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Stationary states for a free particle

O V(x)=0

TISE for a free particle.

2 42
79T | () = 0
Solution:  YP(x) = A 4 Be_ikx, k = 2m_2E
h

All positive energies are allowed and are doubly degenerate.
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Scattering Matrix approach

One matrix represents our system: S-matrix
Incident:Al —_ €— Incident:A2

Reflected:B1 N —> [ransmitted:B2

No particles lost! Typically A1=1 and A2=0.
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Case 1:E<V,
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S-matrix: Cases

| Waves reflected

|

le—

: Waves transmitted
and reflected

—>

= < 4
X



Potential Step:E<Vo
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Wave-function in each region.

P(x) =
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Potential Step: Boundary Conditions

Match wave-functions
and the derivatives at
each turning point.

We obtain:

* Region 1: Standing Waves

* Region 2: Evanescent Waves

 Classical Physics will also give
this result

* No probability associated with
evanescent waves.
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Potential Step: E>Vo

Incident:Al — o
Reflected:B1 € g —I—) Transmitted:A2
E>Vo 2,2 Ol 2,2
h=k
E = hki E-V, = T2
2m 2m
L | > X
Wave-function in each region.
Ll)eiklx + B_(l)e_ik]x = wl(X), kl = —Z;E
P(x) = 5
i 2m\E -V,
AP s (), =\/ m(hz 2
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Potential Step: Boundary Conditions

Match wave-functions and the derivatives at each turning point.

P1(0) =9 (0) g _K1i=k2 )
tap(x)|  _ dyr(x) < ki + ko
dx | _, dx |._, |4@__2% 0
kl + kz

We can

conclude: w(x) ={

incident wave + reflected wave — source
transmitted wave — detector

We get,

() = {A(Deiklx +p(E)AWe ¥ _qp (x), x<0

W(E)AWDe™ ¥ 5 (x), x=20
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Analysis

Probability Current given by, J(x) = —

3 ehkl

We get, Jl
2m

2
[1 — ‘p(E)‘zl‘A(l)‘ = Jine + Jrefs X <0

ehk 2 2
Jy =~ m2 ‘I(E)‘ ‘A(l)‘ = Jirans> ¥ =0

2
2
R(E)=(k1 _k2)

Reflection probability: (Reflected)/(Incident) kl + k2
. . . . 4kykr

Transmission probability: (Transmission)/(Incident) T(E) =

Results do not agree with classical physics. (kl + ko )2
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Transmission and Reflection
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» Transmission not unity immediately above step.

* As the height of the step is increased the
transmission takes longer to go from zero to
one.

» The gradual change of transmission from zero
to one is not comprehended by classical
physics.

 This gradual change can be understood in
terms of the nature of the propagation constant
in the two regions.
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Key Messages

 Electron wave can penetrate into x)
a barrler Region | IfRI:TE'::iZ::IIy Forbidden)

(classically allowed) ;___:r
” i

et " "1-
™~ Tuming point
. Region 1 I V{I} Region 2
 Electron wave is not completely
transmitted above a barrier [
* There is a finite reflection above Vy :
the barrier
1 L
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