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Non-Equilibrium Green Functions:

n:;.i';;'%|u,ie 2 What are the Simulation Targets?

e Dynamics - States of the System - NEGF: GR
» Need to solve a form of the Schrddinger Wave Equation.

(E-H-ZR oundZRecar) GR =1 GR Impulse response
R oung= et + [right YR, ung OUt-scattering to contacts
YR it = DXGR YR . Out-scattering to other channels

 Kinetics - Occupation of states - transfer of carriers - NEGF: G=
» Need to account for many electrons, injection from contacts, scattering

G== GR(Z<bound+z<scatt) GR*

Y poung= 1 'eft fleft + [rright fright ¥<,0ung IN-SCattering from boundaries

X cat = DXG* 2.t IN-scattering from other channels
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. . Three Critical Simulation Domains:
U - left reservoir, central device, right reservoir

online simulation and more

Reservorr

Iy

|
|
|
Left |
|
|
|
|

Right

Reservoir

L

LN nt contact

PUBQUE Gerhard Klimeck @;




nanoHlUB Dyson Equation Treatment of the Leads

online simulafion and more
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nanoriUB <+ (E-H-ZR) is tridiagonal

online simulation and more

E—¢gy 4 Lyia o

Lo Na E—g,, Lo Nt
Lyianeo E—¢gy,
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oHUB Device to Matrix Mapping

online simulation and more
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Typically:
500-1000 sites
Each site is a
10x10 matrix

(E-H-XR)

Is a sparse matrix
of dimension:
500x500
To
10,000x10,000

PUR]‘)U‘E Gerhard Klimeck

Each Atomic Layer Is Represented

~100nm

~400 sites ~5nm

~20 sites

~5nm
~20 sites

~5nm
~20 sites

~100nm
~400 sites

GR=(E-H-xR)1
Is a FULL matrix

of dimension:

500x500
To
10,000x10,000
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online simulation and more
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GR=(E-H-xR)1
Is a FULL matrix
of dimension:

(E-H-ZR) ®
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Is a sparse matrix
of dimension:
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Storage:
1600MB

10,000x10,000
10,000%10,000x16B
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10,000x10,000
Storage:
10,000x3x16B
0.5MB
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anoflUg < Full Matrix Inversion is Expensive

online simulation and more
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GR=(E-H-ZR) !

-standard operation count: N3=10'% ops. 3.2 years

-Tri-diag LU: N°=108 ops. 2.7 hr
May not need all matrix elements:
-Recursive Green Fct.: N=10%ops. 1 sec.
® @ ® ® ® ® ® ® ® ® ® ® + £ + ¢ .
®®®®®®®®®®®®®iijoncelsnotenough:
® ® @ @ @ @ R .. ® ¥ ® ® ® + A4 .
REENELRRRRS R --need 100-1000 energies
E-H-ZF) e GU=(E-H-I%)" -for 5-7 iterations
Is a sparse matrix ° Isa FULL matrix _ _ - -
of dimension: Z of dimension: For 10-100 bias points
500x500 ¢ 500500
To ® To => Need GR about
10,000x10,000 ¢ 10,000x10,000 165.000 times!
Storage: 0 Storage: o oo 0 oGl o000l
10,000x3x16B = ® 10,000x10,000x16B = N T N O P e S
PURDU-. oo i 1600MB o
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May not need all matrix elements:
-Recursive Green Fct.: N1=10% ops. 1 sec.
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orUB e Which Elements of GR are Needed?

online simulation and more

 No incoherent scattering: (E-H-ZR oung) GR =1
»No charge effects:
v' Boundary conditions. IReft eft gRright,right
v" Current on ONE site. J~GR;

Details in: Lake, Klimeck, Bowen and Jovanovic, J. of Appl. Phys. 81, 7845 (1997).
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] . Only Need the current and no charge?
nanofilg - => one diagonal Block

online simulation and more

v
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Which Elements of GR are Needed?

 No incoherent scattering: (E-H-ZR oung) GR =1
»No charge effects:
v' Boundary conditions. IReft eft gRright,right
v" Current on ONE site. J~GR;

»With charge effects:

v' Boundary conditions. IReft eft gRright,right

v Current on one site. J~GR;

v Charge throughout the
 non-equilibrium device: N ~sum;(GR,;) + sum;(GR ;)
* device reservoirs: N ~ GR

Details in: Lake, Klimeck, Bowen and Jovanovic, J. of Appl. Phys. 81, 7845 (1997).
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Current and Charge?

