collisions not changing velocity, intra- or intervalley,
do not affect the current. Explicitly performing the integration in (27), for the cases of
3D, 2D, and 1D electrons, one can make sure that, for isotropic scattering, the scattering
rate coincides with the momentum relaxation rate.

Finally, we remind the reader that the transition rate must be summed over the final
states within a subband, the different subbands and the equivalent valleys. The result is

T,, (K)=Y P, (knn. (28)

Mobility calculation

Our calculation of mobility is based on the linearization of the Boltzmann equation [3]
for the distribution function under the influence of the electric field F on the particle’s
charge g . We assume without the loss of generality that the electric field is along the x-

axis.

fk)= fo(k)+%LEqT(k)vx(k)F- (29)

The same expression applies to each subband » and each valley, « . Here the
equilibrium Fermi distribution is

1
1= : (30)
Hexp[EU«)—ﬂJ
k,T
and the particle’s velocity is
JE(k)
k)y=———. 31
v, (k) ok (1)

The first term in Eq. (29), the equilibrium Fermi distribution, results in zero current
density. The second terms results in the current density (also along the x-axis)



Jua =42 [ F KV, (K)d k= ¢ EJ T, (k. () Fd k. (32)

spin spin

The derivative of the Fermi function is

afa](EE) zfo(E)(l_fO(E))kl%T. And the energy

over which the integration is performed is £ =

each subband and valley is

Jna  _
Fqnflfx) (D) kT

Hoo = [rE (- 1Bz, (YD (E)EdE. (33)

The total mobility is obtained from the sum of all current densities in each of the
subbands and valleys:

(D)

u=3 e 3

n® = Zn(D) . (35)

In order to gain physical insight into the dependencies, we focus on just one subband in
case of confined structures. This is a realistic situation when the difference of energies of
subband edges is much more than the thermal energy. Plugging in the relation, (26), and
expressing the density in a subband via the density of states results in

v2q[ °(E)1- f*(E)EdE
v' Dmk,TUE,, [ f*(E)D'” (E)dE’

H, = (36)

where v is the number of valleys and v 'is the number of identical valleys available for
states after the collision.

We consider the Boltzmann limit of the Fermi distribution f <<1. All these simplifying

assumptions enable us to calculate mobilities in structures of various dimensionalities
(where for simplicity we drop numbers of valleys) and recall that the overlap factor
reduces to 1 in three dimensions:

2w V2 o
‘IJI(S) (5/721.) ql/Z 4 (37)
3m* 2 (k,T)*U
2
o - _T9h 38
7 meFu,z’ (38)



(27)" qh(k,T)"

32
m Uq:il,yll,z

M _
1

(39)

In other words, the ratio of mobilities as one dimension becomes confined is essentially
the same and is independent of the mechanism of phonon scattering

u® 3 [mk, T 1 0)
;ul(3) 2V 2n hq:ll,z -

@ F
Iutz) _p /kaT e | 1)
‘Lll 2” hTil,yl],z

A closed expression for the overlap factor may be obtained for a few special cases.

In the case of a square well/wire of size b with impenetrable walls, the wavefunction
factorizes along each dimension to be

2 nz

z)=,|=cos| — 42
v, (2) 5 ( 5 ] (42)
and the energies of the subband edges are

h27z.2n2
= 43
" 2mb? (43)
The overlap factors are found to be
3

S R (44)
The condition that only one subband is filled
3k, T <E,—E, (45)
translates into the result that
w? Nroow 2w (46)

W w7

A similar expression and a very close numerical result (0.95) is obtained with
approximate expressions for wavefunctions in a triangular quantum well, which is a very
good model for the inversion layer in a traditional MOS transistor or a large diameter
nanowire transistor. Apparently the ratio of mobilities is less than one for most of the
shapes of the confining potential.

Therefore the main result of the paper is that:

9



e for one filled subband in quantum confined structures with Fermi-non-
degenerate carriers, phonon-limited mobility is expected to be smaller or
approximately equal to the corresponding non-confined structure.

Without doing the detailed calculation one can still argue that the outcome is the same if
multiple bands are filled. The number of channels for conduction increases but so does
the number of states for scattering. The contribution of these factors cancels. For a large
number of subbands the mobility goes to the limit of higher dimensionality and the above
ratios must tend to unity.

