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electron-phonon scattering

( ) ( )2

,
2, p pS p p H E Eπ δ ω′′ ′= −

 

 



2 1 1
2 2 2

A Nβ ωρω
 = + Ω  





ABS
EMS

(weak scattering)

( ),
1 i p r i p r

p p SH e U r e dr
+∞

′−
′

−∞

=
Ω ∫

   

   

 

(plane waves:  overlap integral = 1)

( ) ( )•, i r tu r t A e ββ ω
β β

± −=




( )SU r K uβ β=


(electron-phonon coupling)

elastic:  static potentials

inelastic:  time-varying 
(harmonic) potentials with



ω << E
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phonon dispersion

ω

β

ω = υSβ

ω0
LO (1)
TO (2)
LA (1)

TA (2)

ω

β

ω0

(LA)

(LO)

ω = υSβ

ω if

“intervalley phonons”
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scattering potentials
( ) ( )•, i r tu r t A e ββ ω

β β
± −=







US = Kβ uβ

ADP

ODP

PZ

POP

Kβ

2
= β 2DA

2

Kβ

2
= D0

2

Kβ

2
= qePZ κ Sε0( )2

Kβ

2
=
ρq2ω0

2

β 2κ 0ε0

κ 0

κ∞

−1






1) Neutral impurity

2) Alloy scattering

3) Surface / edge roughness scattering

4) Plasmon scattering

5) Electron-electron scattering

6) Electron-hole

7) …

other scattering potentials



Lundstrom ECE-656 F09 6

outline

1) Review

2)  Energy-momentum conservation

3)  Mathematical formulation

4)  Example

5)  Summary



Lundstrom ECE-656 F09

7

which phonons scatter?

ω

π aπ a

υS

(LO)

(LA)

β

ω0

E E βω′ = ± 

p p β′ = ±


 





p
p′







βα
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which phonons scatter?

2 2

* *2 2
p p
m m βω
′

= ± 

p p β′ = ±


 





p
p′







β
α

( ) ( )p p p pβ β′ ′ = ± ±
 

   

   

2 2 2 22p p p β β′ = ± +




  

2 2

* *2
p
m mβ
β βω± = ± +




 

 

z
θ

intravalley 
scattering



β = 2 p mcosθ ±
ωβ

βυ










top sign:        ABS
bottom sign:  EMS
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maximum beta: ABS
2 2

* *2 2
p p
m m βω
′

= ± 

p p β′ = ±


 





p
p′







β
α zθ

2 cosp βωβ θ
βυ

 
= ± 

 
 



βmax = 2 p 1+
ωβ

βmaxυ








 θ = π



p
z

p′



β = 2 p − cosθ +
ωβ

βυ








ABS:







β
p p β′ = +



 



top sign:  ABS



Lundstrom ECE-656 F09 10

maximum beta: EMS
2 2

* *2 2
p p
m m βω
′

= ± 

p p β′ = ±


 





p
p′







β
α zθ

2 cosp βωβ θ
βυ

 
= ± 

 
 

top sign: ABS


βmax = 2 p 1−
ωβ

βmaxυ








 θ = 0



p
z

p′



β = 2 p + cosθ −
ωβ

βυ








EMS:







β
p p β′ = −



 


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maximum beta: acoustic phonons
2 2

* *2 2
p p
m m βω
′

= ± 

p p β′ = ±


 





p
p′







β
α zθ

2 cosp βωβ θ
βυ

 
= ± 

 
 

top sign: ABS



βmax = 2 p 1±
ωβ

βmaxυ










ωβ = υSβ



βmax = 2 p 1±
υS

υ










υS < 106 cm s υ ≈ 107 cm s



βmax ≈ 2 p (nearly elastic)







β



pp′
Near room temperature, 
intravalley acoustic phonon 
scattering is nearly elastic.

To emit an AP, the 
electron’s velocity 
must be greater 
than the phonon’s.
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maximum beta: acoustic phonons

ω

π aπ a

υS

(LO)

(LA)

β

ω0


βmax ≈ 2 p

p = m0υ, a = 5 Ang( )

max 2 1
4

p
a a

β
π π

= ≈


βmax

3
max max max 10 eVSE ω β υ −∆ = = ≈ 
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optical phonons
2 2

* *2 2
p p
m m βω
′

= ± 

p p β′ = ±


 





p
p′







β
α zθ

2 cosp βωβ θ
βυ

 
= ± 

 
 

top sign:  ABS

ωβ ≈ω0

Any electron can absorb an 
optical phonon, but to emit 
an optical phonon, its energy 
must be > optical phonon 
energy.