TN N O = # :-.::- project . . . . |
ﬂ@@on => 2 diagonals-in reservoirs, 2 off-diagonals in center

>
DR R B 06
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nanorig - Start from tri-diagonal (E-H)

E—¢gy 4 Lyia o

Lo Na E—g,, Lo Nt
Iyan, E—&ng
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(E-H-XR, ,,ng) 1S Mmodified on two site

E—-¢y 4 Lyanz
Lo s E-¢&y, Lo vt

R
Lyan o E—gy,y— DN

>’y o computed semi-analytically from infinitely periodic left open

E-g E-g-25, (E—&—Zoo)ho=1
t E—¢g, [
t E—g,
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(E-H-XR, ,,ng) 1S Mmodified on two site

E—ens Iyano

Lo s E-¢, Lo vt

R
Lyan o E—gy,y— DN

©
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nanorig - Start from tri-diagonal (E-H)

E—¢gy 4 Lyia o

Lo Na E—g,, Lo Nt
Iyan, E—&ng
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(E-H-XR, ,,ng) 1S Mmodified on two site

E—-¢y 4 Lyanz
Lo s E-¢&y, Lo vt

R
Lyan o E—gy,y— DN

>’y o computed semi-analytically from infinitely periodic left open

E-g E-g-25, (E—&—Zoo)ho=1
t E—¢g, [
t E—g,
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Solve (E-H-ZR, ,,nq)GR=1

by partial inversion

DO tO,l
l:l,O lDl l‘i+1, +2
ti+2,i+1 DZ ti+2,i+3
l‘i+3,i+2 D3 ti+3,i+4
l‘i+4,i+3 D4 GR _
DN—3 tN—3,N—2
tN—Z,N—3 D N-2 tN—l, N=-2
[N—Z,N—l DN—l

Dogég =1 DN—l N/i?l, N-1 — 1
left connected gR right connected gR

Need some elements of fully connected GR
PURDUE Gerhard Klimeck @



nanoHUB == Solve (E-H-ZR;5ng)G"=1

online simulotion and more by parti al i nve rS i on

géﬁ = (Do )_1 Dy
glL,lR = (Dl ~ li,ogé,gto,l)_l

IIIIIIIIII



Solve (E-H-ZR,,,ng)GR=1

ﬂ@@© by partial inversion

géﬁ’ - (Do )_1 D, 1y
glL,lR - (D1 - li,ogégto,l)_l bo D L
gzL,g = (Dz - fz,lgffli,z)_l |

PURDUE Gerhard Klimeck %
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Solve (E_H_ZRbound)GR: 1

nanotlUB

online simulation and more by parti al i nvers i on
gé ~ = (Do )_1 D, 1y
1 D
glLlR _ (Dl _ li,ogégto,l) li,o 1 li,z
B B 1 I‘Z,l DZ l‘2,3
gzL,z = (Dz - l‘z,lgf,l 42) [3’2 D,

g?fg = (Ds - ts,zgsz l‘z,s)_l

PURDUE Gerhard Klimeck %
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online simulation and more

Solve (E-H-ZR, ,,nq)GR=1
by partial inversion

géﬁ = (Do )_1

- (Dl N li.ogég[o,l)_l
b9,
ts,zgézﬁ 1‘2,3)_1

:(Dz_
gsL,g?:(Ds_

— (D/

PUBQUE Gerhard Klimeck
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Solve (E-H-ZR, ,,nq)GR=1

YRS by partial inversion
-1
gé ~ = (Do) D, by
1 D
GRS o 4L
1 Ly D, b
P , ,
— (Dz - tZ,lgfl 42) [3,2 03 [3'4
1
Qng - (Ds - ts,zgsztz,s) Lis D,
1 . . .
(D //—1 /—1 ~1 /—1 /) i DN—S tN 3 N2

=
R _ R
gﬁ/—l,N—l = DN—l - I‘N—l,N—ng/—Z,N—Z [N—Z,N—l)

b _(s Y Thelastblockis special: _
ua = (Ghiv) It is the right-connected exact solution!

Left-connected and right-connected matrix
meet at the last site!

