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outline 

1)  Review of high-field transport 

2)  MC simulation of high-field transport 

3)  Velocity overshoot 

4)  Summary 
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balance equations 
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Dn µn = 2uxx q

 
Jnx = nqµnE x + qDn

dn
dx

µn = q τm m*

1) Momentum balance: 

 ∂W x,t( ) ∂t = −dFW dx + JnxE x − W −W0( ) τ E2) Energy balance: 

As the average energy increases, uxx increases and <τm> decreases 

Steady-state, uniform:  JnxE x = W −W0( ) τ E
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covalent vs. polar semiconductors 
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average energy vs. electric field 
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average velocity vs. electric field 
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mobility and diffusion coefficient 
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outline 

1)  Review of high-field transport 

2)  MC simulation of high-field transport 

3)  Velocity overshoot 

4)  Summary 
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<111> Silicon:  low-field 

 E z = −100 V/cm

υz = 8.1 ×104 cm/s

u = 0.04 eV 1.5kBT / q = 0.39 eV( )
uzz = 0.0135 eV uzz / u = 0.34( )

n(x, y, z) n = 0.33 / 0.335 / 0.335

(simulations performed with DEMONs on www.nanoHUB.org) 

 µn E z( ) = 810 cm2 /V-s

udrift ~ 10
−7 eV udrift / u ~ 10

−5( )
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<111> Silicon:  high-field 

 E z = −105 V/cm

υz = 1.04 ×107 cm/s

u = 0.364 eV 1.5kBT / q = 0.039 eV( )
uzz = 0.145 eV uzz / u = 0.40( )

n(x, y, z) n = 0.336 / 0.331 / 0.333

(simulations performed with DEMONs on www.nanoHUB.org) 

 µn E z( ) = 104 cm2 /V-s

udrift = 0.008 eV udrift / u = 0.02( )
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momentum relaxation time 
 E z = −105 V/cm υz = 1.04 ×107 cm/s

µn =
q τm
m*

 µn E z( ) = 104 cm2 /V-s

m* = ?

 τm = 0.02 ps E z = 10
5 V cm( )

 

1
mc
* =

1
3m

* +
2
3mt

* → mc
* = 0.26m0

(ignores conduction band non-parabolicity) 

kx

Si conduction band 

ky
kz

 E z

 τm = 0.12 ps E z = 10
2 V cm( )



energy relaxation time 
 E z = −105 V/cm u = 0.364 eV

 JnxE x = W −W0( ) τ E → nq υz E x = n u − u0( ) τ E

τ E >> τm

τm = 0.02 ps( )
 
τ E =

u − u0( ) q
υz E x

= 0.3 ps

υz = 1.04 ×107 cm/su0 = 0.039 eV
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electron temperature 
 E z = −105 V/cm u = 0.364 eV

u = 1
2
m*υd

2 + 3
2
kBTe ≈

3
2
kBTe → Te ≈ 2800 K

uzz = 0.145 eV

 


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2
kBTzz = uzz → Tzz ≈ 3400 K

1
2
kBTxx =

1
2
kBTyy =

u − uzz
2

→ Txx = Tyy ≈ 2540 K



 
14 

<111> Silicon:  high-field 
E

kz

(simulations performed with DEMONs on www.nanoHUB.org) 

 E z
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<100> Silicon:  high-field 

 E z = −105 V/cm

υz = 0.98 ×107 cm/s

u = 0.346 eV 1.5kBT / q = 0.039 eV( )
uzz = 0.138 eV uzz / u = 0.40( )

(simulations performed with DEMONs on www.nanoHUB.org) 

 µn E z( ) = 98 cm2 /V-s

n(x, y, z) n = 0.306 / 0.309 / 0.385

udrift = 0.007 eV udrift / u = 0.02( )
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<100> Silicon:  high-field 

(simulations performed with DEMONs on www.nanoHUB.org) 

z

x
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 m
* = 0.9m0

mt
* = 0.19m0

Si conduction 
band 

 E z
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summary 
1)  High-field transport leads to field-dependent mobilities 

and diffusion coefficients (when the field varies slowly in 
space and time). 

2)  The electron temperature approach provides a 
qualitative (and sometimes quantitative) way to view 
high-field (hot carrier) transport. 

3)  In practice, the carrier distribution can be highly non-
Maxwellian. 
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outline 

1)  Review of high-field transport 

2)  MC simulation of high-field transport 

3)  Velocity overshoot 

4)  Summary 
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off-equilibrium transport 

µn f[ ]

 E

x

 µn E 1( )

 µn E 2( )

The concept of a field-dependent mobility applies only 
when the electric field changes slowly with position. 

“nonlocal transport” 
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rapidly varying electric fields 

 E x

 

↑
−E x

t→

 υz = −µnE z

↑
υx

actual 
υ(t) 
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velocity overshoot 
pdx = px

 υdx = −µnE x (steady state solution) 

υdx = Ae
− t / τm (homogeneous solution) 

 
υdx t( ) = −µnE x 1− e

− t / τm( )

Let’s find an equation for the ave. x-directed momentum. 

 

dpdx
dt

= −qE x −
pdx
τm (Ignores diffusion) 
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velocity overshoot 

time à"

τm

−µnEz

But, µn is not constant" µn Te( )

υdz t( ) = −µnEz 1− e
− t / τm( )

↑
υdz t( )
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velocity overshoot 

 

du
dt

= −qυdxE x −
u − u0( )
τ E

u = 1
2
m*υ 2

 uSS = u0 − q τ E υdxE x = u0 + q τ E µnE x
2

1) steady state solution: 

uH = C + Ae− t / τE

2) homogeneous solution: 

 
u t( ) = u0 + q τ E µnE x

2 1− e− t / τE( )



Lundstrom ECE-656 F09  
24 

velocity overshoot 
en

er
gy

 à
"

time à"

τ E

 u0 + q τ E µnE x
2

But, <τm>  and <τE> are time dependent! 

u0
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velocity overshoot 

τ E >> τm

 u0 + q τ E µnE x
2

time à 

τm

 −µnE x

↑
u t( )

u0

↑
υdx t( )

time à 
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velocity overshoot 

 −µn low( )E x

υdx

t

 −µn high( )E x
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velocity overshoot in silicon 

103 V/cm 103 V/cm 105 V/cm 
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nanoscale MOSFETs 2009 

source drain 

S
iO

2 

channel 
~ 30 nm 

gate oxide 
SiON ~ 1.1 nm 

gate 
electrode 

silicon 

S G D

1) How does a small transistor work? 
 
2) Can they be simply understood? 
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off-equilibrium nanoscale MOSFETs 

υSAT

2009 IEDMS -Lundstrom 
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outline 

1)  Review of high-field transport 

2)  MC simulation of high-field transport 

3)  Velocity overshoot 

4)  Summary 
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summary 
1)  High-field transport leads to field-dependent mobilities and diffusion 

coefficients (when the field varies slowly in space and time) 

2)  The electron temperature approach provides a qualitative (and 
sometimes quantitative) way to view high-field (hot carrier) 
transport. 

3)  Rapidly varying electric fields lead to “off-equilibrium”, “non-local” or 
“non-stationary” transport effects such as velocity overshoot. 

4)  These effects can be described qualitatively with balance equations 
and quantitatively by Monte Carlo simulation. 
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questions 

1)  Review of high-field transport 

2)  MC simulation of high-field transport 

3)  Velocity overshoot 

4)  Summary 