Conclusion

In summary, we find that electron mobility is expected to decrease with the size as it
approaches the values needed for quantum confinement. Intuitively this may be
interpreted as follows. In low-dimensional structures, the density of states is decreased so
that the scattering rate may decrease. However the density of states available for
conduction decreases as well. Mobility is the product of the two factors, so the factor of
density of states cancels out. The remaining weak dependence on geometry parameters
indicates higher mobility for unconfined structures. This confirms and elucidates the
conclusions of [1].

While this conclusion discourages pushing down the width of the nanowire, it does not
the reason for concern about scaling down nanowire transistors. Conductance of
nanowires increases in this scaling due to more ballistic transport in small nanowires.

The authors thank Roza Kotlyar, Borna Obradovic, and Paolo Gargini for very helpful
discussions.
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Transition probability:

5O (k)= %”Kk',c'\US ke) 8(E(K.")-E(k.c)) (1.1)

Scattering Potential:
U, = EC( ) ZC( ) 2me(q) (Clqei‘l'r + Cque‘iq-r)
U; ZC ( ) a, e

2mNa)(q)

Us = ZC (4) L

slej=2¢lg )\/Zme(q)(nq +%¢%] et (1.2)

(¢lu

Now, for AP using Debye spectrum and equipartition of energy and for OP using
Einstein model, we get:
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o(q)=ug (1.3)

1 |D2k,T
Q 2 Z/[Z ] op '
<cl Ui C> — p i eilqAr — Uac eilq‘]‘ (1.4)
S 2 0
1 | D, ( _ 1]
- n+—¥—
Q \2po, 2 2

S(+)(kk):2§%§‘< e 1) 8(E(k)- E(k) 7o)
R ROV (S )
=2 GOEW)- (W) )So L, [ o)
- 27”%5(15(1{')— E(K)Fho,)x5, , ., Gj/ (1.5).

Scattering rate:
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3 3-d 1 )
:U(Ej XE; Kk +q ><5(E(k)—E<k)$ha)o)
:U@ < ZO(E(K) - £(k )70 (1.6)

Eq. (1.6) tells that scattering rate is proportional to : i) form factor (3/ 2)3_d and

ii) on the ratio of electronic DOS to the # of harmonic oscillators.

1. We have seen that the form factor tend to increase the scattering rate.

2. In the following we will see how ratio of DOS to the # of oscillators scales
with dimensionality.

For different dimensions:

(1.7).

272
PR
n iy (1.8)
V. E(k)=—k
m

Define:
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p=t—rt (1.9)
_(#K (kY

"z(Zm*j/kBT‘(ﬂ]

=k=pn (1.10)
Sak=Pyr

1 Q 4rk” mUB\1
(3d) :Uﬁ 3 52 | o2 -1
) B )
m uc
1 31 4 2mk mUB\ 3 ),
=U| | = w — 1.11).
] [2)9(2@2#, (mz j(zﬁ;}” (10
m uc
L (3y1 e 1 _(mup)(3Y) 4
r(ld)(k) 2) Q2r) v, \ 22w’ )\ 2p 1
Scattering time:
(k)= 27zl; m
m
2rh* \( 2t
(k) = mfoﬁ {%Jn" (1.12).
o \(28t)
o (1) = 22| 2B
mUB )\ 3

Taking the ratios we find:
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(1.13).

Thus for scattering time the ratio of electronic DOS to # of oscillators scales as
(ﬂt/ n)from 3D to 2D, and as (ﬂt)from 2D to ID. For strongly confined regime

with 1 subband transport:

Putting the above we get:

Bt<r (1.14).
(211)
T 2
B S S
(1) , (1.15)
T b4
T(Zd) S ?\/H

1. Thus we see a degradation (low scattering time) of scattering time pre-
factor going from 3D to 2D, and

2. an enhancement (high scattering time) going from 2D to 1D.

Mobility Calculation:

For any scattering rate of the form,

r(k) =7,

, and with dimensionality d , the

mobility in the non-degenerate limit can be written as:

For the cases we are considering; scan be expressed as:
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(1.16).

s =1——|and we get:




(1.17).

CP { 2 ]2_” (1.18)

(1.19)

.
1s observed.

Thus in the 1D case mobility enhancement of
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