PURDUE Gerhard Klimeck o



Solve (E-H-ZR, ,,nq)GR=1

YRS by partial inversion
-1
%o = (D) 2 o
1 D
= (Dl - li,ogcl)_,gto,l) bo b L
Ly D by
Ry Y1 ’ !
— (Dz - tZ,lgfl 42) [3,2 03 [3'4
_1
= (Ds - fs,zgszth,s) Ls D,
4 Co :
(D //—1 /—1 ~1 /—1 /) i DN—3 tN—S,N—2

[N— 2,N-3 D N=-2 Z’.N—l, N=-2

l‘N—Z, N-1 D N-1

1
gﬁfl,N—l = DN—l_ t/\/—l,N—zgifz,N—th—z,N—l) = Gz—l,N—l One bIOCk Of GR: GRN-l,N-l

() The last block is special: _
D ( ““) It is the right-connected exact solution!

Left-connected and right-connected matrix
meet at the last site!

) &8

EUR]?UE Gerhard Klimeck @



Solve (E-H-ZR, ,,nq)GR=1

ﬁ@@(@ Y by partial inversion

01
Lo 97 b,
by gzuz? b
Lo Qeffs? L4

R
t4,3 4,4
;i . . .
(D //—1 /—1 1 /—1 /) . gf\fg N-3 [N—S N_?
R
[N— 2,N-3 N-2,N-2 l‘N—l, N-2

R
[N—Z, N-1 GN—l, N-1

gﬁ/—l N-1 = (D -1 N 1N—29k/—2 N—ZI‘N—Z N—l) Gz—l,N—l One bIOCk Of GR: GRN_l’N_l

EEUVB]RI[JTE Gerhard Klimeck @3



Solve (E-H-ZR, ,,nq)GR=1

ﬂ@@@ by partial inversion

g t
N-2,N-2 N-1L,N-2

24
[N—Z, N-1 GN—l, N-1

Backward Recursion:

R R R R R R LR
G/v—z,/v—z - N—2,N—2(1+ tN—z,N—lGN—l,N—lfN—l,/v—zg/Lv—z,/v—z) G N-2,N-2 from G N-1,N-1 and g N-2,N-2

PUVBRUE Gerhard Klimeck %



HUB -z Solve (E-H-ZR,,,ng)GR=1

) .n:nli.ne simulation and more by parti al i nve rS i O n

g t
N-3,N-3 N-3,N-2

R
[N—Z, N=-3 GN—Z, N=2 [N—l, N=2

R
[N—Z, N-1 GN—l, N-1

Backward Recursion:

R R R R R R LR
G/v—z,/v—z - N—2,N—2(1+ tN—Z,N—lGN—l,N—ll‘N—l,N—Zg/LV—Z,N—Z) G N-2,N-2 from G N-1,N-1 and g N-2,N-2
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Solve (E-H-ZR, ,,nq)GR=1

by partial inversion

Forward Recursion:

(D t/ /—1gL 1,1 /—1 /)

Includes the inverse

l‘N— 2,N-1

gf tr|1e bIo%@N a3 Forward recursion slower

cales as O(NxB*) by factor of 10~40 with B=10~40

Backward R _ Forward recursion is the bottle-neck!
a-sivare me b Includes simple block

Scales as O(NxB?) %

EUR]?UE Gerhard Klimeck



General Expressions

for Diagonal Inverse Blocks

= (D,- LiaGiy i ,1,) Left-connected set of equations

R _
Gi—l,i—l_ /—1/—1(1+ [ 1/ i // 1gL1/ 1)
bo D L,
I‘Z,l DZ [2,3
[3,2 DB [3,4

t, D, . o

DN—S [N—3,N—2

tN— 2,N-3 D N=-2 [N—l, N-2

1 R tN—Z, N-1 D N-1
// ( //+1 /+1 /+1 /+1 /) g/_

Right-connected set of equations (D bia9im ralins)
G /+1 /+1 (1 + l‘/+1 /G/R/ / /+19ﬁf1?, i+1)

~+1 /+1
PURDUE - &
. bl LLLS Rt L Gerhard Klimeck e

L 2




] . Only Need the current and no charge?
nanofilg - => one diagonal Block

online simulation and more

v
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Current and Charge?