02 cosp ωβ θ
βυ

 
= ± 

 
 

2 0cos cosp
E
ωβ θ θ

 
= − + ± 

 





0
max 1 1p

E
ωβ

 
= + ± 

 





(inelastic)
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transition rate

( ) ( )2

,
2, p pS p p H E Eπ δ ω′′ ′= −

 

 



( ) •i ru r A e β
β β

±=




( )SU r K uβ β=


( ),
1 i p r i r i p r

p pH e K A e e drβ
β β

+∞
′− ±

′
−∞

=
Ω ∫



    

    



( ),
1 i p r i p r

p p SH e U r e dr
+∞

′−
′

−∞

=
Ω ∫

   

   

 

( )
,

1 i p p r
p pH K A e drβ

β β

+∞
′− −

′
−∞

=
Ω ∫



  

  


, ,p p p pH K Aβ β βδ′ ′ ±
= 

 

2 2 2

, ,p p p pH K Aβ β βδ′ ′ ±
= 

 

( ) ( )2 2

,

2, p pS p p K A E Eβ β β

π δ δ ω′ ±
′ ′= −

 

 

 


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energy-momentum conservation

( ) ( )2 2

,

2, p pS p p K A E Eβ β β

π δ δ ω′ ±
′ ′= −

 

 

 



p p β′ = ±


 



( ) ( )p p p pβ β′ ′ = ± ±
 

   

   

2 2 2 22p p p β β′ = ± +




  

E E βω′ = ± 

2 2 2 2

* * * *cos
2 2 2 2
p p p
m m m m

β βθ
′
− = ± +

 

2 2

* *cos
2 2

pE E
m mβ
β βω θ ω′− = ± +

 

   

cos
2

E E
pβ
β ωω υβ θ

υβ
 ′ − = ± + 
 



   

( ),

1 cos
2

p p E E

p

ββ

β

δ δ ω

ωβδ θ
υβ υβ

′ ±
′ − →

 
± + 
 



   






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phonon amplitude

( ) 2 22 1, cos
2

S p p K A
pβ β

π β ωδ θ
υβ υβ

 ′ = ± + 
 

 



 

( ) ( )•, i r tu r t A e β ω
β β

± −=




 uβ t( )= Aβe− iω t + Aβ
*eiω t

KE =
1
2

M du
dt







2

=
1
2

Mω 2 4 Aβ

2
sin2 ω t +φ( )

uβ t( )= 2 Aβ cos ω t +φ( )

PE =
1
2

Ku2 =
1
2

K4 Aβ

2
cos2 ω t +φ( )= 1

2
Mω 2 4 Aβ

2
cos2 ω t +φ( )

ω = K M

E = KE + PE = 2Mω 2 Aβ

2

E Nω ω= 

2

22 2
A N N

Mβ ω ω
ω
ω ρ ω

→ =
Ω

 

(almost)S. Datta, Atom to Transistor, Sec. 10.4
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absorption vs. emission (L21)

( ) 2 22 1, cos
2

S p p K A
pβ β

π β ωδ θ
υβ υβ

 ′ = ± + 
 

 



 

2

2
A Nβ ωρ ω

→
Ω


(almost)



Nω =
1

ehω kB T −1

( ),ABSS p p Nω′ 



( ), 1EMSS p p Nω′ ∼ +
 

E(p)

p′p



ω

( )
( )

,
,

B

ABS
k T

EMS

S p p
e

S p p
ω−′

=
′



 



2

2
ABSA Nβ ωρ ω

→
Ω


( )2
1

2
EMSA Nβ ωρ ω

→ +
Ω

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final answer

( ) 22 1 1 1, cos
2 2 2 2

S p p K N
pβ ω

π β ωδ θ
ρ ω υβ υβ

  ′ = + ± +  Ω    

  

 

 



Nω =
1

ehω kB T −1

( ) 1 1 1, cos
2 2 2

S p p C N
pβ ω
β ωδ θ

υβ
  ′ = + ± +  Ω    

 

 

2
C Kβ β

π
ρυω β

=




p
p′







β
α zθ
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scattering rate



Nω =
1

ehω kB T −1

( ) 1 1 1, cos
2 2 2

S p p C N
pβ ω
β ωδ θ

υβ
  ′ = + ± +  Ω    

 

 

2
C Kβ β

π
ρυω β

=




p
p′







β
α zθ

( ) ( )
, ,

1 , ,
p

S p p S p p
βτ ′ ↑ ↑

′ ′= =∑ ∑




   

p p β′ = ±


 


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scattering rate (ii)

( )
( )

( ) ( )
2 1

2
3

, 0 0 1

1 , , cos
2

S p p d d S p d
π

β

φ β β β θ
τ π

∞ +

↑ −

Ω′= =∑ ∫ ∫ ∫




  

( )
2 1

2
3

0 0 1

1 1 1 1 cos cos
8 2 2 2

d C N d d
p

π

β ω
β ωφ β β δ θ θ

τ π υβ

∞ +

−

  = + ± +  
   

∫ ∫ ∫


 

integrate delta function first….