AROTIIVD =" _ . . . .
ﬂ@@on => 2 diagonals-in reservoirs, 2 off-diagonals in center

DR R B 06
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General Expressions

ﬂ@@© = for Off-Diagonal Inverse Blocks

G”. T
h i< / Nic j = ’+1
':1?,/4 — Gfll
d T
G, « G~
PUVBRUE Gerhard Klimeck %



General Expressions

ﬂ@@© = for Off-Diagonal Inverse Blocks

GR R
'//</ /</ gL /+1 e, GRZ
J )
¥ G,
! A
G/RI—Z <~ G/R/—l
PUVBRUE Gerhard Klimeck %



General Expressions

ﬂ@@© = for Off-Diagonal Inverse Blocks

Ghis > — > o> o G
G, =—g~t . ! 1
il j Nic j hi ’+1 l G,
\L A
s
\’
G/I?i—3 <~ G/RI—Z
PUVBRUE Gerhard Klimeck %



General Expressions

ﬂ@@© = for Off-Diagonal Inverse Blocks

9hia > > > o> o> o5 - G,
J T
\L 653/

R R

G - — !

L /</ /</ gL ’+1 !
J
J
J
G/I;?i—4 <~ /R/—3

PUVBRUE Gerhard Klimeck %



General Expressions

@@@@‘ = for Off-Diagonal Inverse Blocks

g/L'—ILZ,i—4 - > > > > > > 654]/
v 0
¥ 9hs > o> o o o Gy,
G;Q / o _gL R /+1 v v T
< _/ /< ,/ L \L \L i—/;,i—Z - N RN sz’/
J J J 0
¥ ¥ ¥ ':1?,#1 - Gfl,i
J d J d T
G/I;?i—4 <~ /I?i—3 <~ /RI—Z A G/R/—l A G/E;
PUVBRUE Gerhard Klimeck %



HU% SR General Expressions

T for Off-Diagonal Inverse Blocks

9hia & —> > 5 o5 o5 o G,
J T
\ gﬁ}g,m - - - Gﬁ&"
R R R R
GI]/' i Gj,i - -:_gfi [/',i+1Gi+1,/ v v T
< < ! P
J J J T
v ¥ ¥ ':1?,#1 - Gfl,i
\’ J \’ J )
G, « Gl, « G, « G <« G
G, - G - G, — Glf, —> G,
d 0 ) 0 0
Gi/:l,i A i+/ii+1 T T T
J 0 ) )
G/ﬁz,i Al e i+/;,i+2 T T
v T "G =G| =-g%t,..G"
oo oo o cg. 1 Gl = O, =90 ln G,
J )
Giaj & < & & <« < Gl

RI;]RDUE Gerhard Klimeck @;
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Current and Charge?

AROTIIVD =" _ . . . .
ﬂ@@on => 2 diagonals-in reservoirs, 2 off-diagonals in center

DR R B 06
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Which Elements of GR are Needed?

* No incoherent scattering: (E-H-ZR, ) GR =1
»No0 charge effects:
v'Boundary conditions. I ett teft O right right
v Current on ONE site. J~GR;

»With charge effects:

v'Boundary conditions. IRett et 3 right right

v Current on one site. J~GR;

v Charge throughout the
» non-equilibrium device: N ~ sumy(GF,)) + sum;(GF )
e device reservoirs: N~ é i

Details in: Lake, Klimeck, Bowen and Jovanovic, J. of Appl.
Phys. 81, 7845 (1997).

PURDUE Gerhard Klimeck @;



nanoriUB <+ RGF Equation Summary

online simulation and more

1—1

[ l SR —1
9i>0i>0 — D; —tii 9i—1,i—1 ti—1, with : 90,0 = Do

—1

r [ r | . . r . —1
9i<N—-1,4i<N-1 _Dz‘ — Liit1 Gi41,i41 ti+1,z'_ with : IN-1,N—-1 = [Dn 1]

l l PRI 1
Gz’<N—1,i<N—l = 9 (1 + T 41 Gt’—l—l,z’—|—1 Lit1,i gzz) with: Gy_1n-1 = IN-1,N—1

—1
_ [ . T . . [
Gi,i - [1 — G tz,z—l—l 9i+1,i+1 tz—l—l,z] 9ii
- — y — _ gt o
G%] 1<y GJ,Z|i<j — _gi,@i tz,z—|—1 GZ—I—l,j
.. — . — —a" .t : .
G i>j Gjﬂlz'>j = 9, tii—1 Gi—1,j -
PUVBRUE Gerhard Klimeck %
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