δ x − x0( )
x1

x2

∫ dx = 1 if x1 < x0 < x2

= 0 otherwise

x→ cosθ
x0 = f β( )

βmin < β < βmax

Integration of the delta function simply restricts β to those values that 
satisfy energy and momentum conservation.
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scattering rate (iii)

max

min

2
2

3
0

1 1 1 1
8 2 2

d C N d
βπ

β ω
β

φ β β
τ π

 = + 
 ∫ ∫ 

max

min

2
2

1 1 1 1
4 2 2

C N d
β

β ω
β

β β
τ π

 = + 
 ∫ 



Nω =
1

ehω kB T −1
2

C Kβ β
π

ρυω β
=


General expression for phonon scattering.

Lundstrom ECE-656 F09
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momentum relaxation rate

( )
,

1 , 1 cos
pm

pS p p
p

α
τ ′ ↑

′ ′= − 
 

∑


 

( ) 2

2 2 2

cos cos1 cos 1 1 1
p pp p p p p

p p p p p

β β θ β θα
±′ ′  ±

− = − = − = − = 
 



 

 

 

  

( )
,

1 cos,
m

S p
pβ

β θβ
τ ↑

 
=  

 
∑






( )
2 1

2
3

0 0 1

1 1 1 1 cos cos cos
8 2 2 2m

d C N d d
p p

π
β

β ω

ωβ θ βφ β β δ θ θ
τ π υβ

∞ +

−

   = + ± +   
     

∫ ∫ ∫
 

 

Integration over delta function 
is a little different.
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momentum relaxation rate (ii)

( )
1

1

cos cos cos
2

d
p p

βωβ θ βδ θ θ
υβ

+

−

  
± +  

   
∫
 



f x( )δ x − x0( )
x1

x2

∫ dx = f x0( ) if x1 < x0 < x2

= 0 otherwise

x→ cosθ

( ) cosf x
p

β θ 
→  

 



0 2
x

p
βωβ

υβ
→ − ±



max

min

3

2

1 1 1 1
4 2 2 2m

C N d
p p

β
β

β ω
β

ωβ β β
τ π υβ

  = +   
  

∫
 

 
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acoustic phonon scattering

max

min

2
2

1 1 1 1
4 2 2

C N d
β

β ω
β

β β
τ π

 = + 
 ∫ 



Nω =
1

ehω s kB T −1

* 2
A

s

m DC
pβ

π
ρυ

=


(Lundstrom, p. 79)

1
s s

B
s B

s

k Tk T N Nω ωω
ω

<< → ≈ ≈ +



“equipartition”
max

min

* 2
2

2

1 1 1
4

A B

abs ems s s

m D k T d
p

β

β

π β β
τ τ π ρυ ω

= = ∫
 
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acoustic phonon scattering (ii)
max

min

* 2

2

1 1
4

A B

abs ems s s

m D k T d
p

β

β

β β β
τ τ π ρυ ω

= = ∫


υs = cl ρ

max

min

2* 2 * 2 2
max min

2 2

1 1
4 4 2 2

A B A B

abs ems l l

m D k T m D k Td
c p c p

β

β

β ββ β
τ τ π π

 
= = = − 

 
∫

 

elastic scattering:  


βmax = 2 p



βmin = 0

1
τ abs

=
1
τ ems

1
τ
=

1
τ abs

+
1
τ ems
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acoustic phonon scattering (iii)

( )2
31 1 1 2

2
DA B

abs ems l

D ED k T
c

π
τ τ τ

 
= + =  

 

E

1
τ

1
τ
∝ E

1
τ
=

1
τm

(isotropic)

Exercise: We have assumed that 
ADP scattering is elastic, which is 
generally a good assumption near 
room temperature. Repeat the 
derivation of the scattering and 
momentum relaxation rates without 
this assumption.
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optical deformation potential scattering

max

min

2
2

1 1 1 1
4 2 2

C N d
β

β ω
β

β β
τ π

 = + 
 ∫ 



N0 =
1

ehωo kB T −1

* 2

0

Om DC
pβ

π
ρω β

=


(Lundstrom, p. 79)

( )2
3 0

0
0

1 1 2 1 1
2 2 2 2

DO

m

D ED N
ωπ

τ τ ρω
±  = = +  

  









E

1
τ



ω0

EMS

ABS

1
τ abs

≠
1
τ ems



Lundstrom ECE-656 F09 30

one final point

max

min

2
2

1 1 1 1
4 2 2

C N d
β

β ω
β

β β
τ π

 = + 
 ∫ 

* 2

0

Om DC
pβ

π
ρω β

=


Go back to the matrix element:

2 2

, 0 ,
0

1 1 1
2 2 2p p p pH K Nβ βδ
ρ ω′ ′ ±

 = + Ω  


 





Kβ

2
= D0

2



N0 =
1

ehωo kB T −1

No dependence on β isotropic scattering.

How to we determine whether scattering is isotropic?
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questions

1) Review
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3)  Mathematical formulation
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5)  Summary
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